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Abstract

Tn this paper we deal with the general boundary value problems for quasilinear higher
order elliptic equations with a small parameter before higher derivatives. By using the

method of multiple scales, we have proved that if the solution of degenerated boundary value
problem exists, then under certain assumptions as the small parameter is sufficiently small,
the solution of the origional boundary value problem exists as well and it is unique in a cerfain
function space. Besides, the asymptotic expansion of the solution has been constructed.

§ 1. Formal Asymptotic Approximation

Sinoe 1956, there are so many works dealing with the boundary value problems
for linear higher order elliptic equations™®, but there are fow works dealing with
the quasilinear ones. In this paper we consider the boundary value problends for the
quasilinear olliptic equations subject to some general boundary conditions.

Consider boundary value problem of the following type v

{Nsusz e N qu,+ Noue=F () (0<ek1, s EQCR"), - (1.1)
By | s0=";() loo (§=0, 1, =, Litlo—1), ‘ (1.2)
where N4 and Ny are strongly elliptio differential operators of order 2(I3+1o) and 2y

on Q respectively,

Na= =  As(w, ) DPute, (1.8)
181 <2l +10)

Not= 3 ap(®, Us) D%, (1.4)

18| <2l .

wheae
(—1)nte 3 A(e, wo) £53>01|€ 24, (1.5)
181=2(1+10)

(~D)" 3} aslo, w)E=0al¢]™, (1.6)

5, and § are certain positive numbers, £ is a bounded domain in R", B= (Bl, e,

. 8¢
B, £=(Es, -, £n), EamEhtenglr, DP=DiDE, pa=2 | B| =Byt By, and
_ o0’ _
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B= 3 b (@)D* (j=0, 1, -, li+lo—1),

f<ing

O<mo<my<<ooo <My ppp-1, <2(ls+lo) —1), @.7)
are boundary operators defined on 92, where b{°€D(0Q), D(0Q) is the set of
infinitely differentiable functions defined on 82, we is the solution of the degenerated
problem:

{ Nowo =f<-’17>; _ (1.8)

Bywo|so=h;j(@) |sa (=0, 1, o=, lo—1), (1.9)-
Agsume that |
(H1) Coefficients of the differential equation and boundary conditions are
infinitely differentiable, and boundary o9Q is sufficiently smooth,
(H2) The solution of the degenerated problem (1.8)—(1.9) exists, and we &
O+ (7). ,
Let the outer solution of the original boundary value problem (1.1)—(1.2) be

W io "W, (@) (1.10)

Substituting it into equation (1.1), and expanding all the coefficients A,;(w, i:]) g™y, ),A
««+ with respect 10 ¢

A,;(w, g &™u, ) = ,ﬁ gAY ()

=0

with _
AP =Ap(®, wo), A= ___________8AB(;A, o) Wi,
Ap = 2AnE ) TP, e, ey i) (=2, 8, )
and | .
AP = 1 gne e Ag(@, wo) W WE s W,

Bk gt b prp=J ?’&1! n2! oes ﬂp! aum+na+-..+7w
(<9

.-+, and equating all the coefficients of the powers of & to zero, we obtain the recursive
equations for w,(n=0, 1, «+): .
Nowo= 3 ag(w, wo)DPwo=1F(2), (1.11)

181 <21y
E [wﬁ(w, wo>D3+MDﬁwo]wn
|81<2l, o
=— 3 a®(w, wo, ***, Wa-1) DPro— E} > af’DPuw,.,
18i <21y . j=1 181<2l,
n—21 X :
- 2 E 'A‘.E?])Dewﬂ—Z'l:—i; <n=1; 2) “')) (1.12)

i=0 181<2(tl)
in which the letters with negative subscript are interpreted as zero. Since all of these

equations are the elliplic equations of 2, ¢k order, we can not make each of them fo
satisfy 2(I3+l,) boundary conditions. So the expansion constructed above can only be
the outer solution of boundary value problem (1.1)—(1.2).
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In the following, we shall construct the boundary layer correction to replenish
W o satisfy the whole boundary condition. ]

In the neighborhood of 29, we introduce local coordinates as follows: at each
point of 82 construct an snner formal t0 8Q2, and take length n of the inner normal
so small that none of them intersect. Let P be a point in the neighborhood of 22,
we take the distance from P to 9Q as its py coordinate, and take the curvilinear
.coordinates of the foot point of the inner normal past P as its pa, ***, Pn coordinates.

