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Abstract

The general scheme of the generalized Wronskian technique is given and is applied to
four energy-dependent potential’s eigenvalue problems to generate four classes of nonlinear

evolution equations solvable by the inverse spectral transform.

§ 1. Introduction

In a series of remarkable papers by Oalogero and Degasperis, a generalized
Wronskian technique was developed and applied to the Sohriidinger and the gener-.
alized Zakharov-Shabat eigenvalue problems. In this paper we will give the general
soheme of the generalized Wronskian technique and apply the scheme to the following
four energy—dependem potential’s eigenvalue problems to generate four olasses of |
nonlinear evolution equations (NLEE’s) solvable by the inverso gpectral transform

Ism).
‘We consider four eigenvalue problems as follows, |
AL (%) .0
“\ & @l \d) '
,¢w=(_%§ §.q>q5, | 1.2)
r &
o s r—1iq ‘
sz v ’1'§< +ig s )(;b, (13)
(In (1.3), r(@), ¢(») and s(z) are real functions and satisfy r2+q*+s7=1, and
‘Eﬂs(w)-=1.)
_ —i& r+Eq :
(T e )

These eigenvalue problems can be written in the form

—iEMpy P ) "

B B == T o, .5
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—

The potential <T> of concern in (1.5) might depend on other variables
q

besides @. Assume now that r, ¢ have any order continuous derivative which ocour
below (in Equation (2.24)) and all vanish a$ infinity. (abbreviated as (1.8))

, A
Finally, we note that, by the way, setting (i} )-—— ( izbi ) and &'=£%, (1.1) can
2 2 ‘

be fransformed to (1.2) and vice versa.

§ 2. General scheme and fundamental formulae

2.1 Matrix solution _ S
For every real ¢&™, for (1.1), (1.2) and (1.8) tHere exists one matrix golution
D (w, £) defined by the agymptotic boundary conditions

P o T

o6 o2y ey 75 ot 2.1.9)
while for (1.4) there exists one matrix solution which satisfies

(@, )5 < —?ﬁfgm e;) (a(j( £ a("1(§)>) 2.1.1)

(@, §)——2 ( _iff_w ef;) (B“;(&) B(_)O( §)>. (2.1.2)

Here ot*(£) and 8™ (¢) are respectively the reflection coefficient and the transmission
coofficient. Suppose that the B (£) and B(€) have only finite simple poles A{Y
and A in the upper and the lower half A=¢™ plane respectively, and *=Im A >0
j=1, «-+, N The scattering data of the problem (1.5) is
(9(E), —oocbm< ooy M, pf®, ETmAP>0j=1, =, N} (2.2)
In the following, we use oo, 01, O and o to express the usual Pauli maftrices

(1o (0 1
%=\g 1)7 TT\1 o)

B A S

/

r r
Now, two sets of potentials ( > and ( > and their corresponding B, @ and R/,
~ q q

’

@ of (1.5) have been given. By virtue of (2.1) it is easily seen that " (¢, &) F(a,&)
& (x, 'f) +=  ill not contain the term related to » only when F is a simple linear
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combination of ¢gs and io2R(o0, £). Aoctually, from (2.1) we have
@’T ((D, g) ’130‘2@ ((D, g) l:=—°°

— 1) ( ot (£) —a(€) & (E)ot () +BP (OB (E)- 1)
1— o () (£) =B (E) BT ) a(E) — 7€)
2.4)
@T (m: f) ’502R (w,v f)@(m, g) é-vl-:-—oo :
| o a?(€) AP (£)a () -
= HHO ( o (€)™ (€) 7€) )’ @5

- where 1(¢) is related to the eigenvalue problem, for @d€.1), @.2) and (1.8) 1) =1,

and for (1.4) 1(§) =—2i¢.
2.2 Basic formulae , v

The following generalized ‘Wronskian relation is satisfied by virtue of equation '

(1.5) for an arbitrary matrix function F () (at least onoce differentiable):

[ 07, OIF@)+ R OF @+ @R 0100 O

— 8" (@, £)F (@)D (@, §) |7 (2.6)
Since trR=0, we immediately obtain
RT?;st—’I;GQR, (27)

By using equations 2.4), 2.7 and choosing specially” F (@) =t03 in equation.
(2.6), we get

[ 276, io®-R)O, O

—1(8) ( Al (£) — o (€) o ()l () + B (BT >
1— () (&) — BHE BT E) o« (&) =o' (§) )
| | 2.8)
We now consider two special cases of Equation (2.8). First, taking (2) = < ’;EZ’ g)
and <'r’> = (tr(a;, y+Ay)> in Equation (2.8), we obtain
¢) \¢(@ y+4) |
o (&, a7, 9) +BPE, NBE, ) =1, @9
[ 0%, &, DyiesRi (e, 0, OF@ & D)
=1(8) ( | o5 (€, )
—aD(E, P €, ) —BYE DBV E Y)
a§P (€, N €, 9) +B5P(E, NBTE, v ‘
—a (€, 9 > @10

