Chin. Ann. of Math.
BB (1) 1984

SINGULAR INTEGALS IN SEVERAL COMPLEX
VARIABLES (IV)—THE DERIVATIVE
OF CAUCHY INTEGRAL ON SPHERE

SmI Jimuar (£ 4R) Gone SHENG (Z )
(University of Science and Technology of Ohina)

Abstract

The aim of this paper is to study the boundary properties of the derivative of Cauchy

. integral on the sphere. Using the concept of the Hadamard principal value of singular

integral of higher order introduced in [1], the author obtains the corresponding Plemelj
formula expressed by Hadamard principal value.

§ 0. Introduction

In the case of one complex variable, if Lisa smooth closed curve in C, the Cauchy
integral of f is

PO o), FE 4L,

@)=k O - 0 4
PO =g [ s =] S at

is also a Gauchy integral. In the case of several complex variables, the derivative of

its derivative

Qauchy mtegral is no longer a Cauchy integral.
In what follows, B denotes the unit ball in €, § denotes the boundary of B

B={a= (2, -, ) | |ma|*+ o+ [5]?<1},
S={z=(2, - oy ) | 22| e o+ |2 | =1},
Suppose f is 1n1:egrable on 8, the Cauchy integral of f in the ball is

Fr)— —2 ja(“)“ “€BD),

Wan-1 )” | ' -

its partial derivative

oF () . n [ uf(wu '
oz - Wap—1 J‘s (1_%’)%1 . | (0'1)
oOF (z) =( oF () ... OF(®

is no longer a Cauchy integral, where % ™

), When 2
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approaches the point v of S, (0.1) is a higher order singular integral.
In [1], using the concept of Hadamaad prlnolpal value, we obtain the Plemelj
formula of integral

1 u)u . ’
ol (1f i >,),.+; ).

The aim of present paper is to study the limit value of the demvatlve of Cauchy
integral. Let - '
| Py={u= (v, ++, 0y, +, ) [VES, v,=0},

Qi={v= (v, ==, v, +-+, ) [VES, v;%0},

We find that for the points of P;, the limit value of 6]; () can be represented by the

Cauchy principal value and it must be represented by the Hadamard prinoipal value
for the points of Q. By the uniformity of these two kinds of principal values, 11; can
be represented uniformly by Hadamard prlnclpal value. ‘ ’

Using the same method, we can digouss the derivative of H~R integre;l and §-K
integral of strictly pseudoconvex domain.

§ 1. Some lemmas

Lemma 1. Suppose 2E€ B. Then

A L\ 1.1y
Ju o, (L.1)
where m s an arbztmfry posittve number.
Proof Let zz’=p® Pick a unitary matrix U, such that +U =pp, where p,=
(0, «--, 0, 1). Lot w=uwlU’ and U’= (a;). Then u;= éaufw, and '
Luj_(l-%b’)‘ uﬁ__ﬁﬂ az,wz(l pWn) ™0, - (@2

‘When I<n, we have
L (L= pit) M= f” (L= pre®) " =2 [ m0=0,  (L1.8)

VU<l
When I=n, since

J o~ proty an= ﬁ’ r(ﬁi”f)?qgm g J sarmag—o,

we have - -
[, (1 ) =0, . (L.4)
Insertmg (1.8), (1.4) into (1.2), we obtam . 1)

- Lemma’ 2. S.uppose 2EB. Then '

cogn_Js om0 D)
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where §, k=1, +-, n; op=Re(w), y7;=Im(uk).

Proof Let

. Ty y
2) = By}
G® . wzn—ij (L—zu")"
By Cauchy integral formula. and Lemma 1, we have

G(z)=—2-{co2,,_ j (1 — m'>—m+w2,,_1j (L w’)'”u}—% oy

80 —g—g——-—%— Oy, 1. ©. (1.5) holds. The proof of (1.6) is similar.
%

Lemma 8. Suppose f:B—>R. If af s % (j=1, +, m) are in Lip o; and

LipB; on B respectively, then
(@) For g, k=1, -, ‘n—1, the integrals

Ié{‘)ﬁwgi_1 js &j[f(o, e, 0, o+ Yr, o, w,,+f13y,,) —f(O: wee, 0, ty, "':.wn'l"zyﬂ)

- of __ 7\ =),
2 (pyas | (=)0,

: . Ig‘)-r-d)gfnl—‘l ,(s ﬁj[f(oi e, 0, Q'yk; {bk+;-+fi/y7ﬂ+1: "'::. wﬂ"i_q;yﬂ)

