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}Abstract

In this paper we illuminate the equivalent relations between the structures of homoge-
neous completely reducible modules and vector spaces over division rings. Besides, we also

give a method to simplify the proof of some important theorems concerning the homogeneous
completely zeducible modules in [1]. '

Introduction

It is well known that the notion of complefely reducible module is & natural
generalization of the notion of irreducible module. According to Schur’s lemma.
we know that the notion of irreducible module is essentially the same as the notion
of veotor space over a division ring. It is of interest to study the relation between
the notions of completely reducible modules and vector spaces over rings. Some basio
théorems established in [1] illuminated the close relations between the structures of
homogeneous completely reducible modules and yector spaces over division rings,
but they didn’t characterize the equivalent relations between the siructures of
homogeneous completely reducible modules and vector spaces.

The purpose of this paper is to illuminate the equivalent relatlons between the
structures of homogeneous completely reducible modules and vector spaces over
division rings. The Theorems 1, 2 and 8 established in this paper not only poini
out the equivalent relations between the structures of homogeneous completely
reducible modules and vector spaces but also give a method to simplify the proofs of
some important theorems concerning the homogeneous completely reducible modules
in [1]. To avoid verbiage we only take two theorems of [1] as examples to expound
our theory.

~ All concepts in this paper which are notl specially explained are cited from [1].
Let M= ,EC-DW&] be a completely reducible left module, and K, be the projective

element of M such that m;E;=m; for m;€M; and M, E,;=0 for j+a, aCA. Leb
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* {F;}jea Do the set of above stated projeetive H,;. Then for the sake of convenience we

give the following N ' o
Definition 1. We call the set {M;},e4 of above stated, rreducible left modules M,
of M & left module-basis of M and the set {Hj}jea the éorrespond@ng basis to {0} jcu. We

have the anologeous concepts as above for completely reducible right module M.

From now on module without specially explaining always means right module.
Lemma 1. Let % be a ring, M= %@9)?3- be o completely reducible U-module, and
je

I its centralizer of M. Let Q be the centralizer of M as lefs I'-module. Then Q-submodule
N of M is irreducidle if and only if N as A-submodle is irreducible.
~ Proof The sufficiency of the condition is already given in [1]. Now we need to

~ prove the necessity of the condition. Let 2 be-an. irreducible 2-submodule of M, by

[1] I'z is irreducible. Since M= %@ M; is a completely reducible A-module, M;=
;02 for every w; %0, o, EM;. Henoev x=§iwﬂj for a; €EN. Clearly ;a9 is irredﬁoible.
By (1] I'w;a; is irreducible. Now let é I‘w,-w,- =$ @ I'za;, then o= é 74,0, rnEI, M
=E® Lo;a; ®Ny, where 920 is lefd T module. Let H; be the prOJeetlve element:

F=1"

7,00 ;= rrjm,a], ra =0, i%4, 4, j=1,%, s, ReH;=0. Thus wQ~-(Z mm,-aj)52=

Z 12, it follws that a;.Q frgw,wﬂ By the sufficient condition in theorem we know

that 3 is also irreducible Q—module hence w;a, U =z, and rwwQ= rr,m,ay,%[ 0.
meg to m=rwaa;, a;E¥ we have w%[_ 732,005 U = 10,0, = 5Q. Therefors #¥% is
irreducible, - ' | i
- Theorem 1. Let I be o faithful homogéneous completely reducible H-module, I"
the centralizer of M, and let Q be the centmlq}zéf of M as left I'-module. Write M=
E @ y— T @R, where I s irreducible Q-modude, R ds drreducible left I-module.
Suppose that {e;} e is the corresponding basis to a rigit module-basis {M}ica of M and
{E:}ien s the corresponding basis to a le ft module-basis {N; iy4eB 0 of M, then we have the
following results: ,
(1) e;Ie; is & division ring for any e € {ei}ica. Write K-=e;I'e;, V'=KM, then
M=V = E ® K is a vector space over K and Q the complete ring of K- Zrm@cw

' tmns formations of V.

