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Abstract

The purpose of this paper is first to establish a representation of the Laplace transform
for the regular infinitely divisible point processes, and then to give a sufficient and neceesary
cond1t1on for convergence of the null-arrays toward a regular infinitely divisible point
process.

§ 1. Notations

Let (X, d) be a separable complete metric space, and denote by & and Z the
Borel and bounded Borel sets in X respectively. A measure won (X, &) is called
locally finite if u(4) <oo for all A€ P. Let M be the set of all locally finite measures
on (X, &) and . the smallest o-algebra of subsets of M with respect to which the
real functions p—>u(4) (wEM) are meagurable for all A€ %. A measure win M is
called a counting measure if u (4) €Z= {0, 1, 2, «--,} for all A€Z%. Denote by N
the set of all counting measures, then N€.#, and denote by A~ the o-algebra
NN .#. A probability measure on (N, A~ ) is called a random point distribution.
Denote by & the set of all random point digtributions. Suppose P;, Pa& . Then a
distribution P on (N, A7) is called the convolution of Py and P, denoted by P=
PPy, if it satisfies the condition

P(Y) = || 1 (u-t9) Pa(dp) Pa(d)

for all Y €. In particular we denote by P" the n-fold convolution of P Wlth itgelf,
A distribution on (N, A") is called infinitely divisible if for each posmve integer
n there is a Q€ P such that P=@Q". Let Py e the set of all infinitely divisible
distributions. Denote by Z. the set of all nonnegative bounded functions on X
with bounded support. By the Laplace transform of P €% we mean the mapping

Le(f)=|eP(@), FEF

of &, into [0, 00), Whero f-—-jfozp,.
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Proposition 1* ([2] Theorem 6.1). Suppose P EP. Then P is infinitely dmszbla
off its Laplace transform has the f following form

—log Le(f) = [(1—#) P(dw), fEF,

where P, called the canonical measure of P, is a measure on N satisfying P({0})=0
and P (uw:u(4) >0)<oo for alt AE . ’

PE Py is called a reqular wnﬁmtelry ol@ms@ble d@stmbumon if P(uip(X)=00)=0.

We denote by X* (k=0, 1, 2, -+, the k-times product of X, and by .=7* the
Borel sets of X*. A measure @ on (X*, /%) is called symmetric if

G(A1X AaX oo X Ap) =G (A, X oo+ X 4y)

for all Ay, «++, 4, € % and any permutation (3, -, rz],ﬂ)' of (1, ;--_,‘ k).

' §9. The Laplace transform ofregular;
infinitely divisible distribution

Theorem 1. PP is & regular infinitely divisible distribution i ff
oo % ; . . :
~log Le(f) = 3 [ (1—exp( = 27 @) J(donx e xdaw), fEFw, (D)

where vy, =1, 2, - are symmetric lacally finite measures on (X¥, /%) such that
| Ew(X" (49)%) <oo | @),
for all AC%. Here A° denotes the complement of A. '
Proof Suppose (1) is the Laplace transform of some P €% with y;.,, k=1, 2
satisfying (2), we define for 1nteger k>0 a meagure Pk on N as follows
Where Y, is a mapping from X* into N such thad;
Y@y, o, @) =84+ -+, for (@i, -, ay) €XF,

Let P= i P,. Then ﬁ({O}) =0 and

Puin(4) >0) = E Pz«(/w M(A) >0) EW(X"—(A")")<°° |
for all AE%’ Since (1) can be rewritten in the form

~log Le(f) = 3 | (Lo Puay) = [ L~ P ),
it is shown that P is a regular infinitely divisible dlstrlbutlon with canonical
measure P. o
Conversely, suppose P is regular infinitely divisible and P is its canonioal
measure. Seb

*) This theorem is proved in [2], where X is supposed to’ be a loeally ecompact second countable Hausdorff :
topologieal space. It ean be proved that the same result is still valid when X is a complete separable space..
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Ny={w:p€N, w(X) =k, Py(-)=P(-NNw,
; = {wsu €Ny, w has j different atoms}, j<k, j, k=1, 2,
an
L={(a, w): a€ X, n€N, p(a)>0}.
By a measurable indexing relation (a, w)—>4(a, w) we associate a positiveinteger
é(a, w) to each (w ) in L. (The definition of measurable indexing relation, see. (11
PP- 229) Instead of 4(a, u) =s, we write a= zs(,w), so that u—>2(w) is a measurable
mappmg of N;o, into X for all &, 4, s, s<j<h. ‘ | ‘
- Now we define a mapping ¢y of Ny into X* as follows: if ni, o, EZy, Myt
+ny=F and p€ {p: p€ Ny, tb=n1000+Ma0zigiy+** s+, (1) }, s0b |
() = ), e m(w), v, ), 6 (w)) € XF,
. o 77/1' ' ' 1y .. '
Since gy is measurable, it induces a measure 'y}c( )= Pupi*(+) on X*. Denoting by
v» the symmetrio Versmn of v, it is not difficult to verify that ¥ is locally finite
and Pk-—fykgb,o . ‘hence the. Laplace transform of P can be expressed in the form (1).
To prove (2), taking f () =114(a) for A€ %, we have ‘

~log Le(f) = [ (L—e) Plaw) = 3} (L—e™) P (u(4) =), |

and .
- =log Lp(f) = g (1 —':exp( - ﬁ f <“¢) ))yk (day X ==+ % ddk)

= gi}}( ) (L—e ) yp(47X (A“) ""f) t=0.
Since o

5 B - =2§< )yk<Af><<A°>k—f> St (-,

it follows that IE yu( XF— (A% ")' =P(w (4) >_O) <oo.