—f(oi '"J.O? wk+1+’5yk+1; '.' wn+’byn) - f (_’pn)yk:](i—'z/—n) —(”+1)’l,.6,
190zt [ £, -, 0, a0, =, O, 1> - )]
Igli)::_w;:—i js {l’j[f(oi " 0, w,.+f13y,,,) '—f(O: *tt. 0;-‘%) -

X (L—iug) =y,

L (p)u

exist.
- (i) Suppose 2€ B. Write |
I:(vjx)(z):wgnl—ij‘s &a[f(ox M) 0) wk+q.’yk; °°° %""13%) :
._f((), ;..’ O) ’byk, ,.."a;n+f[',yn),——-—§‘—f—-(p”)wm](i—za’)—(nfl)qz‘,_-
L1
IP@ =eita|, WO, O, iy, v, wtige)
: _f<0) *t 0; mk+1+’i/yk+i) e wn'i"b’yn) -

( 28) yk] (1— )=y,
I(“ (Z) ""w2n—1j’ a.‘il:f(o *% 0) ‘vn) —f(O) H) Q; 1) _"gg;' (,’pﬂ) (wn—l)]

| x (1<e)-®0g, B

I (@) =w£n_1js u;[f 0, ++, 0, Butigs) — £ (0, ++-0, wn) ——-—-— o (2o yn]

X (L—2f) (g
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then we have
(K -1m) Q@ =1, (K-Em)IP@=IP (j=1, -, n=1, k=1, =, n),
ol 2>y .

Proof Note the inequalities

- L
Iuﬂ'l <\/2 |1_Q"nlg (.7=1: % n-—1)°
Using the method of proving Lemma b in [1], Lemma 3 follows.
Lemma 4. For j=1, «--, n—1, we have

J. (1 — ) —(ntl)y 0,

‘where o= {u|u€S, a?(1— Lty | 2)24+482 (Im ) 2> 62, >0, B>0}.
Proof Letb uy=1re", uy=wi, *+, Up_1=%-1. Then

| w—iyois|

+]
3 T _a/q _.a\2 .
where O=sgin™* Ve 0; Iéi ) . Denote the inner integral of I; by @(r). Leb v;=e"{;

6l oo ap " orey-ernun)
o |

. ~(®w—0)

= 5
vy <“

Ejér (L—re®) =W VgH =T+ I,

vB! >F

and note that »?=1—v’, we have
Le|  ap)=| e Le@l=crl,

o <$ Lr<g _
and it follows that I;=0. We can prové I,=0 by the same method. This ends the
proof. _
Lemma §. For j=1, «--, n—1, k=1, -+, n, we have

. = —u. )" <1 1/ 28 \* :
; -1 L) 5y
];1_133 Won—1 J’% w1 —uy) U= [1 5 (a B) ]'o‘m, d.7m.
L - N 1/ 28 \*
. 1 (€15 2 ) P, —_ .
1813)1 Woe1 Le s (L —uy) U= [1 5 (a ,3) ]8ﬂa, - (@.8)

Proof It is olear that

co'z",il_l f ’—L—b"ﬂ}k (1 - Q’a—b") _(n"*'i)’l; = (2&)2,,_.1) _1J‘0 ’Zjﬂﬁk (1 - ‘17”,) _(”+1)'12+ (2602,1,1) =i

CGg

[ ﬁj&k(lé—ﬂ,.)‘(”+1)d, - 1.9)

Using the similar method as in proving Lemma 4, we can obtain the following
equalities »

| G- wim0 (=1, n=Lih=1, ), (110)

f (L) ™D =0 (j#F). @)

When j=Fk<n, without loss of generality, taking j=1, we have |
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(20an- 1) —1}' | "y l 3(1— ,;;”) ~(a+Ly
= (2w3ap-1) ‘1j‘ |vg| %0 {j-a (1—1re?) ="V g6+ YM (1L —reg?) 0 da}
(% —0) (]

5! <&
VY <“

+ (2wap-1) ,_ij

= o &
weH

I+ is not hard to see thatb A
LmezhaIm{ - 3 HytTom Hop tozta| |0l (@ =205,
= k= )

v <&
Jo-"—' —j

-]

|vg ]2 ﬁ, (1—re)~ 009 =T+ 1Ia, (1.12)