(11) BQH; is a dw@swn ring. Write 1?' - EQR, V=MK, then N,= 17 Z@fv,

JEA
is a vector space over K and I is the complet@ 'rfmg of K-linear trans f o¢mwt@ons of 7.

(iii) K ds ésomorphic to K
Proof We first prove (i). \
Smce M= EO% is oompletely reducible left F~m0dule W,=TIy, for ¢EB.

i€EB
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From the assumptions of the theorem we have MB;=N,, N.H;=0 for a+4i. Now we
want to prove that EQ is a minimal right ideal of Q. In fact, let G€Q and Ha#0,
then from the irreduciblity of 9,=I'y; it follows that g2 is irreducible Q-module
(see [1] p. 25). Henoce y,Q=1y;H Q= v B.aQ. Let B be any element of X, Q then
g Byw =1y, Fad for o €Q. Hence yi(Hiw— Eaa’) = 0. Because {H;}je5 is the correspon-
ding basis to left module-basis {R} jes, We have M (Bw—Eaa')=0. Thus Hw€ BaQ,
EQ~=E,af. This proves that E;Q is mlnlmal On the other hand if E; Qw 0 for an
element aCQ, then Ma=1"y,H, Qw O henoe @=0. This means that Q is a prlmltlve
ring.

Let &= > D QE;, we want to show that S is an 1dea1 of Q In deed let » be

iEl

any oloment of Q, we need only to prove that E@E@ Since rylco ZW% vi;E€L,
then Hw= 2 E,®E,€S. Hence & is socle of Q. On'the other hand leb f( E,QF; for

element H; E {Ei},,E B It is Well known tha,t K 1s a d1v1s10n ring. If we put A=E, 2,
then

A—Eo—ﬁe=z@fza,,, - @
where o= B0 H;, 6:€Q, 4E€B (see [2]). Henoe Aisa , veotor space over K. Now we
‘want to prove that Q is a complete ring of R linear transformations of A. In faot, if
oisa K- transforma,blon of A, then %40 € ACQ Since y,a@ ;8,08 €MEB =Ty, we
have . - , .
| I'yo=TIy, €B. o @
On the other hand, gince y;(a:o) 2=y, =y, there oxists element @; € Q such that
y, (o) =y 0u;. As above we can show E ((ap) oa,w,,) 0. From oo — o, € A = 1,0
it follows that - \ o : _
. wo=oyw;, $EB. ' 3)
Now we wan} to prove that there oxists wEQ such that aw=aw;, 1€B. For this

purpose we make a oorrespondenoe A Ey;y;r-)»g VYo, Where oy, catisfies relatlon

(3).and yy&I'. It is olear that A is a I'- homomorphlsm of M. Henoe AEQ. On the
other hand from (2) it follows thab yo, ="~y YsEL: Thus for 7vEB we have
: - (y) A= (Vi) N="rr(Yh) = Vo= =3 (o) « ,
As above we ocan obfain ogh= 05wy for. K€ B. From (8) it follows thatb. oh = oo
for k€ B. Henoce o=AEQ. This proves- that Q is the oomplete rlng of K linear
fransformations of A.

Since M=TIy;Q, fDE-— E@Iy@fy,Q Write ;= q/;y,f) Mo=1,02, then it may be

-assumed that Mo € {E)J} i}ecan Denote the eorrespondmg basw to right module basis
{M}iea BY {e}ica, then there exists an element ¢ & {e; }.ca such that e@¥=N¢o. Put
K =e,I'e, then as above we can ghow that K is a division ring, and
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Mo=eoM= 21D eol'y;= 2@ KTl'y= 3@ Ku, 4
iEB e {€EB

where w=eyyiy, y:ET, $€B(seo [1]). Write 0 for the complete ring of K -linear
transformations of Mo. We want to prove that 8=0. In fact, since MWo=y,;Q, we
have My=yid. Because {H}«p is the corresponding basis to left module-basis
{I'y}ses, it follows that H;Q—H;3 from y,B;=y,. But A=E,0= 3 @ Koy,

hence & is also the ring of K-linear transformations of A. It follows now thab fco.
This proves @=Q. It is well known that K o~ K. This completes the proofs of (i)
and (ii) of the theorem. Similarly, we can prove (ii) of the theorem.

