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Abstract

Let ;
Fol@) = Ra,hr (v=1, e, 5)
be s power series with algebraic coefficients a,,,, convergence radii B,>0 and sufficiently
rapidly increasing integers A,, ;. It is shown that under certain conditions depending only on
Ay, and A,z (G f1(601), -, fs(Os)are algebraically independent for arbitrary algebraic
numbers 6y, -+, G;with 0<|0,| <B,(v=1, .-+, s); ()f,(0,) (v=1, +, 55 p=1, +-+, t)are
algebraically independent for ¢ difierent algebraic numbers 6y, «++, §; with 0<|6;| <|6;-1|

<:<|01] < min B,
1gv<s

§ 1. Introduction

It is well known that the Liouville numbers él g (2<g € %) are transendental,
. k=
Let

fo®) = S aus - @)
where ay€ A or @, be a power series. Uohn™, Baron and Braune™, Mahler'
considered the transcendence of fo(#), where §C A, respectively. Cijsouw and
Tijdeman™ obtained the following result: Let €N (k=1, 2, ---) be a strictly
monotonic increasing sequence, and let By>>0 be the radius of convergence of (1). If

.lilf(?\%+10gM,,+logA,,)D,,/7\,,+1=O ' , - (2)-

where D,=[@(ay, :+*, a,):&], A,,=1max | @ [ and M, is the least common denominator
<lk<n

of @1, ag, -+, @, then fy(#) is transcendental for every § € A. with 0< [0 | <R,

In this paper we consider the algebraic independence of the values of one or
several power series which have the form of (1)in algebraic points. We will show that
the condition such as (2) is also sufficient for the algebraic independence. The
establishment of this result depends on the main lemma in § 4. Our result implies
in particular, the algebraically independent results in [4, 5, 6].
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§ 2. Formulation of the results

We denote the sets of all integers, positive integers by Z; N, and the fiields of
all rational, algebraic and complex numbers by @, A and C, respectively. Let
Z[74,++, %] be the set of all polynomials in variable 2y, «+«, 2, with integer coefficients.
Let P(2) =ap?* + - +a, €& [7] with ao+0. Then o(P) =d, H(P) =Iax |a;|are called

the degree and the height of P, respeclively. For a€ A, if P(2) is its minimal

- polynomial, then &(P) and H(P) are called the degree and the height of

respectively; and all the zeros a®=a, a®, ..., @ of P(2) are called the conjugates
of . We denote max |a®| by [ @ |. For &, BEA, we have |a+B |<[ & |[+] B |and
<i< '

[aBl<| @ | [ B |. A number m €N is called a denominator of algebraic number a, if
mo is an algebraic integer. More generally, M €N is called a denominator of the
algebraio numbers ay, <+, o, if Mey, +-+, Me, are all algebraic integers. For any
acC, we put a*=£nax(1, la]).
In tnis paper,we denote the posiive costants independing on n by Oy, O, -
Lot s>1 be an integer. Suppose that

£ = gwkz‘ (=1, +, 5) ®)
are s power series satisfying the following three conditions:
(i) For p=1, «, 8, oz €N (k=1, 2, --:) are s strictly monotonic increasing
sequences; _
(il) ap,xs€A For k=1, 2, «.o; p=1, -+, s;
(iii) The radii of convergencs of the series R,(v=-1, -, s)are positive.
Forv=1, .-, s, woput
Dy n=[Q (a1, >, @,4):Q1,
A =g02x] G [
M, ,=the least common denominator of @,,1, ***, @,,n.
and
Dy=[Q (1,1, **, Gia, ***, Gs,1, ***, Go,0) @],
A, = max 4,,,, '

l<v<s

M, =1the least common denominator of M mn(I<r<<s),

Theorem 1. Let s=1. If series (1) satisfies condition (2). Then fo(61), >, fo(Bs)
are algebraically independent for s numbers 0y, -, 0, € A with 0< |0s] < |0s-1] <0<
|61] <R,

Remark 1. This theorem implies the result of Adams™,

Theorem 2. Suppose that series (3) sabisfy
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]jm ?\‘Vﬂﬁr/?\‘ﬂ,ﬂ:o <1<~v<:u'<s>l (4)
lim O"s;n"‘logMn'l‘lOgAn) Dn/y\d.,n+1”=0. (5)

If s>1 and if 8y, +--, ;€ A are s arbitrary numbers with 0< |8, |<R,(r=1, -, )
(64, -+, Os are mob necessarily pairwise distinot), then ~f1(f1), -, fe(fs) are
algebramally independent. '

Corollary 1. Suppose that series (3) swt@sfy (4) and (B). Then f1(B), +=, fs(6)
are algebraically independents for 6 € A with 0< |§| <min R,,

l<pv<s

Remark 2. This corollary implies the result of Kneger™.