In terms of the local coordinates, equation (1.1) and the boundary conditions in
(1.2) take the forms

Namem S Aulp, u) Dut 3 3s(p, 1) DPis=F (0), (1.13)

181<2(h+10) 181<2l,
Ef&; l P1=0=72i(p> | P:=°(j=0: 1) **%s Z1+Z0_1): (1 ‘14’>
B¢ ) .
where D8=Da... Dk, D= 86 ——r
In the n nelghborhood of 80, we introduce n41 variables with multiple soales
F=ELL, gimpy, s ba=n - (1.15)

In terms of these variables, the partial derivatives with respect t0 o (i=1, 2, *, n)
can be expanded as (cf. [81)

ﬁg,_s—a,@(()) + 88(1) e 80;3(3:)) (4=1,2, «, n), (1.16)
‘where
8(0) = P a@;
off gm afﬁ,
~ . P 1,"‘1 2 ‘_ 834"1
5 —-—-Bsgff o Bt g, Zoers
50 - fﬁ,_s 2o (5 EOLr) =23 A,
‘So we have
ﬁe=8—w|(§§g>+8§g>+..._l_slBngBl)), (@117
“where ‘
50=5© 5o e §O (1.18)
ol pfs e’ ' '
5= 3 8(41)8(%2) Sao (=1, 2, -, 1B1). (1.19)
T O

Suppose that the boundary layer correction t0 W has the expansion of the form

7 ~e? 2}) "5 (f, ), (1.20)

and let the expansion of solution of boundary value problem (1.1)—(1.2), in the

ne1ghborhood of 8Q; takes the form
=W +V~ 2 g"wn(£) +8° Z "0 (f, €), (1.21)

where w,(£) =wa(p) is the expression of w,(w) in local ooordmates and p isan

undeterminate constant.
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Substituting %, into Eq. (1.18), and expanding all coefficients Az(&, @), *-

into the power series of s

Aue, @)= AP (S, &),

i=o0
where ~ ~
Tp=Ts(¢, By, Ap=222E 1) (5,15, ),
i OLG(E, To) 1~ o N qw (s
T BE B Gty 4T (o,
and |
= - 1 ortnate +nqA (§ ,w> ~ e~
0 s 0 .
A,e n;+2"s(':1‘: ;_)qnq: 5 nyl ngl ...nql ‘et Fag (’w +?Jo) (wq-*"l)q-—ﬂ)ﬂa:

., and equating all the coefficients of the powers of & to zero, we obtain the recursive

equations for o; (¢=0, 1, ---)

3 APEPE 3 §5PT=0, (1.22)
181=2(+10) 181=21,

P LOKIOM a® SO

_ .A 63 ’U¢+ Z 8,3 Vg

181=2(+1%) 181=21,

z_[ ( "’po 575, — > aOsyr, )
D1k Dot ps =4, (PsF1) lBI=2(l;+la)' Bi=21,
[ ~ ~ ¢ ~

+> ( Aeofmr, + S G 3%””%)]

t=1" pat+pa+ps=t—1t \BI=2(+1)—4¢ 181=2ly—¢

b—2(ll+lo)

—M 2 @+ —GFH) DPw,_g1,—q— s (Agro— A(p ) D0, oty 410y-a

(1.23)

a=

0, for i<2l 0, for i<2(l+lo)
where = { Py = {

1, for i=>2l,, 1, for ¢=2(li+1),
and as(““) is a“’*q’ with 2,=0, (§=0), eto. |
From equation (1.22), we see that if we take g(p), in (1.15), to be the solutlon of
the following Cauchy problem for nonlinear first order differential equation

{(—1>'=w=22(;1wzﬁ<f, Bo)gi= 3 @€, ), (1.24)
g(p) IP1=0=OJ (1.25) .

then it reduces to the equation with constant coefficients

PRt pAly _
(1% oF Tt 3]:2100:0- (1.26)

We ocan prove that the solution of Cauchy problem (1.24)—(1.25) exists, and is
positive in the neighborhood of 8Q2. From [6] we know that the solution of equation
(1.26) of boundary layer type is