“where

s Tog (1705, Tu=rt| — osl2+ra) s,
: vﬁ'<%

o <

Ivil"‘log(l—q‘e“’)fz;, Hk;—-%ﬁ-y lwilz(l—re‘o)‘”é,

G5 <& it <8
VY <a vV <u

Suppose v= (1, ***, bam-2). Using the sphere coordinates, we have

w % (2% :
Iu= %—J o J 0 ,{ 0 (cos® py +8in’ @y c0s? ,) sIn®** g, s 205 gee+ SN Papa AP1** BPan—3

V3 ' ~
e L, {1+ (2:8> —1\/4132 (1 — s2> Lofst—e?— ,11(213) -1 ./ 8.2 _ a2$‘4 } —7o82n—1d8. _

Set n=-§-, s=+/7t. The inner integral becomes

2y {2+ I ) Fe (=)~ T},
Since the integrand is bounded, '
13_133 Jp=0 (k=1, -, n),
Similarly 161_151([)1 Jo=0.
Tt ig the same as J that Hy may be writien as

) £ o (2% :
Hy= -;o-j‘o o0 'L’ Jo (cos? 1 +sin® gy cos® @a) SN @y SN2~ e+« SiNPan—a FP1°**EP2n—3

% @Ry [[ 1128~ ~ T —P) AP —D) — NP =) 17,

Denote the inner integral by My, then -
1 _ —
My @B, B (B i T +0(m)] P,
‘When k<n,_-_1=i‘n'% M,=0, 80 lln‘r)l Hy=0. When k=n,
tim M, (23)*]0 1 B — s N T T )'”dt=2”'1'j ooty VI=0F) o,
ib is known in [2] that - »

ton( [} oty VI= )f”da;>=_"’£.(_o‘__'ﬁ__§>'.'.
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Henoce we have

lim Im (M) =22 :3 "
: -0 m< ”) o W<06+18> °
A direct computahon shows R

i 2w .
\J‘o . -L J (cos? gy +sin® p; cos? @y) 8N4 @, sin-> gt ++ 8N oy cg A1+ AP -3

_ 20.5”—1
I'(n)”’ .
98"
ls]f'élm(ﬂ") 2nT(n)<a+B>
I} is easy to prove that o : o .
| lm(c)lIm Ho-—- ' hmj ‘|@1|2<W_'20)43;0
Substituting these results 1nto the explessmn of I;, we have
im Ty = — 1im (aogy_¢) = ~— L (28
%1_13[1 £1-]>:on(w2"_1) Im (H,) <06+;8)

On the other hand -

-1
I]m.lg——ﬂ'FCQ)zn_.lj' l’l.?1|2_'2)=-.-——_-.
g0 Vo<l . 2n

Substltutmg these 1n130 (i 12), we obtain

151_{33(2@2,,_1) I g |2(1— 7 =iy 1 1 [1__ % < 28 )“] o _(1 13)

2n o+ 8
Obviously, replacing w; by u;, (§=2, +-, n=1), (1.18) is .a,lso'brll_l_é. Substituting

(1.10), (1.11) and (1.18) into (1.9), (1.7) is obtained. (1.8) can be preved in a

similar way.

§ 2. The limit value of a  part of special points

Employing the above Lemmas, we can prove the following

Theorem 1. Suppose that f sat@sﬁes the conditions of Lemmw 3, F(z) @sthe C’wuchy

" integral of f: _‘
_ fWu
F= wan-1J8 (1— zu’)”
Then, fo¢j=1' e, n—1, we have
(K —1im) S ) =nslaf, i (u) (1= ) ¥t ( 2 B) 2L (o,

g

where L denotes the Cauchy pfrmc@pwl value, deﬁ/ned as lng’
- Proof Obviously

I posta| wf @y @atyorvi, @.1)
] o .
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Acocording 1o the expression ~(2 .1) of f in [1], we have

wz,Hj o (W) (A=) =0
z:; (19 (2) +I“’(z)] — ’ﬁl 3f

+ 32 <pn>w2n-1j (L) it D (ot | (L)

(posta | n(1—s) i

| 4 <pn>w2,,_1j (=) (L) <'*+1>u+f<pﬂ>w2n-1j (L),

By Lemmas 1, 2, 8, we have _
(K —1lim) wz,,_ij f (@) (L) ~oiy

250n

: 1 af 1 8f
N ((TD LD
% (L5 ’\.*‘Iyn>+ (p w) + 5 20?/& 3(y (pn-)

