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Abstract
Let @ be a Cube in R” and u(x) € L2(Qy). Suppose that
j@ |u(@8) —u(@) | Pdu<K?||%2| Q| 1-0/»

for all parallel subcubes @ in ¢, and for all # such that the integral makes sense with K >0,

0<a<l, 0<B<n and p>1. If ap=@, then u(z) is of bounded mean oscillation on @
(abbreviated to BMO (@,)), i. e.

ggqlszal%(‘w)—ueldw=ﬂull*<°°;

where %, is the mean value of u(x) over Q.

1; In [1] J. Ross proved the following
Theorem A. Let Qo be a cube in B and u(w) € LP(Qy) . Suppose that

«f@l'w(w—i—t)—u(w)]”dw<K”|t|“"|Qli_g (1.1)

Sor all parallel subcubes Q in Q, and for all ¢ such that the integral is defined, the
constants in (L.1) are assumed to satisfy K >0, 0<a<<l, 0<B<n and p=>1. Then

1) If ap<pB, then the functfwn u(@) és in L7 (Qo) for all r satisfying -:—L->%— g,

@nd
+
(j Iu(a;)—-ugol'dm> <OK}

where ug, is the average value of u (@) on Qo. :

(i) If ap>B, then the function u(w) is Holder continuous in Q, with ewponent
: -E‘=a——f}-, and

lu(@) —u(y) | <OK |a—y|® for all ®, yEQ,.

The constant, O, depends only on |Qo|, &, B, D, n and in the case (i) on r. Here |Q| is
the volume of the cube Q. : ,

From the above theorem, it is natural to ask what happens if ap=g8. The aim -
of this note is to prove the following.

Theorem. Let Qo be a cube n R® and u(z) € LP(Qo) . Suppose that
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L! | (w-+1) —u(w) ? do< K2 [1] | Q|

for all parallel subcubes, @ in Qo and for all ¢ such that the integral és defined. The
constanis are asswmed to satisfy K=0, 0<a<<l, 0<<B<n and p=>1. If ap=g, then
u(®) is of bounded mean oscillation on Qo (abbreviated as BMO (Qy)), 4. e.,

sup -I—%-I-J |w(w) —ug | do= |u|,<oo, 1.2)

e
where Q is any parallel subcube in Qo, and g is the mean value of u over Q.

The BMO functions were first introduced by John and Nirenberg™ in 1961. An
important feature of these functions is the exponential nature of their distribution
funotions. That is o ’

| {@E Qo] (@) —uq,| >0} | <o/ | Q|  (a>0). (1.8)
From this we geb following result:

Corollary. If u(o) € L*(Qo) and satisfies the condition (1.1), then exp{M|u(@) —
' ug,|} is integrable for A<<b/|ul,.

The proof of Theorem is given in section 2 based on a lemma, which enables us
also to prove the second part of Theorem A easily, so in the section 8 we will give a
simple proof of part (ii) of Theorem A.

2. Proof of Theorem.

Lemma. Let

I,= {41, bi] % [@a, ba] X +++ X [, Dn]
be a n-dimensional cube, whose sides have length h=>by—ay (k=1, 2, -, n), and let
fl@)elr(L,), p=1. Then |

LJI,, |f (&) —f (v) |? de dy
- éaén_o j ’; J : Jb: Jb—f F Gt Os, ta-bOan, ooy fakOun)

*f(tj_'}‘_gigi,' t2+-92§2, ey, tn+9,,,€ﬂ,) Ipdtid"ﬁg'"dt”dé‘bidgg“'dgm . (2.1)
where 0;=1—0; (i= Lon).
Pyroof of Lemmw We first prove that if f(o), g(@) €L’ (a b), then

([ 1r@-g@ e asdy=[ " af] " (f@+0) —g@ |+ 19+ ~F &) .
In faot, the left-hand side is equal to (2.2)
[Laf” 17 @re) -9 oau
jb ,, fb “lf(u+y)—g(y)|”dy+J° b&u.[: |F ) —9@) 1y

0

jb {jb |f (ut+y) — g(y)l”dyﬂ | y—u) — g(ﬂ)l”dy}

0

jo ‘af (70 —g@) 1P 9@ —f @) ).

