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Abstra.ct

Let X Rd(d>1) Cons1de1 the umtary representatmns of lef(X) given. by quas1-

" ‘invariant measures under the actlon of Diff (X) The author proposes smooth point measures N ) "

as generalization of Poisson point measures and proves that every smooth point’ measure 1s e

quasi-invariant under the action of Diff (X) and if {Uf}, i=1, 2, are the umtary represen— S

tations of Diff(X) given by the smooth "point measures uy, i=1, 2, .respectively, then {Ul}‘.-*-‘v
is unltanly equ1va,lent to {U3} iff py is equlvalent to. we-as measure, R T Y

Lot X =R%(d>1) and Diff (X ) be the group of all 0> diffeomorphsm from X
onto X having compact support, i. e., for every element i of Diff (X) there exists a
compact subset O, of X such that () —g for all #€ 0,. Assume

Diff (X, K) ={{:¢ €Diff (X), 0, K},
where K is a compaot subset of X. Endow Diff (X, K ) with the topology defined by
the countable family of metrics

lp— o= max subuDWw) D@L,

0<iml<n #€X .
for p, $E€DIff (X, K) and'n=0, 1, 2, -, Where (m) = (my, m'g,: ver, mg) is a d-tuple
of non-negative integer, |m| =gt g+ ++e g, and D™ =gI™ /og... 00, Weo say
a sequence {,} of Diff (X)-converge to  in Diff (X ) if there exists a compact subset
K of X such that {s,} c Diff (X, K) and {,} converges to ¢ in Diff (X, K). In
this way, Diff (X) becomes a non-locally compact topological group,

We write ' o
A(AY = {rir=-(z,) C A, for overy compact subsei; K, |KNr| is finite},
where A is a subset of X and |B]| is the cardinal number of the set B For every
compact set K, we define a function K (+) on A(A) stich tha,t
' K('r) IIrHKl for r=(w,) €4(4), )
The o-algebra genera,ted by these funotlons is denoted by Z 4. We call the measurable

Manuseript received Ma,y 4, 1981. '
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space (4(X), Fx) the configuration space with Diff (X). We define the action of
Diff (X) on (4(X), Zx) such that
' Pp(r) = ((an), forr=(a,) €4(X) and yE€Diff (X),

This paper is devoted to the measures on (4(X), Fx) which are quasi-invariant
under the action of Diff (X) and the unitary representations of Diff (X) given by
such measures. Our main resul} is as follows. First, we propose smooth point measures
on (4(X), #x) as a generalization of Poisson measures and we prove that evéry
smooth point measure is quasi-invariant _undér the action of Diff (X)), If we define
the unitary representation {U%4} of Diff (X) given by w such that

o) = F ) (B2 (1)) ", tor FELI(A(X)), $EDIR(X),

then it must be continuous. It is obvious that {U%} and {U%} are unitarily equivalent
if wy .I.":I,_I:ld bz 8TO e'qtivalent as measures. Conversely, it is difficult fo find the necessary
condi{;ion of the equivalence of {U%} and {U%}. In this paper we prove that if ry 'a,n_d
M2 are smooth point measures, then {U47} is equivalent to {U4} iff uy is equivalent
to us as measure:. In particular, if P, is a Poission measure of smooth measure
my;, 9=1, 2, then {U7} is unitary equivalent to {U%} iff its Kakutani’s distance

([(Vam —v@may )" s fmite,

§ 2. Smooth point measures
Set
A=8,={w:0€ X, [a]s<r<oo},
Diff (4) = {yp:y €Diff (X), O, A},
A measure m on X is called a smooth measure if dm=f()dw, where f€O=,
J(w) >0 everywhere, and dw is the Lebesque measure on X. We write
' Diff (X, m) = {f:y EDiff (X), Pm=m},
| Diff (4, m) =Diff (X, m) NDiff (4),
Definition 1. A probability measure u on (A(X), Fx) is a smooth point measure
if _
a. w{r:|rN4|=k}>0, for k€Z and for every A,
b. there ewists a smooth measure m such that w is invariant under the action of the
subgroup Diff (X, m), i. e., Y= for every Yy € Diff (X, m),
Remark. . We write Z=(0, 1, 2, --) and Zy= (1, 2, +-+),
If m is a smooth measure on X, we can do;nstruot a Poisson measure £, on.
(4(X), Fx) such that |