= 3 IP+IY) + af ~(p). @2
=1 T
On the other hand, by Lemmas 8, 4, B, we also have

lim coz‘,}_1j . f () (L Thg) "0 -

8->0

H2))

-3 aprId L a5 [i-
3f (p”>—__[1——<a—ll—8 ) ]
rx(?n); '

-3 (z;’,,>+:;1>> eﬁ;[l.——é—( ) ]_8-14,

3 a9+ 1) =aite|, 0 @) (i L[1-1(2E Y 1A (o,
Inserting it into (2.2), the desired resulb is obtamed

Theorem 2. Suppose f: B—>C, where fi-—Re f and fa= Tm f satisfy the conditions
of Lemma 8 respectively, and F (2) s the Cauchy integral of f. Let
Py={v=(vs, **, U, **%, Va) [VES, ka~0}

Then
| N 1/ 28 \* of
(n), of
(K - llm) (z) nwzn_J upf () (1 o)~y - 5 <a+ 13> o ()
holds for any ’DEP;G. Here the integral : ‘ S

neszha T (0) (L= o)~

is defined as o | | |
ot {] [ g9 (o0 i [ fa (1—vi)=il,
€ og(V) - : , . o9, o : _ .

where , . , o
oo (v) = {u|u€S, *(L— |ow’ | %) 2+ 482 (Imow') > 7},
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Proof Take a unitary matrix U such that o0 = p,. Set I'= (a;), then (vs, oo,

= (01, ***, OGuy), SO az=0. Lot ulU =w, 2U={, we have

(K — llm) nwgnl-q .[S Q—lkfi ('M) (1 - 2{6/) _(””"1),‘2
n—1__ 3 B B °
- E o {(K - E?)nw;,}_l I . w;f1(wU") (L —Ew') —(n+1),w}
st 0 180 i (B B

§=1 =1

o]t i H(2B) 2,

We have the same equality for fa=Im(f). The proof is completed.
 Taking a=p in the above theorem, we obtain a simple formula

(K ~Tim) 25 (2) =naita | itnf () @—0i) =0+ L 20,
where v € Py,

'§ 3. Representing the boundary value by means of
the Hadamard principal value

'”n).

The aim of this séotion is to study the limit value of the derivative of Cauchy

integral at any point on the sphere. We need the following Lemmas.
Lemma 6. Suppose € B, then

1 Uty o 1
o wan—1J8 (L—2)"t = 2n O Oni,
1 UnhlYy . 1
= 0
zlfﬂmri, wan-1J8 (L—2zu) arl ¥ Ot Out,
1 UnYuts -1
1.]-5: Wag1J8 (1_@’) n+l U= Eﬁ' 67076 Snlo

Progf Let

_ 1 Ly
G(Z) B Wag—1 -[S (1'— Z/ZTLI) n

Since wk=%(uk+'z7k), we have

I W+ Uy - M]g’l;z -+ 615’% 12
4w2n—1 (1 - Z’L—b’) "
By the Cauchy integral formula

G(z) =

Uty
U=12
Wap—1 (1 Z’u,’)" o
Using the method of proving Lemma 1, we have
1]%%' 1""—J ww;
e Y= A —_—d
dogn-1)8 (1—2u')" 4wgn-1 ¢=1j§=:":alam s

(3.1)
3.2)

(8.3)

(3.4)
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An eagy computation shows
|w5|2qb ___ 2" T
Js (1_p,ﬁ”>n I‘(n_l_l): (.7 ] ’ n);
80 o
1 J ugee 1 o
ooz )8 (I—wa)® dn
It is easy to see that
1 I w1 By~ j W w=0
v 4wgn-1 8 (1—-2’{(;/)” v 4wap-1 Eéailaﬂa 8 (1—— pw,,)”
Substituting these results into (3.4), we obtain
G(2) =—i— 2+ -217 Ot -
It follows thab
| E_—:ﬁ ZZ: ®) =—sz'— Oute Ont.
This is just the equality (8.1). The proofs of (3.2), (3.8) are similar,
Lemma 7.
. (=1 o1 1/ 28\ (n—1)8 3 B)
il-% Wap—1Joe (L—uty)™t v 2n T 2 (a+,8> n(e+B8)’ (8.5)
.1 UnYn ____1_{__1____]_._ 28 \*1 B4na } 3.6
]él_l)xo‘ Wan1Joe (1 — )" =5 1n 2(a+ﬁ) n(a+pB) )’ @ )
n - =] ees -1 3.7)
]sjfg ) By =0 (h=1, «, n—1), (3.7
lim 2 Mg (b=1, -, n-1), (3.8)