B, )= SaiP @, (1.27)

where a°’ (k=0, 1, «++, ;) are the functions determined by the boundary conditions
given below, and A, (k=0, 1, --«, Iy) are the roots of the characteristio equation
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corresponding to (1.26) . '
(—1)BpAR0) 22— () . (1.28)
with positive real part. A
As 7, is determined, substituting it into (1.23) (with §=1), we obtain the
~ differential equation governing V1 -
82(11+lo)51 321051

2 aﬁgf [(“'Dh 6f2(l1+lo) + afzzo ]

181 =21,

S B R C L R
181=201+10) 181=2T0

PSPt B PR (1.29)

181=2(l1+10)—1 181 =2l —1
Since its right hand side decreases 0 zero exponentiallj, we can prove that it also
has the solution of boundary layer type. Similarly, we can prove that all of the
yemainder equations of (1 .28) have the solution of boundary layer type. Later, we
shall find out the boundary conditions for w; and ; (=0, 1, ++).
Substituting ¥, into-boundary condition (1.14), we obtain

Eggn&}n+ b nggp—lm (Sﬁ’_)—l—sg,(})—l—'-'+8‘“‘5§J“‘?)

|l <y
x 36, =Ty (j=0, 1, =, ltlo—1), (1.0)
Here, we omit the sign of taking py=0. In order to obiain the recursive boundary
conditions for ; and % (6=0, 1, «++), we should take '
P ="y, . (1 .31)
in (1.80). By equating all the coefficients of the powers of & fo zero in (1.80), we

obtain

_ Ei&0=%5 (j=0; 11 "'): ) (1-32)

Ele’b~00+ 2 Zf}°)5§bo)60=%lo, (1.33&)
|l=my,

{ S B8P, =0 (j=lo+1, -+, litl—1), (1.33b)

wl=my

Tn order o write out their general recursive relations, dénote
¢s=ms"—ms_1 (S=1, 2, R lj_+l0"‘1),

Eﬂ’;a=0 (.7.:0; 1; °*% ZO'—Q): (13434)
Biy-satBaurs, SV B PE D=0, (1.84b)

] =m;“-1

$hen we have

(Sarrln_——o’ for 1<a<,rl°; 8'70""!0 =1) fora=1) 2} ) Irlo)ﬁ

Bt 3] 3 B0 @05 80 -0, (1.351)
=0 | pl=mgy~

y SV Bt (§Opg+ - - 5@0) + B g Blot o =g 11, (1.35b)
MI=T gty »

SV B0t +5PT) =0 (=lo+2, l+1o—1), (1.850)
lwl=m;

(806.1*;.4-1:0; for 1<a<ri+1, S.Tzomrzou =1: 06=1, 2: **% ’)”l°+1),
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§j51,0+a=0 (j=0; 1; M Z0_3>, (1.36&)
j Elo—iﬂ’b’nﬁa -+ 8a;,r;o-; - § 5&““2)5,‘,?)50 = O, ' (1 . 36b)

[Elo_iw,%muz SV GO (Ot o4 5 50) =0 (1.860)

R0 1ul=Tpa—k
(3s, 12y =0, for 1<y, S riyrien =1Ly for a=1, 2, **, T1-1),

Tlgn1T0

’ Elo”";?‘ton*w—*_ 2 2 Bﬁo) (gbe)&;hwﬁa'—k—}_ ot + S'.Eﬁrzeﬂ-*.m~—k)’7)’0) = O) (1 * 373’)‘ |

F=0 |pl=mg,—F

. ~ Tig+1H o ~ ~
9 §l°+1wr'°“+a+ #=0 1wl > kE(ZOH) O,y rart e + Ot aRyg) =0, (1.87b)
= 24 "mzoﬂ'—
» B (505, part e+ 8§03 DT0) 484, 14, B +2W0=00,r1a Pitova, (1.870)
wl=myera
< IE: Z(j) (8(0)’1)”0“.;.“"}‘ ot 8(”"“4'“)’00) =0 (3 Zo + 3 Zl + Zo— 1), (1 . 37d)
Bl=my

(aa:rtou =OJ for 1<05<’)"l°+2, arzom 1‘z°+a=1) for 06=1, 2) s 'rloh?)