Theorem 3. Let s, t=1. If series (8) satisfy (4) and (B), then £,(0,) (v=1,-,s;
u=1, -, t)are algebraically independent for ¢ numbers 6, -+, 6; CA with 0<|0,|<
|0s-a] <eer<<]6s] <min R,. |

§ 8. Preliminaries

Lemma 1. Let § €A be of degree d and height h. Lot m be o denominator of 6.
Then h<<(2m] 8 [*)?,
’ Proof See[4].
‘Lemma 2. Let 6,CEA be of degree d, and hefbght b (v =1, +, 8), and pub
d=[Q 0y, -, 65):8]. Suppose that

P (zi’ o ., ZS) % 62 'p 1 ‘ﬂzil zts (6) '
Calz, -, 25148 a non-zero polynomial and that B is a constant such that
|.p'51"'§s I <‘B foir wll ’51) " Q:Se (7)

Then P (04, ++-, §,) =0 or
| P01, +++, 0) | Z{(Wat+1) - (No+1) By 0+ "ijl{(oz,gr1)@}-%@/%°

Proof See[T]. v
Lemma 8. ILet £1(2), -, fs (2) be power series in (8) (they are not necessarily
pairwise distinct). If 61, -, ;€ A (they are not necessarily pairwise distinct) with

0< |9,,[ <Ry(1)=1, S) We pwf Wv“fp(av), ¢v n= E “v,kgv » lpv.n=_ﬂ7v"¢v,n(7’=

1, -, 8. If
lim (max A, ,+1og M,+log 4,) Dn/mm Ay, ne1=0 (8)

noo  1l<p<s

and &f P (21, +++, %) €&z, ++, %]is a non-zero polynomial suoh that
P(omy, +++, o) =0, - (9)
then there ewists no=mno(P) EN such that
P (P10, ***, Ps,n) =0 for n=ny, (10)
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Proof We write P(2y, -+, 2)as the form (6). We put
Koy={(Ny+1)-+(No+1) By 2"+ 1.1 (A + 1) A} - (11)

where B is defined by (7), and
W =[Q(P1,n, ***, Ps,n): @],
& =[Q(d.,n):Q],
| B = H (o).
Let the degree and the denominator of 6, be d, and m,, respeotively(y=1, «-, s),

It is clear that :
» d™<dy-+dsD,, (12)

[ Gon [ =ndy [0, T (v=1, -, 5),
By Lemma 1, we geb
W< {2mi M G 11 <{2mireMa(nd G, [rm) 3™
< (@mi»"Mndy [0, o)™
Sinoce n<<2*<{2*», we have _
hP<(2M,A,) w5 (2m, m*) 1o (v=1, -+, 38), (13)
From (12), (18) and the inequality (¢ +1) <2dw, we oblain

Kp>((NVg+1) - (Ne+1)B) %"« }1 {4M,A,(2m, | G, [F)Pne} -V
>exp{— 0y(log M,+log A"+inax A,n) Do} ’ (19
<P<§

On the other hand, from (9), we have
I-P(¢1,M “t ¢8.n> I = IP(¢1,%; e, ¢3,”>—P(W1, °°% Ws)l

<O;max |, .|,

l<v<s

for sufficiently large n. We choose p, such that
: I0u|<Pv<Ru (V=1, °°ty 8). v
Then |a,,x| <py**(v=1, -, s) for sufficiently large &, hence we have

| Yo <A= 10,150 716,05 YPm - (v=1, v, 8).
Therefore we deduce that - ,
| P(b1,n, o+, Ps,n) | <exp(—Ojs 1123}33 Ao, nsd) (15)

From (8), (14) and (15) it follows that for n>no(P)
. | P (b,n, =+, Po,n) | <Ko,
Accoding to Lemma 2 we obtain (10).
Lemma 4. Suppose that {1, -+, {sE€C are algebraically dependent, but {1, -, Ls-a
and {a, +++, {s algebraically independent, respectively. Then ’
(i) There is a non-zero polynomial P (21, -, 2.) C&[z1, +-, 2] such thatP (ly, -,
CS) =0, ’ .
(iL) There ewist & open neighborhood V' =C® of ({4, +++, {s) and a open neighborhood
WcC2of (L4, ++, {s~1) and a holomorphic function g:W —>C such that the relation
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(zi, °%% 2s> EV} P<z1) °*% ZS) =0
is equivalent to the relation ’

(zj_, 0y zs-—:l.) EW, Zs=g (zj_, ety Zs_i).
(iii) There are constants s, Gy>>0 such that for |21—{1|<s,

l‘q{zil _Zﬂ; **% Zs-—i) —g<zi; C2: % zs—IL) I >OO{21_C1! .
Proof Letm be the degree of {s over &({s, ++*, {s-1). Then there is a non-zero
polynomial R(zy, «+, %) €Z[z, **+, %) with 8,,(R) =m such that '

- B, -, L) =0,
Since R0 and s, -+, {, are algebraically independent, the polynomial

_ r(@) =R, {a, =+, {)F0
and r({3) =0. Therefore there is an integer =1 such that
& Ry, -, 1) #0, -2 R(ty, -, L) =0
» az:tl s s bs » Toa T 1L Y b ° !