620 Wap—1Joe (1—1p) ™

Proof Tirst we prove (3.6).
1 Ul _ 1 J’ ~{2 R J a=c 2. 220 d@}
Wop—1 j;s (1 . 'El_”) a+l 2’2.;0)2”_1 5 <% v ©. [ (1 - 'f@io) L

1 J Q;r" Mdﬂ:[i+12,

D1 —w (I— ey ™

5 —C '1,2 . ,),.26259 dg _ 1 {Irz j—re"o dz B {—1‘6—40 Zdz }
I, A DTV S 2@=) e A=

__]:_{[ ri—1 1 r?41 1
T4

n (1—!—7‘6_"")" - n—1 <1+,re—ia)n—1

e 1 e 1Lt
+ BT ATy +r2(log (—re~®) —log (L+re ))]
,),.2

-1 r?+1 w2 r?
- [n(l — 7 T =D @) 2 FaA—iFF

472 log (re®) —r* log (1 — re®) ]} = —}/— (By— Ba),

then
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1 .
I—- J Im(B,—B
i Uoan—1, B <§ m( * 2)0)
1 r
- () (G- ),
where

_1 J T 1 J‘ ri4-1 .
V< e 1+¢6_‘o;” ’ - n—1 v <% (1+¢e—£c)ﬂ-1 ’

1J
o <} (A=re0)E w"")"’

Jo= J r?log(—re~)p, Jh= f r?log (1 4-re~) 0,

1J 1 pPl 0 e
- el —1=———-J Sy i)
") < (1 re )" " n—1 o <2 (1L—reo)n=2 ™2
-1 ), (=1 2
"7 <6 (1 q.eto)k '”: (=1, +-, n—2),

v N

e

B <g

r?log(re)v, Hpy= [ r3log (1—re'®)p,

Using the method we used in the-proof of Lemma 5, it is easy o prove
llmlm(.fo) 11m Im(J) 0, lil_‘(l)l J=0, (k=1 +-, n),

On the other hand we have

8=>0
and
. 1 142 - 2m" -
Hua=mg n—lj‘m,,< (L —re)r2t v (n— 1)[’(% ])(2'8>
><J~1 (2—’7]t2)’7'] —1t2” 3dt
o " [ BE2 —dan/ 1~ +0(n)]”‘1’
so ! ‘ .
. 2™t 1 " 2dx o (2B \"t
E?Im(ﬂ“"i) - I'(n) 2 Im{JO (@ —iyn/1T—a?)r2 }~ F(W)\“‘h@) °
Using the same method, we may prove
" 28
131_1):? Tm (H,) = nf(n 1) 2 (oc—l—,B)
l'nx()lHk——O (=1, «, n .1),
Hence
- - 28 \** B+na
b e a0 ()
The computation of I, is easy. Since _ ' T '
v 21— 62‘9) < I'(n+g+1) q+2r 109 (1 — g20) A = Dz
J‘-ar (1 ,reie)nﬂ 2;) T(n+1>r(q+1) T -m;e ( ¢ ) ‘W ?

~ we have
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— 2077 295 n-1 2\ 2n—~8 Fo 1
m Ia= 55 AR of 1)I (A=) s =5
Thus
1 J Ul d.—_i[_l__i( 28 )“‘1 B-+no ]
© 80 Way_1J e (\1_-—-'[7-”)’”'1 4 L2n 2 a+,3 n(a'{“B) °

This is just the equality (8.6).
Employing the equalities
fin 2 el ) Gy, o Unlls__ G lim L g

&0 a1 (1 —u >”+1 80 Wap1Joe (1 —-Q_zn) ntd -0 Wan—1J e (1 —t&.”)”
and

1 U 28
1 [
8]-]1)1 Wap-1J e (1""?1”)” ¢ <0‘+:8) ’
wo obtain (3.5) immediately. Using the same methdd as in the proof of Lemma 4,

we can prove the equalities (8.7), (8.8).
Lemma 8. Fori, j=1, .-, n, f5+j<2n, we have

im - ut®y o 1 (2B Vs 3.9
P YR A
1 Uty o 1/ 28 s 3. 10
&0 wzn_lj‘a'c (1_,1—1”)111-1 u 4n <a+ ) 8%1'. ( . )
Proof
| Uy o1 [ oty T F UG - (311
Wan—1, Te. (1 ’U )”+1 ¢w2n—1 e (1 'L( )n+1 .