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

and
~ Pybeihr g0 e
Eﬁwfzo+~"+7‘x+a+ 7;;-!) 1l 2 kbfbj) (8ﬁ0)”r;+~--+rj+a—k e
= =y
- Bgatre gy =0 (§=0, 1, -, lo—1; @=0, 1, +-), (1.88)

Trgrat by 4pe-2h 0

~ &

s & (5O, . veo

EJ%"zo+1+---+m+zo-;+o& + 'BM (8,,(, ,Z)rlo+1+"'+7'l1+lo-1+“—k +
k=0 (l=m—kj

St trunete— ey =0 (j=lo, lo+1, -, Li+lo—1; @=0, 1, <), (1.89)
Let Ag(k=1, 2, -+, I1) be the different roots of characteristic equation (1.28). Then
all of the systems of equations governing on (n=0, 1, «=+) can be solved.

So the main term wo(2) of the expansion of . is the solution of the degenerated.
problem (1. 8)—(1.9). After wo(w) is determined, substituting it into (1.33), we
obtain the boundary conditions for o, 80 Do can be determined. Substituting v into
(1.88) (with a=1), we obtain the boundary condition for ws(v). Combining this
with Eq. (1.12) (with n=1), we can solve wy(w). In the same way, we can
determine all of the terms w,, v,(n=0, 1, --).

Define , ~
V=@V, (1.40)

where {(#) is an infinitely differentiable truncated function -
1, for € Q ={ alo< <_77_},
¥) =JL FeConTlpCl0seTg )
0, for € Q/Qss.

‘We can easily show (cf. [6])
Theorem 1. Under assumptions (H1) and (H2), the funciion

U= WatVam 3 eu,@ +p@e 0 O (14D

is the formal approvimation of order m to the solution of the boundary value problem.



No. 2 Jiang, F. B. ELLIPTIC EQUATIONS WITH SMALL PARAMETER 159

1.1)—@@.2), where M =maX {m 2l — M, - Mg 11— T} has been constructed

.wbove.

- §2. Estimate for the Remainder Term and
" Txistence of Qolution e

Tet L, be the Tinearized differential operator of N,
L=em > A, U)DP+ 2 as(@, Um D*

i8l <2(1ytlo) 181 <2l
et o4a(e, U oy, 3y 2@ UelpT, @D
, 181 <20 +10) ou 18i=2t ou

and let Z, be the remainder of Um

7 =s—Unm. (2.2)
T4 is easily shown. that (of. [101).

 LZn="0n(o, &) +Re(Zm) (2.8)
B,-Zmlgg=s’"+171’,(,{)(a:, g) (j=0,1, Li4l—1), - (2.4)

“where ®,,=0), wd,=0 1), and
Rs (Zm) ELsZm—' Nsus""‘ NsUm
_on S [As(, U —4s(e, Unt 71D (UntZn)

181<2(lyHo)

2 ) [wl?(w: Um) —aﬂ("v: UM+ZM)]D6(UM+ZM)

1B1<2L0

+ g 2 3A3(3& Um) (DBUM) Zm

181<2(t+ o)

60/3(62;1, Uuw) (D°U ) Fm (2.5)

181<2l

Setting T Tom— " T,

where ¥y, is any differentiable function which satisfies the boundarj conditions
B;?Ifm\gg=@1f$£) (j=0, 1, = Li+l—1),

e obtain the boundary yalue problem for T

LZ,,.=sm+1@*m+R(Zm+sm+1@Ifm), (2.6)

. B;Zm\mr—(), (j=0: 1, -, Zi+zo“1). (2-7)

Banach space O2Hte(Q), (0<a<l) is constituted by the functions of O7¢+Y @)
with the norm ' . |

W\ A ‘ TAPYREN) + [l s+ 4o @. 8)
finite, where

= B, =g (DL

‘ D2(11+lo),u ((17) — D2(’1+‘°)u (,y) ‘
v A

u, = 8u
[u] 2+t 4 w’ye!},’#y \w___,y\a

‘We have
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Iemma 1. (of. [6] Theorem 8) Consider the boundary value rpfroblem
(81L1+Lo)u1—f(w), s €0, 0<e:K1, 2.9)
:’wilaa'—o (§=0, 1, -, litl—1), (2.10)
where Lo and Ly are strongly elliptic operators of order 2l and 2(ly+lo) in @ respecti-
vely, and satisfy the conditions '
(Lou, w) =Bolul,, Vu€l+(@Q),
(Lyw, )= —ko|u|d, Vu€l2W+0 (@),
where O26+0 (D) ds the set of fumctions of O*W+w(Q) satisfying all the boundary
conditions in (2.10). Asswme that the coefficients of Lo and Ly belong to O 2tote ()
where 1=2(01+1), and dQE0?, and the system of boundary operators {B}4+-1 4g
regular and covers L, on 9Q%", then