As a corollary we ocan prove the following well-known theorem (see [1] ).

Corollary 1. Let U be a homogeneous distinguished ring of endomophisms, let I" be
the centralizer. Then % is isomorphic to the complete ring of linear iramsformations of
@ certain vector space Do over a division ring K and I' is the centralizer of @ certain
right vector space No over K. The dimensionality of My is the same as the dimensionality
of M as left T'-module while the dimensionality of Ro is the same as that of M as A-module.

Proof From (4) and the hypothesis of % we know that A =0 is the complete
ring of K-linear transformations of vector space 5D20=i§ @ Ku; over K =eol'e,.

Evidently, the dimensionality of 9, is the same as the dimensionality of M as left

T'-module. Since {e}:c. is the corresponding basis to right module-brsis {M}ica, by

the proof of Theorem 1 &= 3@ ¢l is soole of I'. From the proof of Theorem 1 we
i€EA

know the I" is the complete ring of R-linear transformations of My=ME;= ZA @K,
‘where K = E,QH, is division ring. By [2] Ro=Ie= ?‘12@ B;K, where [B;=e0e,
. §€

0.€Q0, i€ A, K=eyI'¢,, and I is the coniplete ring of K-linear transformations of
right vector space Ny over K. Clearly, the dimensionality of R is the same as the
dimensionality of M as R-module. _

Theorem 2. Lot M be o foithful homogeneous comletely reducidle X-module, I' the
centralizer of M, and Q the contralizer of M as left I'-module. Then ‘

(i) the centralizer of any érreducible A-submodule Mo is the same as the centralizer
of Mo as Q-module.

(i) lot A’ be & subring of Q, Mo an irreducible A'-submodule of M. Suppose that Dy
is Q-module and the centralizer of My as Q-module is the same as the centralizer of My
as W'-module. Then Bt is a faithful homogeneous completely reducible U'-modude, and I’
s the centralizer of M as A’-module. '

Proof We now prove (i),
Lot M= 3" @ M, {e}icsa be the corresponding basis to right module-basig
{€EA .

{M}ica. Lot ¢;€ {e}ics, K =e;I'e;. Then by Theorem 1 K is a division ring and K.
W, =M,. Denote by F the centralizer of M; as A-module, then if ig clear that KCF.
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Since M, is irreducible A-module, it follows that F is a division ring. We want to
prove that F=K. If [F:K]>1, and F= 2[ @ Kf®, then
: e

w-Ser- 3 oK, O

$€J,0EL
V@ =f@y, ¢€J, acl,
Since K =e¢;I'e;, by (B) we may assume that o
e =0 fori€J, a€l. (6)
Denote the centralizer of M as I'-module by 2, then £ is the complete ring of K-
linear transformations of M, as vector space over K. Let § be the complete ring of
F-linear. transformations of M; as vector space over F, then it is clear that %ICZQCQ
Evidently - ‘ RS
Me=TM,=I'( Z Ro@)= 3 I, = (75

§€d,a€l {ed,ael

On the other hand M; as vector space over K has corresponding basis {E* )}‘eme 1 to
loft module-basis {Kv{*}ics,aez Py (B), hence{E( )}45., 1c1C 2. By (7) we obtaan

M= T Tofo= 3 @I @®)

i€J,0€T

Since ", 1s 1rredu01b1e 9-module, we heve | :
= Tofo%~ 2 @ 'yw“"’% >3 e s A

where €I,
Now we want to prove that there ex1sts an element wE%[ such that @5““)@;&0
v@a=0. If it is not true, then from v®a=0 it follows that fv§"‘+1)w 0 for any element

a €%, Thus we make the followmg correspondence g
| m E i —> 2 vl e, | (10)
where a, €Y and vy is given by (9), we note that a in (10) may be equal to 1dent1ty