Tt is easy 10 prove that the value of above integral is 0, when é+#j. Now suppose

9=j<nm. Without loss of generality, take ¢=gj=1. Using the method of proving Lemma,
4, we have

U L2 ~
JW—IW =0, (3.12)
On the other hand ‘
'17- |u1|2 .=J. 2'{ JW—O _ﬂw@__}
Joem“ <t |v1|?012Re , Ty

- reédf
+I I'vilz J (1— ¢e¢6¢a)n+1 =I;+1I,,
v >-a

Clearly I,=0. The inner infegral of I equais
-i_ Tm { (1 +7r6~) = (L—re) =},
80 Iy=Im(J,— H,), where

T=2{ et B2 jeslt-re) s,
n D’ <§ n vyt <%
It is known in Lemma b that
HmJ,=0, hm Im(H,) = m < 28 )
&0 i I' (')’b) OG+,3
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lim Iy = ——% ( 23)

-0 nF(n) O’:+,8
. A | |
Up | Uy, 2 .= m? 2,8 . »
Bim| i)™ nT(n)(oa—l—,@) | (8.18)

Substltutmg (8. 12) and (8.18) into (8.11), we obtain

: 1 J ’Ll,,,$1 . 2,8
. 161—%1 Wap-1Joe (L—u,) Y 4vn<oH ,8)
Replaomg @y by w,(7 2, .+, n—1), the above equallty also holds. Thus (3 9) is
- proved. The proof of (8. 10) is similar.

Lemma 9.
N T T € D T | | T
%:1-%1 COQn—:LJ’O‘e (L—aty)™tt v o’ (314)
1 U2 . 1 :
nYn — 1
lim i gy (3.15)

.. Proof -Since

'Un<wn 1>2 << 1 |
‘——. . (1 v )n+1 Il_,{!”ln—i’
j %%fu exists and ,- | | ' |
= j' Q—;"'(wn j 1)2 y 1 i an(xn-]-)S! ° !
. ]{."1—)1::)] cozn 1/ 0 (1—’L( )n+1 : w2n—1 [S (1“""17%)“1 . (3.16)
- On the other hand. , . .
Uy (T —1)% + 1 Uy (@y—1)2 = o
K1 j Un (B —1)" o f Un (@ —1)% 317
( zi];:,:) wanezds (L—2/)** r— (L—u,)"*? B ( : “)
Thus ' _ _ ,
| '»aw}nﬁg; 1{ Ta@=1D% c ooy
(K ~lim) i [ B i it sy O e e 319
Lot

R 1)2 .
G(z) = [ (zr,, w
) . . ( ) Wap—-1 (1 zu’)”
It is easy to see that o L
- 1. U2 w2+ 4 —du, — 4, + 2uu
G 2) = { n n 71_, n A
( ) 4owon-1 J8 (1— Z’y:’)n_ :

. 1 2 2
%= Z( 22 +4 42, -+ %> .
S0 ) » o , ’ '
: H A 1 o
. ' ( <1 z,u}/)q-}«i U= ——%‘e (3.19)

(8.14) follows from (3 18) and (3.19). '
Using' the same me’uhod We can prove.

1 j' u,,]l u"’lzd 1

lim
22Dn Wap—1

lim s
&0 (Way_1J0s (1 un)”“ A n

Now (8.15) follows from the following equality . -
1 J Uy e 1 4( |1~ u,b\ u— 1 j U (g —1)2 5

Wan-1J7e (1_&n>n+1 Wen-1Joe (1— u>n+1 Woy—1J 0g (1—'1775)”'“
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'Lémma, 10.

for'k, j=1, «,n, k+j<2n, _ '
or j=1, <, n
¥ jP/roof Since
J ’l—lnwra’y;@ =_l__ 5 U (Ul Uy — Uy —URU)
o0 (1 w )L 44, (L—uy )t ’