Pulr:|rNO| =k} =¢™™O M} for he 2,

(
2
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where O is a compact subsel of X,
Obviously, every Poisson measure is smooth. Moreover, there exist a lot of
smooth measures which are essentially different from Poisson measures. For example,

let m be a smooth measure and m (X) =oo, we define
= L (Pt Po), whowo 12580,

MThen & is smooth, but it is not equivalent to any Poisson measure. Now we consider
A® = {p:r i a finite subset of A and |r| =k}, for kEZ,,
A0 ={¢},
By the definition, we have l[;A‘k)r-A("), for k€ Z and € Diff (4),
Suppose
(AP = (s, iy ooy @) (@5, s 0) EAY, Gk, 6, =1, w0, B}, |
Thus (4¥) is an open subset of X ¥ Lot O be a connected component of (4¥), we
define a map T from O onto A® such thab v ’ |
T(wy, -+, @) =1{@1, **, @y C€AD, \
Evidently, T is bijective. We endow A® with a topology such that T is a homeomor-
phism from O onto A®. Hence A® becomes a O manifold of +d dimension. Denote
the Borel g-algebra of A® by B(4®), and write Tm*=my, where ,m* is the product
" measure of m on X¥, we conclude that my is invariant under the action of Diff (4, m),

Proposition 1. Let A be o finite measure on (A%, B(A®) and m be & smooth
measure on X. If A is invariant under the action of Diff (4, m), then there ewisis non-
negative constant O such, that d—=0dm, '

Proof By [1], it is well known that A is equivalent to m. ‘Moreover, A is
invariant with respect o Diff (4, m), and this ends the proof, | ’

Noxt we observe a smooth point measure w with respect to m. Define a map
P,(r)=rN4, Pp(r)=rN4°, for r€A(X). Clearly, P4 and Pg are measurable
maps from (4(X), Fx) into (4 (4), Fu) and (A(4°), Fw) respectively. Further-
more, we have Ps(r) =y (Par), Po(pr) =Pu(r), and $pFa=F4, yB=B for
r€ A(X) $EDIff (4), BEF 4. Lot us write ud=Psu, ut(B) =p*(B), for BEB (A®),
then u# is invariant under Diff (4, m), |

Proposition 2. If wy, s are smooth point measure, then ui is equimknt to us,

Proof It is immediate that A= IE;(J)A(E), and A® € F, for kEZ. So we have

pt(B)= Zut(BNA®), wt(B)= Zpd (BNAR). for BEF 4.

According to Proposition 1 and Definition 1, there exist constants 0P>0, ¢=1, 2,
k€ Z,, such that |

ud(BNA®) =05"mP (BN A®Y, us(BNA¥) = O0Pm@P (BN A®), for kE€EZ,,
~ where m{?, m{? are smooth measures on A% which are defined as before. Because
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m® is equivalent o m® for kEZ+, and wi (BN A(‘”) =0 iff pd (B N A“’)) 0, thus the
conolusion follows, )

Corollary. - If K., Kq are compact subsets of X and b is & smooth pomt measure
with respect to m. Supposs that m(K 1NK3)=0, w(By) >0, w(Bz) >0, where
B € P31y, Ba € Py, then w(ByN By) >0,

Proposition 3. Let (Q, 8) be a measurable space, p; be finite measure on (2, S),
b=1, 2, and Y1 be @ measurable tsomorphism on (2, S) such that

P g R i, then %’U’ L () = d”’ . (lb‘iw) a. S., fha,

Proof Since Yui(B) =us(P™B), for BES, we have

and this ends the proof

: Propos:.tlon 4. If (Q, 8) is o measurable space, G is @ group of measurabl maps
on (Q, 8). Let w1, we be finite measures on (2, ). Assume they both are guasi-invariant
with G. We define G’s unitary representations {Ul} and {U%} on L, aml L2 respectively,

U},F = F (g~w) <’d_g;f',li (a))) for If’ e Lu,, b= 1, 2, I f Wy s eqmmlgntto Lha GS Measure,

then {UG} is unitarily equivalent to {Ug},_
... Proof Set

T (F) = F(w)(% (co)) ,for FELw,

.thus Tisa umtary map from I, onto L2, and T“iUﬁT UL, for g€G,
Proposition 6. Let e a probab@lzty measure on (4 (X), Fx), Y, €Diff (X),