1. Now we prove that ¢ is single-valuedness. In fact, if m= 21 YiviPay,, then
w=1/

Em%"" (ax—ar,) =0.
From (9) we obtain . : S
| 0 (i — a,c) ~0, k=1, e, 0 e (11)
Now we disouss (11) in two cases: (1) vxe;#0, (ii) fy,aej—o If (i) ig true, then' I'yse;
=T'e;, since ['¢; is minimal left ideal. Henoe there exists an element s &€ 1" such
that syyxe;—e;. From (6) .and (11) it follows that v§® (wk d,) =0, v (@,—a;,) =0,
‘since a,— a), €Y. Therefore Vo0& (ay— a) =0, b= =1/, e, n’. On the other hand if
(ii) is true, then it is clear thab A (g, — ag,) =0 for k= =1/, -/, This proves that
o is single-valuedness. By (10) ¢ is bimddule homomorphlsm Since I' is the
centralizer of I as A-module, o € L. Tt follows from (10) thab
ov§? =D, . o (12)
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Since {H{”}CQ, we have ov{? B =v**VE{»=0 by (12). Hence v{**V=0. This is
impossible. Therefore there exisls an element ¢ €Y sgoh thab .

WPa=0, v g+0, (18)
Now we consider vector space I¢;= E @ Fu,; over F. For the corresponding basis

{6:}4es to loft module-basis {Fu;}‘e,, of EIR; we obtain by (5)
ﬂ)?je,— E ) Kfv“"),__

_ v =0, «€l. R E T ()
Since & is the complete ring of F-linear transformations of EUEj, {8}1esc @ and 8,8 is
minimal right ideal of 8. By (18) and (14) &a+0. Henoce 8l =6;, where § € Q. From
(18) it follows that v®8 =»{® =v{®eat =0. This is a contradiction which means that
the above assumption [F: K] '> 1 is false. Henoe F'=K. This completes the proof of
. | . o
Noy ow We prove (11) Since 9)2 is irreducible 9'-submodule as well as ©-module of
;m, M= T, Let W), —w%[’ =0, then M= 2@7;;93{2%2 ® yo%’. Clearly, M=

7@ is irreducible 9’-module, hence M is falthful homogeneous eompletely reduclble
~W-module. Denote by I" the centralizer of M ag A’ -module. Then we prove that
I'=T. Let {e;}:cs be the. correspondmg basis to right module-basis {#;}s«; of M=

S @M, where ;= 'y;w% y,a:.Q My =W =2 & {M;},c;. Evidently, {ei}seJCI’CT’

$ed

By Theorem 1ele,cI and. e,l”ezcl" are division rings. Wmte 00 & {e;};el such that
00 =lo. for woeam' By Theorem 1 the centralizer of M, ag o’ -module is eof’ ¢o and
the centralizer of am as O- module is eOFeo By the assumptlon of (ii) of this theorem
eol"eo=6ol'¢o. Lot © and & be socles of I' and I regpectively. Then by the proof of
Theorem 1 we know that €= Z @® ezl’ & = 2‘7 @ el”. Put A=Tey, A'=1"¢;, K=

' veol" €o, then we have
' A =T"e"eg=C'K =3@e;["K = ZJ @eal'K=A. ‘ (16)
. i€

By Theorem 1 and [2] I" and I".are the complete rings of K-linearly transformations
~ of A and A’respectively. Hence I'=1I" by (15). This completes the proof. - 4
" Definition 2. A ring % is called 8,-fold transitive ring of homogeneous completely
.peducible modulé &f and only if there exists a faithful homogeneous completely reducible
W-module W such that of I is the centralizer of M as A-module and L is the centralizer
of M as left I-module, then for a subset {w:}ic; 0f a set of generators of M- as I'-module
with cord I<$,, and for V&Z there. ewists an a €U such that wa=w for-all 4€ 1.
(A ring W .ds called. ¥;-fold tramsitive ring of & wvector space belonging to homogeneous
comypletely reducidle module if and only if there ewists an. trreducible A-submodule My of
M as A-module such that X is 8, fold tramsitive (see [2]) in Wy over. K which is the
centralizer of Mo as A-module.
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From this definition we can prove the following

Theorem 8. A ring U is 8,-fold transitive ring of homogeneous complet Ly reducible
module Gf and only if W ds 8,-fold transitive ring of a fvectorr space belonging to homoge-
neous completely reducible module. '