1

O'

f
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Now, return to prove the lemma by induction. If n=1, (2.1) is a speocial case of
(2.2) with g(y) =f (). Now, suppose that the lemma is true for n=k—1, k=2 being
a positive integer, then the lefi-hand side of (2.1) is equal to

b (b .. " .
J dwk[ dylﬁj J |f (wi: Dg, ***, Bp-i1, {I}y)
ax Jag Ige1J -2
—F (s, Y, ", Yiom1, Yu) |? oy dwae - a1 dy1dYae - Yp-1
b by 1 (] ( .br*'ﬁ br-1—EE-1
- j an [, 3 [ [T P b, kO

o oty O3 =0J O [P Bx-1

ﬁn—1+0k—1§n-1, wy) —f (t1+91§1, t2+92§2,
tk—1+01a—1§k-1; yk)lpdti b1 A1 dEp-1

1 b [ba—$1 br-1—§x-1
= Z j ...J'Oj j yesdty_1 dgl...dgk_i

61y 0p-1=0 0 ay Gx-1

{j j |f (B1+0:&1, tat+Oaba, -, tostOusf ., Tn)

= f(t+0afs, tatBafa, -, tk—i""pk—i'fk—i: .yk)‘lpdmkdyk}. : (2.8)
By (2.2), the expression ingide the brace can be writfen as o
a1 e '
j dfkj |f (b1+0:€1, tat+0afs, =+, tu-atOuse-s tutEn)

-f (t1+0:£, ta+0sfa, o+, tyo14-Op_1€n-1, tn) |?
+ | f (4140181, ta+0aa, -+, 7516—1*‘014-1515-1{ &)
"“f (t1+04E, té"‘azgm eeo, by On_aEnt, tutEn) | "

1 o
=e§;:J dfkj |f<t1+91§1, ta-+0aa, **, tm-1+9u-;_1§1a-1, Yo+ Oun)

—f (34011, ta+-0sEs, -, byt On-sE-1, tot0ukn) | "t . A 2.4
Combining (2.8) and (2.4), we get ’ '

LJ,k f @) —F @) |*dwdy

1 h h bi—é&1 bg-1—Ek-1
= E j ~~-'{OJ J Bty Bly_adE s+ A1

61y 0y 6x-1=0J 0 a1 Qx-1

=€k
x Bt [ s, kO, -, O
-—f(t1+9§1, ta-t+-0aka, *+, tut-Oufn) |"dtu
1 ) B (bi—§2 b=k .
= 2 [ ‘“joj . J |f (14041, ta+Ba€s, «o; tuatOu-sln-s, tut-0ub)

81y, 05=0J 0 1
~ F($s+0s€1, tat-Osfa, tn—,1+91a.-1§k 1 tk"‘enfk) [”dti dity dE 1o+ BE .
This completes the proof of the lemma.
Now return to the proof of the Theorem, Given any cube - T
— [o1, a1 % (a3, ba] X -+ X [, 2] Qo (Bi=a=h, =1, 2, L), (2.5)
we have |
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1
g II (@) —ur | do= II,,IL,, “<”’>,‘"Tf;|j,”u<y)dy’dm 1
__——-1 .1 , 7
<l [, [u@ —u@) v dy< [, [, @ —w@ Paod) . 2.0
In virtue of <1 1) and lemma, the p-th power of the lagt multiple integral is not
greater than

v (e[t agadgade, T 6 6 6
ow%n:()j "'jo §1 52"' g”-j‘m "‘Ja" IU(t;rl— 151, 7% 252; S ﬂgﬂ)

(4]
(b 0.1, bat0sfa, +v, tut-Ouln) | P dts dba--dits

1 3 () b1—8:€ by—Onén
= 2 J‘ .-.J d§1d§2...dfnj .-.J'
0J0 0

0 o= G0dr Jnt0adn
';'u(ul'*‘ (L —204) &1, ua+ (1—205)Ea, -, U+ (1—26,)€x) |2 ey dutge - +daty.  (2.7)
Now, let 3, denoto the half length of the side of the éube Qo. Notice the fact that for
0<h<8o/2, there are at least n numbers in _
a1, bi;' @2, ba, ***, @, by,
SAY @i, G, o+, @i Djsy Diny =0y by (rs=n; G jo, 1=1, =, 8 o=1, ==, r), such
that the rectangle '

Iu(uil U, ***, u’n)

[es, di] X [ca, da] X o=+ X [ei, di] X ++e X [n, du] Qo (2.8)
with g=a;—h, d;=>;, if i=4; (I=1, -, 8); ai=a;, di=b;+h, if i=4, (o=1, -, r).
By (1.1) and the Minkowski’s inequality, each inner multiple integral is nob

greater than

PR (o 70 B)oPh -8 = 2 AT, @.9)
provided that A< 8,/2, since ap=B. From (2. 6) —(2.9), it follows that
a8
I_I-LTS |0(8) ~ti, | do<2™F AR B =K oh 7 = Knas,  (2.10)

K pap being a constant depending only on n, &, .
This is what we wan? to prove. '
8. The argument enables us to prove the part (ii) of Ross’s Theorem A easily.
In fact, under the hypothesis in (ii) of Theorem A, (2 .10) gives the estimate
—1-J |w (@) —uy, | dw<K,,',a,,,ha"%
| Ln|J 1,
The result now follows from Meyers™ or Campanato™.
Remark. Ross’s proof for (ii) of his Theorem A does not work in the case ap= 8.
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