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Abstrect
In this paper, we consider the relative position of limit cycles for the systerm

L —d0—y-+may—y’ |
dt -
L ‘ ®
v x4+ ar?,

under the condition 4
a<0, 0<8<m, m<%——a, ‘ @

The main result is as follows:

R .
(i) Under Condition (2), if 8= ?_g-'+ %EBO, then system (1),, has no limit cycles and

~ on singular closed trajectory through a saddle point in the whole planeb._
(if) Under condition. (2), the foci O and B! cannot be surrounded by the limit cycles

of system ‘(1) simultanedusly.

, In parper [1], while studjring the centralized diétributioﬁ of limit cycles for the
~equation of type (I1) =0 ' - :

_@9_____ Y — a2 _‘ZZ_C'!_= 2 v
oy tmey =y, g o+ aw ay

an interesting case is observed. If
a<0, 0<d<m, m<-i;-—a o (2)

as o—>m, ’_nhefe exist two limit cyocles around the focus O, and a semistable cycle
appears abruptly around the other focus R, and then breaks into (at least) two limib
B pyéles. _ ' ' - _ |
After the examples of the quadratic differéntial _sYSfem with at least four cycles |
given by [2] and [3], Ye Ya,nqia,n“l’raiséd the following question: Under condition
(2), whether (2, 2)-distribution appears 0 system (1). (1 o. there éxis’o two. limit
cyoles around each of the two fool si_multane‘ously). o

" In this paper,\we 'brové-’ohalb ander condition (2), the limit cycles of system (1)
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are concentrately distributed. The method used here is to reduce (1) to Liénard’s
equation by a series of transformations. Then in the case of

_m , m?_
8-—5“"‘—4—&--——80,

there exists no limit oyole of system (1), in the whole plane. Comparing (1) with
(1),,, we prove that the limit cyeles of (1), under (2), are concentrately distributed.
From (2), obviously, 27a<4m3. Hence the cubic equation ‘
- f(o)=a*—ma?+a=0 6))
has only one positive root & (>0). '
Now follow the method used in [B] and transform (1) by a series of transforma-

tions:
let - o=y—hko, Y=y, dv=kdt €Y
and leb Da=o+Bw;, Y2=91, 6)
where o=k—0k+k B=mhk—2a>0, (6)
Again let X3=®xa, Y3~ bio -+ bgow2+ ,B’yz, (7)
where bio=0k—k—2a %, by=-2, 8
‘ 10 g’ ™7 g ® |
write boo= wgg — (O —h)a, 9)
we may prove beo+ 0 under condition (2) (see(19)).
ThﬂS, lot By= -?);[—- T3, Ys=1Ys3 (1.0)
00 : :
under the transformations (4), (8), (7) and (10), system (1) can be reduced to
%‘; =14ay, %% = o+ B1o® -+ A0®? -+ G110y + o1y + Goay? (11)
The relationship between the coefficients of (11) and (1) is as follows:
I CAWNLEY. W
aoo—-ak'l" ,8 bm<k+2w B)—I_B b10+boobgo |
w10=b00['—<]0—f'2G %)—bgo<k+2ll %)'}'%ﬁ b10<1+b20)] .
% (12)
' =p2. 2 2 —_—
@20 = b3o 3 (14+b20)?,  @11=—boo— :8(1+ e >
%1=7f7+g/g-(0‘"‘bio), “02=I—Z3-. )
Again making the transformation |
y=dil, o=l (13)
in (11) when #+0, we obtain , | |
| 6o _ ¥, Y P () +Py(0)¥ + (L —an)T?, (14)

@ d
where P,(w) is a polynomial of degree four, and
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¢ Py(w)=(1+ 2dtpa) 0* — Bo10 — 1, (18)

Next using (14), when 8——-%—1—%:—:80, we prove that (1), has no limib cyocles

in the whole plane. First, we prove several simple lemmas. ,
Lemma 1. Under condition (2), the estimate value of the positive root k of
equation (8) s ‘ L
m<h<—a ' .- (16)
Proof From (2), we have 1—a(a+m)<0. Thus
f(—a) = [L—a(a+m)]a=0. If —a<k, from f(0)=a<0, )
equation (8) must have another positive rootin (0, — &) begides & and this contradiots’
the hypothesis of Lemma 1. Again, f(m)=a<0 implies m<k.