§3: ‘Convergence of Null—Arrays

. Let PEQ” A set A in # is called a contmuous seb . with respeot 130 P if P(w:
w(24) >O) —0 where 84 denote the boundary of A. Deno’oe by %p the class of all
bounded continuous set of P. v L _
A triangular array (P 0= 1, 2 TN 1< j<k,,) of di‘sbribu-tio\ﬁs» on : (N s ;/V)
is called a null-array if - e T
lim max Py ;(w: w(4)>0)= 0

n 1<i<k, -

for allAee@ ‘ - e
Proposnidﬁ 2 ([1] Theorem 8. 4. 2). Let PEPwy and (Py, ) be a null-array.
Then - R
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' /4
%k P, ;=—=2P
1<j<k
iff i
| >k<k (ij>A;, wydpy, == PA;, wy o,

1<]
for all m>1 and disjoint Ay, -, An€ Bp, Where (Pa,,..s,)are the finite dimensional
distributions of P, or equivalently, iff '

3 Pudaesn (D) = 0, D) P ()= 0, -, O,

where P is the canonical measure of P and (P4,,..,a,) are the finite dimensional
measures of P. , - ‘

Theorem 2. Let (P,,;) be a null-array of distributions on (N, A7) and P be &

regular infinitely divisible distribution having Laplace transform (1). Let

YORD LTS sl

o _ -
Then 3K Pa,;==> P iff for all finite sequences Ay, -+, An. of pairwise disjoint

1<i<ty
sets in %, (the all bounded continuous sets of A) and all nonnegative integers hy, -
Py hat e+ hy>0, the relations

11;1‘ 145%0 P, i(w: n(Ay) =hy, +, bu(An) =hm)

2

= S bt b a4 X X Al X (U U 4)))

are satisfied.
Proof For any AE %, we have
yu(Ax X <P (u: p(A) >0, w(X) =k) <brp(AX X*), k=1, 2, -,
hence

M) = D yu(Ax XD <P (u: p(4)>0),

and A(94) =0P (u: w(84) >0) =0, so that Z=Zs.
| Now let
_ 6= (1, 0, -, O), oer, 9m=(0, e, 0, 1),
and H=(hy, +=, hn) bo in Z™, hy+hgt+-+hp>0. Then H =haey-++-~+lnem.
If P is a regular infinitely divisible distribution having Laplace transform (1),
~ then by definitions of s and vy, we obtain
Papy sy, (H) =P (u: p(A2) =hy, -, p(An) =hn)

= 33 P 1) =, oy W) =, (X = (43U U An)) =)

= g ')’h1+---hm+h¢7711+---¥hm+h (w: | w(Ag)=hy,, b (Am) =hm, p(X— (41U U An))=h)

= g (hi—gil_*—hh":;bl_'h) ! Viagmstgsn (Al X e X A X (X — (42U U A,,,))").

Now the assertion of the theorem follows from Proposition 2.
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~ Qorollary. P EPry is called o G-P distribution if P(w: w(X)>2) =0 (see [3],
[4]). If Pis o G-P distribution, then_3% P, Ly Pif for arbitrary disjoins A, B

<j<ioy

€ B, the following conditions are satisfied
1. lim 3 Py,(u: p(4)>2) =0;

n l<j<kn,

2. Tim 3} Py p(4) =1, p(B)=0) =ys(d)+2a(4 X (AUB)Y;
8. ]jin1<§k" Py, ;(w: w(4) =1, p(B) =1) =2y3(4 X B);
4. 1m 3 Poy(us p(d) =2) =ma(4X 4),

where A(+) =y1(+) +72((+) X X).

§ 4. The Stationary Case

Let X =R™ We denote by #™ and Z(B™) the Borel o-algebra and the class of
all bounded Borel subsets in B™ respectively.

Lemma. Let y4(+) (h=>1) be a symmetric measure on ((B™)¥, (X™)¥) satisfying
the following condétions:

1. For all tER™ and Ay, -+, Ax€ R,

Vi (Ar+8) X oo X (Agt5)) =yu( Ay X -+ X Ay),

where A+t={s: SCR™ s—tC A};

2. For ol ACB(R™), yu(AX (B™)F1) oo,

Then yy(Ax (R™* 1) =hL(A) for all AEB(R™ and some constant b, and v,(+)
can be ewpressed in the form:

¥u(+) = (L X On)@i(+),
where I is the Lebesque measure on R™, Oy is a symmetric locally finite measure on
(R™*1 and gy is the following mapping '
Pu: (@1, **0, op)—> (w1+\./%+wm, wi;—;z, s, mj’]?)
Proof Let A€ Z(R™), From condition 1, it follows that
Yu((A+1) X (BMF ) = (A x (Bm)¥) <oo,
hence we have y,(A4x (B™)* ) =hL(A) for some constant h.
Now if we denote v, () =vupi1(+), then
F4((4-+1) X B) =74(4 % B)
for all t€ R™ A€ A™ BE (A™)**. Therefore, for fixed BE (Z™)*2,
V(s X B) =L(+)Ox(B).
It is easy to verify that the set function Oy(-) is a symmetrio locally finite measure
on (R™)*% and hence

;’,k=L X Ok,, Y= (L X Ok) (17D
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| Combining Theorems 1 and 2 with lemma we can deduce the Laplace transform
for the stationary regular 1nﬁn1tely divisible distribution P, therefore, the necessary
and sufficient condition under which the null—array of distributions convenges to P
can be obtained.
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