Because 1oaRy contains only the terms related to ry and gy, we can introduce a.

formal linear operator 7 that transforms a spinor into a symmetric matrix

ol ") =L icuRy, : (2.11).
qy kes&™
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where k:&™ is the ocoefficient of 7 in R, ka§™ (or —kof™) i the coefficientof ¢ in R
With thig definition, equation (2.10) can be rewritten ag follows,

[ o e on( )06 & i

Y

W ( P&, 9)
=56\ a9 (€, o, 9)—BOE DBPE 9

A6, 96 9 BPE DBV D), 2.12)
—a57 (&, 9) _
r(@, )\ (r@
Second, taking ( @, y)) < /(@ ),
('I’ (=, y)) <(1'+y)”~”‘fl'((1+y>”‘°w))
‘@, )] \(@+9)™q(A+y)™2)

where mi—mo—mi, Thg=mp—mg for (1.1), (1.2) and (1.8), and, my=2, ma=1

for (1.4), we have

a‘*”(f, g) =a® < —1——§|—_51]>’

B, 9)=B% (157)-

Substituting a,bO\?e results into (2.8) and keeping terms linear in 4y, we obtain

[[o"@ om (ml”m“”“) o, O)da
- Maq -+ M2
_=a® < s (&) P (&)™ (€) +BEP () B <§>)
ThE™ \—a(£) e (€) — BH(E) BT (E) — a7 (€) ’

(2.13)
where we have used the definition of the operator » and (2.9),
Moreover, to set F=icsR, B'=R in equation (2.6) and use equations (2.5),
(2.7) and (2.11), we obtain

[ oG om (g ) 0 O

_ 26€m1(€) ( a2 (E) o (£)al? (5)) 5
e & ()l (€) o (E) . (2.14.1)
For the eigenvalue problems (1.1) and (1.2), to set F=ioaR(+o0, £) in equation
(2.6) and use (2.5), (2.7) and (2.11), we get-in addition

[ o en( " )0 o

e ( P® a<+><§>a<-><5>)
"™ <a<+><§>a< O (2.14.2)

2.8 GQGeneral relations
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- Ty mar+ 7
We indicate anyone of ( v ), (Nyr moa;q",;) -and ('r” > < or ( )) with the
7O 9y Mg +M00G s s —9q
notation ( ;;0) ) Now we start with (2.12), (2.18) and (2.14), and use equation
2 B

(2.6) to get the general relations. Setting
P, £) = ( o (@) +aP (@) (@) +H <w>§>
’ b () + 0P @) P () +d(@)€ ) -
F® (400, £) =0, (2.15)

R
we require < hin) > and F® to satisfy the recursion formula
¢ _

o B D . ’
215 )61 (o) = F2 @ O+ B e, 5, 97, DR, O.
2 2
(2.16)
We then introduce a integro-differential matrix operator L through the recursion
formula (2.16) (see 3.) so thab

h$® B ) A : v
(. o ) —k <h<>> -4 ( e )f @.10
n—1)

hén-i)) thmugh (2-16> 3 and woe

Simultaneously, F®. can be expressed in terms of <
have (see 3.)
F(")(-——oo, g) = gmo O'QR(—}-OO, g))

& (5, £)F® (@, )P (@, &) |sow=U(E)PWBP () BT ’(5)01 (2.18)
Using (2.6), (2.15), (2.16) and (2.18), we get

o A
[ oG, 0 ) 2 O

hgn—-l

h( ~1)
From the above equation and (2.17), it yields

[ o, on (L” ( 2) )) (o, &)
o[ %G, & (Zi, ) 8o, o1 FEHOEP @B O,
2.19)

=g " 0@, On ( )w, £)dn—1 OB (OB E) o,

The structure of eq. (2.19) implies immediately the more general formula

(D)

[ # @ on (10§ ) 200 Dta=7 |00, O (o) 2 O
OBV QB oy 2.20)
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where f (2) is an arbitrary entire function.
&)= gvnz",
F=— 37 2Em,
By means of (2.20) and (2.12) we obtain
[ o & wnp@ (7)) o6 & s

U | 47 ¢ 9)
B \—a®(E, e € D —BYE DEYE Y
A0 D& 9 +EDE DETE D) e e, DBV D
~a(€, 9) | e

From (2.20) and (2.18), we get

[ 0, o (o (0 e ) 0o, D1

_ —EE)gE™) ( o () |
b — oM () () =BT BFE) |
OO OO s On @)
For (1.1) and (1.2), by means of equations (2.20) and (2.14.2), we have
[ ot (s ) 2tes