- 2 .
Lemma 2. Suppose condition (2) holds, when 6=%—+ %E 3o, system (1) 4,, 4. e.

s _ap S 2 |
7 Sow— 4y +may — 7, 7 =+ o 1

has no Vimit cycles and no singular closed tragectory passing through a saddle-point in the
whole plane. A )

Proof By transformations (4), (5), (7) and (10), system (17) can be reduced
to (11)5;. Therefore, the investigation of the limit cycles of (17) is reduced to those
of (11),,. Obviously, line #=0 is an are without contact with (11),, (the corresponding
line a4 B(y— ko) =0 is an arc without contact with (17)). Hence the limit cycles

 will not cross the line #=0. We need only consider the problem of limit cycles

(11),, in semiplanes #>>0 or #<<0 (i. e. x#0). Since we change (11)s, in 0 (14)s,
there is no change in the number and configurations of the limit eycles. Since w=0
is a solution of (11),, then the limit cycles will not cross the line w=0. Following
[5], when w0, by the transformation Y =2|w|"% in (14),' (14) can e reduced to

-%i—-=sgnw[P;(w) l¢l2“°“’3+2P2<w> lo|®#] =P (2, ®),
%%MEQ(@ v). (18)

Therefore, the investigation of the limit cycles of (11),, corrsponds to those of (18) .-
For (18), we have

opP aQ — goa—2
——3-;+—55—sgan2(w)!co[ ;

Henoe. we need only consider the determination sign of Py(w) in the following. For

this purpose, we estimate the coefficients of Pa(w). From (6) and applying (3), we

have o= —a-+k+ (m—38) k>0 (by (2), m—8=0). From (9) and (16), |
boo———%[ka (a+Fk) — 3] <0, (19)

Form (6), .(8) and (12), we have
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A wi;= —Iboo wvlggﬁ <0,
then : —au>0,  142ap= ﬂz} >0, (20}

Since gy depends on 8 we wrlte @01(9). Substltutmg a, 8o, b1 and ,3 ’mkg 26
into gy (80) then by an elemen’nary oomputatlon we show that

@1 (Do) =k+-B— (ot—byo) = (70,32—1-2“,37773 2am,8k2 Bm2k2+4w,8k+4w a)
+#) =0, | | 1))

‘ ' @10= boo(—woi“‘bzowoj_) =0, : (21)1
(20) and (21) imply that P.(w) is positive definite in the region w>0, i.’e.

aQ is positive definite in w>0. Then, using Bendixson’s criterion (see [7,

Theorem 1.10]), we see that in the semi-plane ®>0, system (18) s, has no limit oyoles
and no singular closed tra;eotory passing through a saddle-point. Also, from (21)
and (21) 1, (14),, is symmetrlcal with respeet to line w= O Hence, the conolusmn of
~ Lemma 2 is true in the whole plane.

Lemma 8. The relationship between the coordinates of the finite s'mgulafr pmmts of
"'systems @ tmd (11) is given n the foZZorwfmg Sformulas ‘

w4—b00[a+B(y k)], @
Yi=bio+bwla+By—Fn)1+By,

where o, y4 are fuamwbles of (11). Furthermore, undefr condition (2) and 0< 3 + T< 3,

focus B’ of (1) corresponds to focus R of (18) in the semfb-gplane co>0
1 =1 , s/ 9 R
R(-4. F[1+2+y(142) -2 ))
~ Proof Noting (4), (8), (7), (18), we obtain (22). Substituting the given
" goordinates of R’ into (22), and leb

SRR S

1 3 2 o Bla+m)]  Br
boo[ (al?+ alh— adb* —2af+mi) — L 2L ] =

we need only estimaye the braekets of the above formula. We have

[.. ]——-(wk?’ w8k2+mk3 aig)+<“ 7”3><“+"”> k+( +———5)zg <0

' we then obtain

'3;4

Smce — k<0, boo<0 from ‘condition 74——2—— <& of Lemma, 3, then a,>0.