'v,bElef (X). If Y a8 >0 and Y= b for every n, then zp,,b = L,
Proof Suppose that 4=18,2J0,,, gnd_gpiEO“ (X), ¢=1, -+, m, which support

\foi.c:A., Define .
“ : P={r: feA{X} (<o~ ¢1> "y L <r, o) €0},
Awhere (fr gvi> 2 @:(®), O is a compact subset of B™. By Fatou’s lemma,

Tim s (5 P) <o (T §°P),

T4 is olear that P={r: (P, @, - o, {Pyr, gv,,,)) €O}, and ¢, Pyr= PA(v,b,,fr) for n.
‘I Py(r) = (@, +, @), KEZ,, then v,lr,,PA('r) = (Yru(@y), =+, b (ay)). Because i, (a)
(@), j=1, ==, b, it follows that [im ;" Py;™ P, -

On the other hand, i 1>y~ as n——>o<$ by the fach tha,t' Diff (X') is a topological
.group. Thus, w(P) = (o P) for each P, this ends the proof

Definition 2. Let p be a smooth point measure. for A=8,, we define w on
(A(X), Fx) such that h=pA X ud ; where pt= Pap, A =P o0,

‘Remark. (4(X), fx)r—CA(A) X A(AY), FaxFu).
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Proposition 8. If wisa smooth point measure, then /u,<</v~o and

EZ_IL’_f”_ - 2 pk(PAz’)")lAm(PA'r);
d’w =0

where pu(+) 98 @ mon-negative measurable function on (4(47 Fa), ond Lo s the
indicator of A®, '

Proof 1If 9\' 1 =PitFa, f o=P 0% 40, then there exists a regular conditional
probability of w on F x given by 5//: "o It is denoted by w(e Iﬁ_ 49) . Obviously

w(BN0) =, WA BIF ) (s,
where B=P7'B and O0=P;10, BEF4and O € F o, and

ph (o | F a0) (r)=Pap(: F ) (1),
Given Y €Diff (4, m), by assumption, is invariant under Diff (X, m). We

can write

[1, 1, @ryau= {1,601, (pr)a = pB00).

Thus _ o

AW B F) (D) =pA (B Fw) (1), 28, b
By Proposition b and the fact that Diff (X) is separable topological group and the o-
algebra &4 is generated by some countable subalgebra, we can find a sob M € Z. 4%
- w(M) =0 such that, for every $€Diff (4, m),

A (- | F ) (1) = (| Foe) (1), Fox nEM,
Acocoding to Proposition 2, for every k€ Z, there exists non-negative number Oy(r) -
such that - ‘\

 AB|F ) (D) =0t (B), for BEB(AD).
As pA(A®) =p{r: |rN 4] =k} >0, for k€ Z, so we have
0, (r) = pA (AP | F o) () [ (A), hEZ,
which is tantamount to that Gy (r) is & ,~measurable. By Doob’s lemma, we can write
O (1) = pu (P aor) , Where pi(*) is a measurable function on (4(4%, F ), Therefore

w@Bn0-3 j(j 110 () () (P aer) ().

Consequently, ,u,<<ﬁ and
I ) 0, (Paer)Lan(Par), 8. 8., I
dl‘b >0
Proposition 7. Let v be a smooth point measure, then b s quasi-invariant under
the action of Diff (X), and ' ‘

By . bt
CZ,U; (’)") d”’A (PA’r'): a. S')

where  €Diff (X) and O, C A =S
Proof Let
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- p(r) =-—'l:1'7= EPM(PAO’I')IAUO(PA”')
A

Henoo, p(yr) =p(r), w($™B)=| p()dWi), for BE F,

duA
Corollary. If w is a smooth point measure with respect to m, then
L (r) = I (L2 @)), for p€DiE(X).
Proof Suppose that OwcA—S By Proposition 2, we have
(w) 2 015, 0>0,

Obviously, Yu~w and djﬁ" (r) = dipy (Par), the conclusion holds,
n

Moreover

dput _ dput B Py AP
. dut WPy dPn dut
According to Proposition 8

d
(S @) = S () = @),
whioh is tantamount to that

D)=L ) - I (D @),

Proposition 8. Let m be @ smooth measure on X. If {UT} is the unitary repre-
sentation of Diff (X) given by P, then it is continuous,

Proof We first consider the unitary representation of Diff (4) on L2 (4P, P4
which is given by £4. Denote the Kakutani’s 1nner product and distance by K, and