- l(é)f(f"“)( G G
BT \aP@d0©) )

Mar -+ MoTTs

> +F1E)BP ()BT (G o
: ’ (2.23.1)
For (1.3) and (1.4), using (2.20) and (2.14 1), we get

[o on (10 77)) o o

_ %El(@f@( aP(E) a7 E)

W\ (©dE)  —aE ) Hios @B E0

(2.28.2)

The three funotions f(2), ¢(2) and h(z) are arbitrary entire functions.
9.4 NLEE’s solvable by the IST.

r
Agsume now that, in (1.5), the potential (q) depends on other two variables:

3, 9 besides . The arbitrary ontire functions f(2), g(é) and h(z) might also depend
on 4 and y besides z. We can write an equation similar t0 (2.10) with the variable ?
playing the role of y. By taking a simple linear combination of this equation and.
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Equations (2.21), (2.22) and (2.28), it immediately follows that validity of the

y Y, b
nonlinear evolution equations for the potential < S >>
¢(@, y, 1)
o g r . {;;2, Ir’l_m m(fﬁ
( v >=h(L, Y, t>-< ! >+f(L, Y, t)( ' >+9(L, v, t)(ﬁ - )
2 T gl Mag + MoV s
(2.24)

q1

<andL< ’ >=_1..-<“>>, a,nd<“>—_—.<""”>for 1.8), (1.4,
~—q 20 gz 1 9

implies validity of the linear equations for a™, B* .
AH(E, y, §) =h(g™, y, HaVE, 9 O EAE™SE™ Y Ha™ (€, y, )
—£g(E™, 9, D&, 9, O o (@2
B (&, y, §) =h(g™, y, DB E, ¥, 1) —E9E™, 9, 1) B52(€, ¥, ©)

Where<rr1>=<fq> for (1.1), (1.2),

L HR(E, y, 1), (2.26)

where 4(z) =1 for (1.1), (1.2), and A(z) =2iz for (1.8), (1.4),
B=lkgm(h+g+7).
Tt is easy to show F =0,
In the gimilar way we also obtain the equations for A (y, ) and p§®(y, 1)
AP (y, 1) =h (P, 9, DNS W, £) +moh§® (g, YA, 9, 1), (2.27)

P, H=hS, 3, DR @, O+[-Th0P, v, DUP W, HEAWDIG, 9 D
g0, 5, §) +maO W, 1) 2905, 0, 9|60 D, (2.28)

0 2
where “—a—z—h(hgi): Y, t) ="a'; h(Z, Y, t) l’~’=7*§£) °

Now using the results disoribed above, we can solve the Qauchy problem of the
equations (2.24) by the inverse gpectral transform.
By the way, for the eigenvalue problem |
ﬁbfo‘_‘(—?’g q> b, | (2'29)
r €
the procedure described above for (1.1) and (1.2) can be applied to (2.29), but the

ferm ko ( or ) must be added to (2.24) because for (2.29) we have
ak!
(Tw—!ﬂmowm) =<¢+wm> 9%l < wr ))
Mgq + MGz q+29s —aq
wr

and

-24:, O (z, )M ( ) D (w, §)dw
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( €20 0 (€)™ (E) +BEV (£) BT (€) )
o () af™ (E) BH(E) B (E) —a” (§) )
(2.30)
If we take <;;>=< e””%ﬁii) for (2.29), we will have o™(¢, y) =a®(E4y),
B*' (&, y) =B (£+y). By substituting the above results into (2.8) we immediately
got (2.80).

§ 3. The expression of L and &

I is seen from 2 that the scheme of the generalized Wronskian technique applied
to the eigenvalue problems (1.1)—(1.4) is the same, and the results thus obtained
are similar except for the expression of the operator I and A.

3.1 For (1.1)™ the operatdr 7 is defined by virtue of equation (2.11) as

a a O ,
n<b>=<0 _b)o . . (3.1)
From (2.16), (3.1) and (2.15), it yields |
a(n) — d(n) — b(n) —_ ’

| b =I(q(@)af+r(@)d), - (8.2)
RV 2% —2r1 201y [ a@® a®
(P (TS e
hs* 2¢1q ~2¢—2¢Ir) \—df® —dy .
[ B a@ \ | |
(e )2 ( Z ) @9
where D——-—-— I= J -d,
69} z
Using (8.8) and (8.4), we obtain
hin) g.n—i) kin—l) . hSO)
( hg»)) ( hg’ 1)> L ( hg"_—i) =L h§0) 4 (3 5)
gl -l
L=DLi'=D S 1 1 . (8.6)
gl gy