Proof Sufficiency. Let {#:}c, be a subset of a set of generators of M as I-module
with Card. I<¥,, and I€.%. We want to prove that there exists an element g€
such that wa=wl for all 4 € I. In.fach; by the assumption. of this theorem thers exists'
an irreducible ¥-submodule My of M. By Theorem 2 the centralizer of %I—module ED%
is egL'eo=K, where I'¢y is minimal left ideal and 2 =¢,. erte

M= 2@1%692@1’%

By=Klm S OKTam 3 O Kra= 3 @Ky, (1)

€0 €5

then

where y;=rw;, r;€ 1. By the dssumption U is A,-feld transitive in vector sjgiaice Mo
over K. Henoe we can find an element ¢ €Y such that g;a=y for all ¢ € I. Therefore
7i(@0—ad) =0 for ¢ € I. Let ¢ be any element of I, then by Lemma 1 and [2] &% is
irreducible Y- mod'ule M= ADVty. Hence there. oxists an eloment 6 €T -such that
e =o', & €Uy 6 =0, Owing to 7@, = ra=y;#0 it follows that meﬁéo Since -
I'é; is minimal, there exisls an element s; € I" such that smere, Therefore Sy (v, -
—al) =wg—ol=0, s,g= a;@lfora,llbeI S o R o Lt

Neocessity. Let M, be a vector space in (16) belonglng to homogeneous completely
reducible module, {y;};c; be a set of K-linearly independent elements of M, with
card. I<¥, and {z;}:e; be any subset of My. We want to prove that there exists an -
element o €Y such that y,@=2; for all ¢ € 1. In fact, by Theorem 1 the centralizer .
of M as left I'-module is the complete ring of K-linear transformations of M,. Hence
we have an element I € % such that yl=2 for € 1.

From Theorem 1 it i easy to see that

M=I'Mo= > DL (eotr) = 2 @Iy, 17)
I 4 teIulr’

where {y;}ezur is a K-basis of My which is extended by {y}ic,. Since v, Ceot =M,
eots=19; for € 1. By the assumption of this theorem there exists an element o€
such that y,a=yl=¢; ¢€ 1. This complebes the proof.

From Theorem 8 we can prove immediately the following

Corollary 2 (Density fheorem). Lot M be a faithful homogeneous completely
reducible A-module, I" the centralizer and L the centralizer of M as left I'-module. Then
Z s the closure of U im the finite topology. ‘

Proof Since ¥ is (finite) fransifive in vector space M, of (16), ¥ is finite
transifive ring of homogeneous completely reducible module. From Theorem 8 the
assertion of this theorem follows immediatiely.
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Using the above mentioned theorem we can derive sorae basic theorems in [1]
in a different way. For example, we can prove the following two theorems ag
corollaries. o "

Corollary 8. ILet % be a ring of endomorphisms acting in the commutative group
M. Then X is distinguished and homogeneous if and only if the following two conditions
hold: (1) U ds 6somo¢phic to the complete ring of linear transformations in & vector space
over @ division ring, (2) MF=W for & the socle of A.

Proof The necessary condition follows immediately from Theorem 1. Now we
prove the sufficiency of the condition. Let A=HY be a minimal right ideal of 9. By
condifion (2) EIR——=§D2EQI=; @ o, BY, and 4,EY is clearly irreducible %-module.

Evidently, M is a homogeneous completely reducible %-module. Now we wani to
show that M is faithful. Let Ma=0 for a+0, a€¥, then M=MWFaF=0. This is
impossible. Hence M is faithful. Let I” be the centralizer of M as A-module, 2 be
the centralizer of M as I'-module, then AN. Write M=, E%. By Lemma 1 IM;=
2 HQ. Using Theorem 2 we know that the centralizer of M; as Y-module is the same
as the centralizer of M, as Q-module. Hence A= H¥ = HQ is also minimal right ideal.
Put K =FUE, then A= Ko is a vector space over K. From the condition (1)

and [2] it follows that % is the complete ring of K-linear transformations of 4.
Therefore QYU and ¥ =Q. This completes the proof.
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