By the definition of m, it follows that the polynomial

?
v P<z1: **% zs>='g%i'-ﬁ— R<z1) R 28)
satisfies (i), and that
2 PG, 80, = Pl -+, L0,

Applying the implicit function theorem to the function P (2, -, %), we geb(ii). |
From the relation

P(zl) 0ty B, 9'(21, ) zs-—i))EO (fOl‘ (21, ° 28-1) EW))
“we deduce '

2 9Ly - L) 20,

by derivation for #;. Thus (iii)follows. A
Remark. Lemma 4 is due to Durand (see the proof of theorem 2 of [8]).

§ 4. The main lemma

Lemma 5. Let f1(2), -+, fs(2)be power series in (3) (they are nob necessarily
distinet). If 0y, -, € A with 0< |6,|<R,(v=1, -, ) (they are not necessarily
diS'biIlO'b). We p?lzt Wy=fy(9p>, ¢V9ﬂ= ﬁlav,kaa}lm'x, l,by,n=ﬂl'v"”¢v,n(7)=1; ."J.s)' If

k=

(i) For any v (1<v<<s—1), there ewists an infinit seqeunce of nature numbers
N oy={ba (), (n=1, 2, «-+)} such that '

§
t=§1 [ s, 009 | =0({{u,mm|) (n—>o0);
(if s=1, then this condition is omitted).
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(ii)

lim (ina,x Av,utlog M, +log A,) Dn/lmin Moyng1=0,
n->co < <V<s
Then mwy, -, o, are algebraically independent.
Proof 'We use the induction for s.
Leb s=1. We assume that there ig a non-zero polynomial P(z) CZ[#] such that
P () =0. Then from (ii) and Lemma 8 we getb

P(p1,») =0 (for n=>ny), | (16)

P(2) has Taylor expansion about the point z=am;
P =§ a; (2 — 1), 1n

where ¢>1 and the summation extends over ¢ for which a;%0. From (16) we deduce
that {>¢. From (16), (17) we obtain

4
o = 2 Jau] [,
We choose p such that [6;] <p< Ry. Then for sufficiently large n,
[h,0| <Ou(] 82| ) =mn,
Since |61| p>1, we obtain
lim | a; | =0,

n—reco

This is impossible. Thus the lemma holds for s=1.

Now let s>>2. Suppose thatb loemma holds when the number of the series is Toss
than s. We show lemma holds for s series. We assume that (i) and (ii) hold, but
w1, *+, W are algebraically dependent. Since the expression in (ii) is the increasing
function of the number of series, from the inductive assumption we deduce that
1, ***, Wez and mwg, -, w, are algebraiocally independent, respectively. According to
Lemma 4, there are a mnon-zero polynomial P (zy, -, %) €& [2, -, 2] and a
holomorphic function z,=g(2, -, %-1) in a neighborhood W of (w1, »++, Ws_1) such
that

P (w1, -, @ws) =0 - (18)
P2y, =, 251, 921, =, 2-1))=0 (for (z;, -, %) eEwW) (19)

and there are constants ¢ >0 and 0y>0 such that
|91, w3, -2, Toms) ~g (s, w3, +vv, wos) |00 | 28— w1 (20)

for |2 —my| <e.
By Lemma 8, from (ii), (18)we deduce that
P(q51,,,, “*, s,0) =0

- for sufficiently large n. From (ii) of Lemma 4 and (19) we get

g(Wj_, "% Ws—l)} ¢srﬂ=g<¢iﬂb °*ty (]Ss-i,n).
From (20), we ob’aaln ’

lg(Wi, ;"1 Ws—i) “9(951,“, T, **°, (7173_.1> l>00l¢'1vﬂl : (21)
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for sufficiently large n.
On the other hand, from the identity

% — s, n =9 (3, “';v‘”"s—l) =g (b1,a, "5 Ps-1,n)
= {9 (w1, ®a, *>, Be-1) —J(P1,n, W2, *>*, W—t) }
+{9(P1,0, w2, W3, +++, We—1) ~ G (D1, Parn, M5, *+*, We1)}
Fooo b {g(Pyn, o0, Pooginy Womt) =9 (Prn, *+ Po-2ims bs-1,)},

we deduce that for sufficiently large n

19'(751; wor, Wo1) — G (P, W2, +*, Wo-z) | <05 y;; (22)

From (21) and (22), we have
|¢1’"' I <0;'0s E l‘pﬂ,nl .