- K respectively, then

M3 () ~2(1.—exp( — 5 Ko(m, m))), for Y EDifE(4),

“which ensures that lim M2 (i) =0 as s, converges to I, in Diff (4),

‘Following[2], the unitary representation of Diff (4) on L*(A®, #24) given by

P4 is continuous. Because L?(4 (4), Pu) =2 @ L*(4P, P4, it is easy to show that

the unitary representation of Diff (4) on IA(4(4), #4) given by &, is continuous.
Lot FEL*(A(X), F1), JEL*(A(X), F), then
U5, (BeT) = FeT|2= [T [P|UZ,(F) — F >0 as n->co,

Thus {U}7} is contiouous,

Moreover, in a completely analogous fasion, we can prove that the conclusion
holds in the case of smooth point measure, | ‘ |

Summing Propositions 1—8, we have the following »
- Theorem 1. Let u be @ smooth point measure with respect to m, then w is quasi-
invariant under the action of Dlif (X), and
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Lt 1) = I (G @), for Y €D,

Furthermore, the representation {U'}y of Diff (X ) given by w is continuous,

§ 3. Unitary repfesentation of Diff (X) given
by smooth point measures

Lot wy and ps be smooth point measures on (A(X), Fx), and {U}, {Uj}; be
unitary representations given by f1 and Ha respeotively. In this section, we shall
prove that {UL} and {U}} are unitarily equivalent iff u, is equivalent to i,

Proposition 8. If w, =1, 2, is smooth point measure with respect to my;, 4=1, 2,
and P, € L2(4(X), ma) such that, for every Yy €Diff (4, m),

Ol Po(dtr) (%”2-% (5»))1’2=P0(¢) a. 8., s,
then

1/2 | ' dui 1/ ' ~
Pz/ (’I')Po(’r) 1,1(70(PA'Y'> =O(A, 70, PAor)<d,U:‘24 ) 14<m (PA’)") a. 8., Wa,

awhere ua= i X ws’, j’ﬁ" =pa, O(4, &, -) is a measurable function on (4(4%), Fu),
¥ez, * -
Proof Definea map T': 4(X) —>4(A) x 4(A°) such that T (r) = (Pyr, Paer), Thus,
T is & measurable isomorphsm from (4(X), ¥x) onto (4 (A) X A(A%), Fax F4),
Obviously, we can write F (r) =F (Pyr, P o), for F E'LO (4(X), Fx), where F (., ¢)
is measurable on (4(A) X A(A4%), Fux F ), and T (o= X ",

We set P(r) =p¥2(¢) P(r) =P(Par, Pur). Then

[P, o) 12du @t @) = [ pa(0) | o) = [ | Polr) [ sa<oo,

s0 that P(z, y) € L2(4(4) x 4(4%), ps X g,
By Fubinis theorem, there exists a set M;€F o such that ud’(My) =0, and
Py(+)=P(+,9) EL*(p3) as yEM,
For € Diff (4, my), there exists M () € Fx such that pa(M (P)) =0, and ()
holds as rE M (+). As : "
[, pain=[ s @, 9DeaC, )t @)t @) =0,

we can find a set M (, A%) € F w0, ps (M (Y, A%) =0 and, for yEM (P, A%,

1M(¢)(w1 y)Pz(m; ?/) =O: a. 8., ll"Zio
Clearly, as y€ M (Y, 4°), we have

_ b i/2 .
P72, 9) (YL @) =P o), o5 .
Suppose that {{} is a countable subset of Diff (4, m) which is dense in Diff (4, my).
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Lot M=J M (Y, A% UMy, then M EF 4o, uf’(M)=0. As yEM, we have P,(:) €
L2 (uz) aI:d
P, w)(""l’”“z <w>) ~P,@), a5, uf,
According to Theorem 1, if s €Diff (4, m,) and y& M, then
P, (S ) ~Py@), a5, i,
As pf =vut =~ us ~pus for nglef (4, my), we have
WL (@) =S (o) DL () - D gy B ),

dput :
Then .
| P '1w)< (¢-1m)) —P,() 244 d”’* @), as. uf
forye M,
Define

2,0)=P,@) (L @) ", toryENL,

thus, @,(+) belongs in L*(4(4), ut) and &,(p~*w) =B,(¥) a. 5., ut, for Y EDIff
(4, my). By Proposition 1, we can find constant O(4, r, y), $€Z, suoh that

() (m)lA(m (w) O(A T, y)14<m(a:), a. 8. ,U/1
I is olear that

04, b )=, Po(o, oG, 0) (L2 @) " au / b (4,
where uf (A®) =us{r:|rN 4| =k} >0 and
0, b, ) <[ 1Po(@, 9) %00, 9)dud (@) /b (4.