By Iﬁeans of (8.4)and (8.5), (8.2) becomes .
—q h{® ))
(n)( __ 1)
B (—o0) = L(( ) ) IL (hgw do, (8.7
where (( " ), ( “ )) = U301 +Ug¥a,
Ug Va

Furthermore, it is evident from (1.6), (3.5) and (3.6) that
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AL
":El"“<hgj))=0’ .7=O) 1, eeeym, (38)

By using (3.8), (8.6) and (8.8), we have

A\ (MY
(G )5 )0

WK oy (+oo, 0.

and - FO(—o0, §) =bP(~o0)éoi-

Then the 5™ in (2.18), F in (2.20) and f in (2.26) can be written as follows, |
o)

L
o ((2\ e (T |
&1 (1) (i )=

_ oo o B _ R{®-
Fo ko M(q) £ 9, 9 =45 9. <h‘°) )) o, (3.9)

r] A 2
—5((2)

h(g, y, ) —h(L, Y, ) (“”ﬂ)+ 9(&, v, ?z:%@; y,_t) (r+2m >) o,

¢ —L ¢y q-+20g,
(3.10)
3.2 TFor (1.2)™ the definition of the operator 7 in (2.11) 18
- a\ (@ 0
"\s) \o —bg)
From (2.16) and (2.15) we obtain |
o =b§P =d§’ =0,
b = I (gaf +-rd{?),
RO\ (26—2rIq 2r Iy ) ( af” )
rev) \ 2¢Ig  —2i—2¢Ir —dp )’
hi") _D wgn) ’
_ hg? —d{?
In analogy to 8.1, we get
hz(tn) —*L h§n~1) ——Ln hg_O)
hgn - hgn-—l) - héO) ?
—j;--—v% rlq — -—é— rir
L=D s (8.11)
5 919 )
h
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M&yJ%%UL%D(W>+ﬂ&yJ%ﬂﬂb%®<H%m»dw
§—L Qy §—L g, )

3.3 For (1.8)®, by using r®+¢®>+s?=1, the operator n may be expressed as
follows,

w a+b o+
s s
()
Ta+lp —atib
s 3
From (1.6) and (1.5), it yields
( qf = b =d =0,
I(h{+ihg) = —af?,
1~ hp) =af, |
T oy 4 pm)— _p
J1(Znp+Lagp) =5, (3.12)
hin—i) =1 (“E)n) +d8n)) _— 29278"),
R =s(af® — d§?) +2rb§”,

P +L hgpo =il —ig)af>+ (r+iq)dP].
From (8.12), we getb
gD =7 I B =1 e |° (3.13)
. 23-—2/)“1-5—D —2¢1 —%—D 2

Using (8.12) and (3.13), we obtain '
MO\ (K0 (M)
hgz) hén-—i) hgn——i)
i —¢IgD%— %——l—mIa"D—:sL
L=—§ .D 73

1 1 1

oo R®
o))

In analogy t0 8.1, we have

L L[ Ry, D —h(T, g, b [T
E_%S'L—S‘ ((q> L g ( qy)

g, vy, ) —g(L, y, t) o1y
= ) L

8.4 For _(1.4)“”, from (2.11) we have
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a . (0 0
?7 == L]
b 0 at+&b
From(2.16), it yields
 af”=0,
b= — 5 a2,
by =dat”,
d%n) =_1_ CU(()") — agn),r
4 2 ’ (8.1b)
din) = e ,iwg;’) o agn) q’A
= =202,
W= — - 0t 2027 s
L g =h§* 0+ 20§29 + 5" o,
Using (3.18) and (2 .15) , we obtain
ag’=— % Ing>, (3.16)
h&n) h&n—l)
(hg‘)>=L <hg"_1)>’ (3.17)
0 ——%:— D2+¢—%— 1ol
L= 1 ) (8.18)
, 1 9— '2‘ QwI
B (—o0) = dafd (—o0) = —_’;_r #0 () dos
+ (oo 0 hgo)
= —— —fli.. n—~1
- ((5) (e ) @19
From (1.6), (8.17) and (3 .18) it is easily seen that
hgf) ,
15 —0. =0, 1, + ¢
lw‘ll]—ﬂ;( hgj) > ) .7 0’ k4 2 T, (3‘20)

Using (3.15), (3.16) and (8.20) we have
F®(—o0) =af?(—o0)ioaR(+0, £),

. w [0 th)
-~ ((2) 7 ))e

___'I,_f_ ~ 0 h(§1 Y, t) _—h(L: Y, t) Ty
p- 4 (1) Hewepnen ()

g, uy, )—9g, y, 1) 20+, ))
i &L ( g+ags .
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