. if b7, then the above 1ntegra1 is equal to 0, if b= j<ln,, tnen
| j e 1 J U (U =)
Te (1'—"’1.,1-%)“’*.1 44 Te (1 W )WH' .
‘Using the method used in proving Lemma 4, itis easy to prove that the above integral
also equals 0. Hence (3.20) is true, _
(3. 21) holds evidently for j=1, «--, n—1. When j=n, since
‘ i (50— 1)% <1
(1 u)n+1 | |1 u ln__
Tising the same method as in the proof of Lemma 9, we have
1 I 'z—l:n(wn DYn_ w=1lim 1 j 'En(w}b—l)yn %

A—za)y™t o0 @amidos (1—ttp)™t

11m 1 J '—Izn<wn 1)'yn ’1:6= 1 1 =0,

20, Wan—1

2=py Wap-1J8

Thus

(I—ew)™ 206 2nb
by Lemma 2 and Lemma 6. Hence (3.21) ig also ture.
Applymg the above Lemmas, we have
Theorem 8. Suppose f: B—>R and f€0? (B) Then

i L uy [ f () —f(p)1 o
llm J' (1 u)'n,+1

-0 (Wap-1/0
ewists and equals

o0 PP (L g0, ) U)o S 20D 1 P

a'u,n Oy, 7 =1 3?,6; 8'17/, n ou, aun
28 > _Btna
whare Cn= < 8 , Gp= PYCES PCETOR 1 is & number to be detefrmmed

Proof By the 'I‘aylor formula
.f(ui) ) 'b&n) f(wi—i_@yi) H) wn+[1;yn)
(a5 LD g4 EED ) +2 2

4L S 2f () 0 oy 2 ’§ FH () 4, —1>+ 7 @’") (0 >:

21u 1 Ow; 0%; 3517%8 Ty,
af(p,o ey 8F () 3-"‘f(pn) }
2 E} — S1SV T kn Al
* i=1 3’.% yi(w 1) +2, f=19=1 - 9 1 OYj . ?lyj+- 5,% 0y, 0y, Yl .
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where Rs(u) is the remainder term of third order. Obviously
Ry(u) =0(|1—ua| %),

so the integral L %, R () (1L —,) ~®0y exists, and we denote its value by I. By (3.22)

and the Lemmas 7, 8, 9, and 10, we have
lim . 1 J 'u'n [f(u) _f<pn)]

(=)™
[_]:_ top(L—dw) ] af(%) 41 ( — ”) 3]"‘@81:;»)

1
2n
S (S (Pw) an (Pn) Cnpd *f (pn) 32f (Pn) }
+2{:}21< o} oy )( » ) 2n< o’ o > ?
this is just the desired result.

Theorem 4. Suppose f is as in Theorem 8, the limit

Jim 1 J' w[f(w) —f(@)] . (h=1, +, n) (3.23)
a5(v)

-0 Wan-1 (L—ou’)"* “

60 Wap—1

exist for any vES. |

Proof Take a unitary matrix U such that oU =pa, lob u=wl’, U’ = (as;), then
1 J' u [ f () —f (v)] u_’i G 1 J' wiL f (w0 —f (20")] »

ae(v)

Wan-1 1— 'u'u/) L =1 Oap-1les (L —w,)" "
-~ 1 j waLf (w0 —F(2UN1
" : 3.24
Ry B (1 —wp)"* v : ©-29
Since Le —(—1———_%5’?1— w=0, we have

L (" B @) oy L[ _BF@D)
J i (L —aw,)™*t w"?_’,? wzn_ij‘ae (:Lj_,z,')“)nﬂ w,

We have proved the existence of above limit in the proof of Theorem 1. By Theorem

lim
e>0 Wan_1Joe

8, tye limit of the second term of the right hand of (8.24) exists. Thus the theorem

is proved.
We call limit (8.28) the Hadamard principal value of singular infegral
1 f W f (0)%
wan-18 (1—ou/ )"’

and denote it by

L Uf ) g L wWlfW—f®] ;
as(V)

Won-1/8 (1—ou/)"*t -0 Wz A —vu)*tt e
From Theorem 8, we have the following
Theorem 6. Suppose f is as in Theorem 8, then
(K —lim) 1 j (1';'-6nf(“) u=P 1 I ?Tﬂnf(“) w— 3f(Pn)

Z’I-Z')"H' Wan—1 g (1f’fb,,)”+1 Cn ou U

20, Won—1J8

af(pn) Cnyl " 32f('10n)
- — ¢, + L
(0” : o d”) aun + n J‘gi au,- 3.Uj )