It means that O (4, &, y) must be in L2(4(4%), Fu). Then we can say that for
- YEM, kEZ, |
o¥*(@, 4)Po(@, 9)1un () =O(4, F, ‘y)(d”“ (w)) Liw(®), a.s., s

By Fubinis theorem we have

P82 (1) Po(r) 4o (7) =O(A4, B, PAw)(

) 1A<m(PA’r), a. 8., /7:2.

Theorem 2. Let i, 4=1, 2, is @ smootk point measure with respect to my, 4=1,
2. If{U3} and {UZ are the unitary representations of Diff (X) given by py and
respectzfvely, then {U} is unitarily equivalent to {U3} 4ff y, is equivalent to ue as measure.

Proof By Proposition 4, the sufficiency follows. Next we consider the necessity.
Denote the inner product of I2, 4=1, 2, by ( )i, =1, 2, If there exisis a unitary
map T from I2, onto L2, such that TULT*=0T?, for Y EDIff (X), settmg F=1cI?,
and G=T(F) € L%, then, for ¢ € Diff (X, mi),
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6L ()" <@, a5,

From Proposition 9, we claim that for each 4=5,,

P(e, D, 9) = Z0U, b (L@ ) Lun@) .5, f

dllfz

where Pa=
’ZM:J

If Y €Diff (4), then
o0, G, )~ IO, b, )(LE W) Lun(o) .5, i,

and %{2— i) 2 (@)= Wik @), w5, ut,
(o, 9)6 0, (L <w>) - 3304, b, (L @) L (@), 0.5,
[[r@ pewa, o (L @) @ DTG Ddt@ds @)
-3 f1oc, 1, 9 lﬂ(do;”g @) (24 @) ) Luo @)t @it @)

-=(([ 104, 5, o it <y>)(d‘”“1 <w>) dut @),

=0

Because

(U3, G>2=J [, y)( Aug <w>) T, Dosdutdut,

UF, F)= 3, j A(,,,( e (,v))

©=0

5 0 of (S o),

=0
Where D(k A= i{r:|rN4|= ]ﬁ}/gm; (4%) >0,
Hence we have :

§<J|0<A, k, y)'lzdlbéi") D(]]:?;,‘ A)(j' <d:'lbm1 (w>) dmi)k
— 5 D, A)(J’ <d¢'m1 (w))mdmi)k.

>0 k!
It is easy to see that for every A=28,, we always can find a sequence {{,} CDiff(4)

sheh that

J‘ (d¢”mi( )) dm,—>0 as n—»co,
Consequently L |
| le(A, k, y)|%dus’ =1, for every k€ Z,
Because | S |

pa(e, 9) |GG, 9) "Li(@) = |0(4, E, ) |? (‘Z’“’“ @Yae@), 5.5, i
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according to Fubinis theorem, we have
[osto, 016, 920t @) =(G(@)), 0.5, 2.
Set 4,=8,, n=1, 2, .- Olearly, & 4, =1, 2, -+, } isincreasing and \/gr 4,
Z x. Moreover, {g

A, ~
Z L (Pur), Fa, n€Z +} is martingale. On the other hand
2

B(|6 11172 = [16(Pas, 1) IPoaPar, U@, 25 i,

(e ceu)-

Tt is well known that duy= gdua+duwe, Where gELL, i is the smgular part of
pa in its Lebesques decomposition. As ua(B) =0 iff pa (B) 0for BEZ 4, WO ha,ve

So that

Thus

JB gﬂ’l (Pasr )dﬂlz—f _gd,ws.
Setting n—>o0, we see
{16120 = gdua tor BEF,
Consequently

= 2 =
L(m) |6 dpsa L(m) g,

which implies that wis=0, i. e., < pae. In completely analogous fasion, we can prove
-that we< wy, this ends the proof,

Corollary. If m, =1, 2, is @ smooth measure on X, and {U%}, 4=1, 2, is the
unitary representation of Diff (X) given by P, t=1, 2, then {Up} is unitarily

o NN
equinalent to U} iff the Kakutanis distance (f (/ dmg — n/ dmz ) ) is finite,
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