OOrrspondmg o (11), R’ belongs to the semi-plane #>>0. Applymg (13), system (11)
can be reduced to (14) (or (18)). Thus R’ belongs fo the semi-plane w>0.
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Theorem 1. Ufndem corndfmcn (2), foci O and R’ cannot be sw"rr*mmded b’ry the limit
cycles of system @) sf&mulmneously, 4. e. wher -§-+ Z—<8<m, system (1) hws no hmot
" eycle around O when 0<8< ——+ T system (1) has no limit cycle wrownd R.

Pq”oof we now invesigate the casoes of 0] and R separately

(A) ' Tn ‘the first oase 80=-§-+ Z——<8 there ex1sts o limit oyole around O

when 8=0J,, the conclusiom is ‘proved i in Lemma 2. We need only consider the case
of 9o<d<m. It is obvious that under condition (2), the limib oyoles of systems 1

and (17 ) Wlll not oross the line &= ———i— Thus -we need only invesigate the limib

cycles in the semi-plane o< — -i—;-. When @+ 0,

d!y)(i) <dy><2) (1+am)m 1+ aw >0, ‘ _(23>

(1) and (17) have only two smgular pomts 0 and M, —-1) in semlplan w<-1—

If there exists a- limit oyole I around O then M (0 ——1) e 1n11 T When a,=#0
inequaliby (28) implies ’ﬁha,t tra;]eetones of (17) cross oyole L, inwards. (When o= O
the continuity of a vector - field implies the above oonclusmn) “And when 8,0, 0'is
an unstable focus. This implies ‘that (17 ) has a limit: oycle around O;- and’ it-is
contradictory %o Lemma 2. Then (1) has no limib oyole around O in the sem1-pla,ne

or the whole plane

(B) In the soeond 0ase Whero 0<8<-—2— +74— =3, there ex:sts no llmlt oyole of
(1) around the other foous R'. We shall prove this in two steps as follows -

1. when 0<3< 2 5 +_§E the oonolusmn is proved in paper [6l;
9. when ’ R -

-2-+§—<a\1’23+z?', @)

from (2) and (24), system @) satisfies the condition of Lemma 8. It implies that R/
belongs to semi-plane w>0. Next, we proceed 1o show that Py(w) has a definite sign: -
in the semi- plane ©>0. To this end, we estimate do (3) and obtain

@0 (8) = 70+—— (703+2k>+——-[—~ (k3+70)]—-———<1+2g>8k2 -

| 3 3 2 2;_ |
| <;a+_B_ b +2zg>+—-[__ (B +7a)]———<1+ g>50k — a6y (30) =0,
i.e. - - @01 (9) <O, — ap1(8) =0, (25)

We have proved tha,t —ay>0 (see (20)). Again from (20), (25), we know thab

P, (co) has a definite sagn in the seim-plane w>0. i. e. -——3——+ Q has a definite sign.
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in the semi-plane w>0. Then (14) has no limit oycle around B’ in &>0. And Limit
oyeles of (14) cannot cross the line w=0, then system (14) or (1) has no limit cycles
around B’ in the whole plane. From (A) and (B), thus, the theorem is proved.

- Remark. Under condition (2), as d->m, when 8=8,, the limit oycles of (1)
surround the focus O vanishes; when =3, a semi-stable byole suddenly appears in
the neighbourhood of R’. Paper [7] analysed thig process, and raised the question of
how to determine the magnitude relation between 32 and 67

Using the above Theorem 1, it follows that 0<8y<8<m.
Finally, considering system:

dw

i O+ v—y+ala®+may —qy?, % =+ 02?, (26)

we have
Theorem 2. suppose condition (2) holds, when >0,

m, m® __
272 P

system (26) has no limit cycles around focus O.

2

Proof Since condition (2) is satisfied, system (1) has no limit oyoles around O.

Obviously, limit cyecles will not cross the line 2= — %. (1) and (26) has only singular

points O and M in the semi-plane o< — ;11—. From 3>0, 1>0, and O is unstable,

when 20,
dw _(82\ _ (et+as®)l _
< dy )(26) (?ZTII)(D o+ ax® >0
holds. Then as in the proof of Theorem 1, system (26) has no limit cycles around O.

The author wishes to express his sincere gratitude to prof, Ye Yangian and
Associate prof. Wang Ming shu for their instructions during the preparation of the
manusoript. '
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