Proof In the expression (3.22) of f, Rs(w) =0(|1~ua|¥*). It is known in [1]
that the following inequality
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| > |1

holds for 2E€ Dy, (py), €S, So
R (w)
(1 —2u/)™* -

K
|1—%,|" "2

By the Lebesgue theorem,
1 U, R (u) . 1 J ’l-;bnR3 (w) . _
K —1 j 03 — w= I.
' ( z-)m;;) wan-1.8 (1—eu')*™ “ ®gq-1J8 (1—2y)"™
Employing the expression (8.22) of f and Lemmas 1, 2 and 6, wo find -

(K —lim)—> j ey 1 of(e) 1 B (3,95)

20y Wan-1J8 (1—%’1—2’)"-”' n Ouy n 8u,,8fu,,,
By Theorem 3,
_p_1 U f(w) o 8f(pa) (1_ af (pw)
I=P P J o)™ %Gy ————8'1—1,,, (n 20,.(1,.—!-0,.) o
s S O (pe) | L B () (3.26)

n = du;ouy 'ﬂ ou, 0wy,
Inserting (3.26) into (3.25), we obtain the desired result.
'We now prove our main resulb.
Theorem 6. Suppose f is as in Theorem 8, and F(5) is the Cauchy integral of f,

then
_p_n uf(u)d 1/ 2B \"*[of(0) [ 28 ;_,B—a &
=P w2n—1j3 (1—@&’)”+1+—(a+,3) { ou [a—hBI nB+avm] .
of () —r=, 2B &f (v) 32f (v)
n—-—a-;—-fv'v—l- B [tr( 8u8u> it ]} (8.27)
oF ([ oF oF\ of [ of of
holds for any v €S. Here —— 6z (.55;_, - _3:"5:)’ —8_22.—(8@61’ o, au,,)
#f_ .. _Of
o (o . B P butn, oo
ou \ow,’ W du,/ dudu of o |

ou, 0uy’ 7 Ou, Oy
Proof (8.27) may be written as the component form

(K —lim) 3F(z) =p_" j ’I-;q,,f('u,) u+_];< %{—QIBY of (v)

P Wap—1 (1 'l);l-l:’)“+1 aulﬁ
_ 28 B—a L of(w)
<a—l— /8> {,8+a E oy

N of(w) 5 1 2B < a2f(,v)

=1 3'11,] ; n o+ B = 3%6;3%; |

1 28 & &f(v) } L

™ kB By (=1, =, m).  (3.28)
As before, take a unitary matrix U such that oU =p,. Lot U'=(a;), then vx=o4y

(b=1, +-, m). Set u=wl’, then

d
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(K —1lim) —t j usf (W) '—-Eam(K —lim) 2 f wf (W0 . (3.29)

v Wan_1) 8 (L—zu’)"He (P Wan—1 (1—Cw ,>n+1

By Theorems 1 and 5, the right hand side of (3.29) is equal %o
p> aﬂo{wl J wfwIDw | o Of (pal) }
2n—1

& A—wy™ o ow ] |
- L[ wf@lNw _ of (), _ of (pU")
+06n76{P Oom1 J'S (1 —-’17)”)”_-}‘1 Ow, | - ( Cp— 2Cndn> a}wn

< 0%4-1 7§ 6°f (pn_ﬁ})
J=1 aw, 3’&0,

w2,,_1f Sl Zz 0
—ank(cn—gcdwggg @;;? g 0<]‘
— 2 .
w2n~ (ﬁi%’?—ifc’;i 6f(@) {cn 26ully +0"+1>§ 3J;<ufj)
» ~.+°‘n§3f“? o Zifé”:i s 5 2O 5.
Inserting _ 5
) e )

| a+B
’1111:0 the above equality, (3.28) is obfained. '

- Theorem 7. Suppose f: B——>C where f1=Re f cmd fa=Im f are in O*(B), and

- F(2) is the O'wuohy integral of f, then (8.27) also holds for any vES. Here
' 1 j © ufWu '

Wan-1J8 (L—ou)®*

48 defined as -

L[ Gfa(u)i_, p i [ U fo ()
Won-1J8 (1—ou/ )"+t wan-1J8 (L—aeu)"°
The proof is obvious.

Takmg o= in Theorem 7, we have -

(K ~1im) 22@ _p _1n J uf(wu

v oz Wap-1V 8. (1 fb'ﬁ,>n+1

1{of ) _ o7(0) (PO \_ P
+7{ 3?:) - ﬁg @fu—i—a)[fr( 6u8u> auau
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