] < -3/ 7 2<z,+,.,+a+s”<’*2>/ Sl U PR e REN
Suppose that the linearized operator L, of N, satisfies the conditions given in
Lemma 1, and L7? exists in 2@+ (Q). Define an operator equation _
u=Tw : (2.12)
in 020+ (), where
Tu=L;[e"*D}+ R (u+ " W p,)], (2.13)
Let 8§+ be a sphere in G2+ () o
Smtl = {ue 02(1;+h) (Q> l lul 2(11+z°)<8 +1}
Then, we have
Lemma 3. If u€8™, then T €8™? for m>y+2lo 1, where -

_2 (2zl+2z.,+—) / (2;,-—1)

- Proof From Lemma 1, we have

lTsu l 2(zl+zo)<8—7]0 (8m+1 l @:@ | o+ l R (’M+ 8m+1'gj\m) I 0) .

Since '
| B (u+ 6™0,) lo<e®™ 3 {' P As(w, Up+6s (g;:;‘ 1 (u+e"T)))

1B<2(ta+2o)

5 (Ut 8™, 2D'9Um\0

+ | 04,(x, Upn+01(ute™*T,))
ou

+ 3 {‘.62053(40, %4‘92("')) <u+8m+1q_ym)2D3Uml
181<2]¢

005 (w, Up+01(ute™ W) (U &™) DA (u+ ™, ~ }
ou m ™ 1o

(-t 0, DO (k- ™) {}

-+

2(m+1)—2h
<]{?18 (m+1) B
where 0<<0;, 0,<<1, we have
' Ts“l 2(lx+zo)<k23m+1—7—2lo 8m+1.

Tn case m>y+2l,—1, we can limit & so small that kgg™t1-7- <1 thus the lemma is
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proved.
Lemma 8. If ug ES™, us € 8™, then
. lTs’Ur.L — T uy i 2<z,+zo)<k Wi ’uzl 2(h+1o)
for m>y+2l—1, where 0<k<1.
Proof From Lemma 1, we have
| T gty — T iz a1y << 8”7t | R (ug+ &™) — R (gt &"T'm) |0,
Sinoe
| R (ug+ " W) — B (Ua t+ g™, lo

<gh 3 {\ 88AB [0, + 0 (uy

18l <2(l +10)

+‘ aAB (D68m+1'g_7“ )(u’l ?,62>

\ 3AB (™, tug) D (ug— ru,g)‘ +‘ 04, (DPug) (ur— uz)‘ }

+ 3 {
181 <2,

| Lo (eemr) () |,

3@35 [8m+1g/‘m+9(u,1 Uz)] (DU ) (a— u2)

‘ 6@,; (e, +ui)Dﬁ (uy— ug)\ !

+ ‘?gf (Dus) (ta— 1)

0}<[C28m+1‘u’1—u2‘2(lx+lob | i

we have

| T s — T s | 2 +10y < ka€™ =7 |y —Up | 2ty +1036
Owing to m>y—1, we can limit & so small that kss™**~ 1<k<1, thus the lemma is
proved. ‘

From Lemma 2 and Lemma 3 we know that T, is a contraction mapping which
maps a convex subset S™+1 in a Banach space info itself, hence there exists a unique
element o € 8™ such that

to =T stho,
So we have the theorem

Theorem 2. Under the assumptions (Hl), (H2), and all of the conditions
mentioned above, there exists a unique solution u,€O*@+0(Q) as ¢ is sufficiently
gmall, and it possesses the asymptotm expansion

=Un+Zm, | (2.14)
where U,, is defined by (1.41), and lZml2(11+lo)<k8m+1 as m>y+2l,—1, where kisa
cons’vant independent of &.

By the same process as that given in [10], we have

Theorem 2. Under the same assumptions as in Theorem 2, there ewists @ solution
u, € 02+ (Q), and it s unique in 0°(D) as & is sufficiently small, and has the same
asymptotic expansion of the form (2. 14) , where Z,—0(e™*") as m=0.

Tt is the extension of Fife’s™™ work.
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f1]
£2]

f3]
[41
[5]
£6]
L7l

L8l
L9l
{10]
1]

{12]
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