This is in contradiction with (i). Henoce wy, -, mw, are algebraically independent.

Thus Lamma is proved.

§ 5. Proof of theorems

Proof of Theorem 1. In Lemma B we pub fi=---=fs=Ffo. From (2) we know
hat the condition (ii) holds. Now we verify the condition (i).

We have |64|>|6:]>- >l¢9| For any fixed »(v=1, -+, s—1) we choose
d=23(v) such thab

0<8<min<—{—%}}—%’% R, Ro~l«9,,l), (28)
and put
pr=Ro—0, pa=Ro+0,
Then .
|0s] << [0, ] <p1<Ro, (24)
RBo< ps, (25)
From (28) we obtain
R At e i A e
<o {2 B T ®
Hence
p1]0vs1] *>pa| 0] +>1, (26)

From (24), we have |ay| <pi™ for sufficiently large k, hence
Ilptml<O6<pit0tl—l)_hm (t=V+11 Y S),

+therefore .
[P0l <O6(ps]Opga] ™™ (=r+1, -, 8), @
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From (25), there is an infinite sequence of nature numbers

~/1/;,= {kﬂ<p>) <n=1’ 2; °">}
such that
|t a1 | >0z % (n=1, 2, --*),

Hence for sufﬁcienﬂy large n

[, 500 | = k=k§>+1 ol | = |ty 41| lavll""‘”’““k:k’%ﬂz o™ 16, |

> (pal B, | =) 72— 01 (p3 | 6, 8o,
Since lilg Ao/ Mpgp1=0, we have
- [Youaor | =05 (pal 6, 5 o, (28)

for sufficiently large n. '

From (26), (27), and (28) we deduce that (i) holds. Thus the theorem follows.

Proof of Theorem 2. As above it is enough %o verify the condition (i). We
choose pp and p,(»=1, -+, s) such that

16,| <pp<B,(v=1, ---, s),
max R,< p,,

1<v<s

Then for sufficiently large n
[0 | <Os(pp| 0| ™) P (w=1, «ot, 5), (29)
and for any » there is A= {k,(»), (n=1, 2, --)} such that '

[0, by | = (000, | =) ~2rmwrs— 0o (p, | 6, | ~2) ~rmmmone,
for sufficiently large n. From (4) and (5) we geb lim A,, /Ay, ne1=0, therefore

[P0, 1an | =011(po |0, | ) THrmrn - (p=1, o) 5), -~ (30)
From (4), (29) and (80) we deduce that (i) holds. Thus the proof is complete.
Proof of Theorem 8. Using Lemma b, we consider s¢ power serieg

F1, .t..’ Fgeeeees s fe, t, Fe
and st complex numbers '
91, 02; ) at;'"; 61) 02} ) gt. )

‘We put
061=f1<91), a2=f1<99): R “t=f1(0t>1 “t+1=f2<01): ore, Olgg =f8(gt)e
If @,=f,(0,), then we define

Pryn= ’E%,rﬂﬁ””‘,
lpr.n:fv (Qu) _qsr,n.
From (4) and (5) we know that the condition (ii) coresponding fo series and

numbers giveh here holds. Now we prove that the coresponding condition (i) also

holds.
Notise that |61 >|0s]>++->|6;|. For any fixed a,=Ff.(fs), we consider two

cases.
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(a) If B<t. For any oy=F4(0,), where u=pB+1, -, ¢, We chooge 0 such thal

. (108] = 1054
0<d<min |95 £+l R, Ry—|0
STAER ™ 9:1),
and pub
. p1=Rs—9, pa=R,+9,
Like (27), we have
|0 ] <Oua(ps] 0] ™) (=B+1, +=, £), (81)
and it is similar to (28), there is an infinite sequence of natural numbers

/Vr'—'{kn(q"); (rn’=1'; 2, >y )}

such that

Wy, 1rs | = 018(pa | Bg] =) 7h 20, (32)
Noticing pa|fs| “*<pt|Oayr] 2< o+ <p1|6;] ™, from (81), (82), we obtain

Wm0 =0 Yoy 1) (>00), (33)

where 1 is defined by oy=Ffa(8,), w=B+1, ==, &,
(b) If a<s. For any oy=F,(0,), where p=a+1, -+, 8 p=1, -+, 1, we choose ps
such that -

max |0, <ps< min R,

1<u<st at+l<syv<s

Similar to (29), we have
l'?blml <014<p310,w|_1>—lw”“ (7)=06+1, ey 8 I«b=1; **ty t)- (34)
From (4), we got Hm Ag,q1/Ms, ma=0@=a+1, «, s). Hence from (82) and (84) we

obtain

[, | =0 ([P man])  (0>90), (85)
where I is defined by oy=F,(0.), v=a+1, -, & p=1, =, .
From (88) and (85) we can deduce that condition (i) holds. By Lemma B we
obtain the result.
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