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Abstract.

In this paper, the author deflnes boundary preserving transformations and proves
that they are homeomorphisms; defines interior preserving transformations and proves
that they usually are open imbedding; and defines the co-continuous transformations,
which have not been discussed in continuous, closed and open transformations. The
characteristic forms of transformations are most important in the discussion, and there
are 17 cases for homeomorphism.

All spaces considered are connected T'1.

Tn a topological space X, lot 4 be a subget in X, the boundary of A is denoted
by 84, with boundary eperator 0. The interior of A is the set |
Intd—=(1—8)A(=A—84),
The closure of A is the set
A=1+0)A(=AJ04),

Definition 1. Let f: X—>Y be a transformaiion (mot necessdro)ly continuous).
Then f is boundary preserving iff 4t satisfies the relation of A=f oA for any subset AC
X, and is denoted by the characteristic form |

of =fa. D

Lemma 1. A boundary preserving transformation f. XY is a bijection.

Proof To prove onto, suppose fis not onto, let f X =U #Y . Denote Y U=V +
&f. We have of X =oU =V + J, for ¥ is connected. But foX=f@ =, and of X
70X . This is a contradiction.

To prove one-to-one, SUPPOse @y 7, in X, and for= foa=y€Y. Put A=X—a,
then 94 =au,, since X is connected T's. Then fA=Y, 8fA=0Y =(J. But foA=fas=
y+ @, and of A+ foA. Thisis a contradiction. | \

Temma 2. The inverse transformation ™ of @ boundary pfresem'ing transforma-
tion f: X—Y, is also & boundary preserving. -

Proof Let B be any subset in ¥, and f1B=A, fA=B. We have of A=f0 A,
or dB=fof 'B. Then ‘
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foB=f"fof *B=0f B.
So f~* is also boundary preserving.

Theorem 3. A boundary preserving transformation f: X—>Y is a homeomor-
phism.” -

Proof We have proved that f is bijective and f -1 ig algo boundary preserving
in lemmas 1 and 2. It will be known below that f is bicontinuous, and hence a.
homeomorphism.

Ewample 1 The inverse of lemma 2 is not valid in general, though f~* satisfies
of ‘B=f~10B, yet f~* and f may not be one-to-one. Let X =8 ?+¢P=1, Y =[~1,
1] or —1<w<<l, y=0; p: §*'->Y be the projection p(w, y)=(w, 0). p is not
boundary preserving, but p~* is. _

Definition 2. f is an interior [closure] preserving iff it satis fies the relation

_ (1—-0)fA=f(1—d)A4, [(L+0)fA=Ff(1+8)A]
- for amy subset AC X, and is denoted by the characteristic Jorm
A—-0)f=F(1—2), (I
[A+8)f=f(1+8). II1)]

Definition 8. f has following property off it satisfies the corresponding relation

Jor any subset AC X: '

continuous: (14-0)fADf (1+8) 4, @

closed: (L+a)fAcf(1+0)A4,

open: 1L—-d)fADf(1—-0)A4,

CO-CoNtEnuoUs: - (-0 fACf(1—0)4;

and s denoted by the characteristic form:

(L+8)fOf (1+0), | IV
(L+d)fSf(1+0), | V)
1-d)fof L-3), (VD)
A-a)fcfd-a), (VII)

 Definition 8'. f has following property &ff it satisfies the corresponding relation.
for any subset ACX:

continuous: (A+0)fA=({L+D)f(1+D)4, (@)
closed: | F(L+0)A=(1+8)f (1+B) 4,
open: ' fd—0)A=(1-d)f(1—0)A4,
CO—-CoNtinuous: (1-9)fA=(1-0)f(1—d) A4,

Theorem 4. The definitions 8 and 8 is equivalent for each case.
Proof Let f: X —>Y be any transformation, and 4 be any subset in X. Consider
the following inclusion diagram: ‘

* Wallace, A. D. mentioned the concept of boundary preserving transformation in his paper “BSome-
eharacterizations of interior transformations”, Amer. Jour. of Math., 61 (1989), 757—763.
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(1+0)fAC(1+8)f (L+8) ADf (1+0) 4, | (3)
(1—8)fA> (1—08)f(1—d) ACf(1—) 4.

Tt ig clear that definition 8’ implies definition 8. Conversely, let (1+8) be acted on

(1), we have ,
(14+8) A (1+8)f(1+D) 4,

or (1+8)fAD (1+8)f(1+d) 4, @)
Comparing (4) with (8), (2) is correct. A1l other cages can be proved similarily.

Proposition 5. Interior preserving is equinalent to both open and co-coniinuous.
Proposition 5C. Closure preserving is equivalent to both continuous and closed.
Ewample 2. Lot X=I=1[0, 1], Y =1, and

@, when & is a rational in I,

f(w)={ 1

5 when o ig an irrational in I,

f is not continuous, not closed, not open but co-continuous.
Example 8. Let X=I=Y, and
' w, when o ig a rational in I,
1. . YT 1
f(zv) _jot DY when o is an irrational in [0; 5 ]

w——é—, when @ is an irrational in [%—, 1],

f dose not satisfy characteristic forms (IV, V, VI, VII). Lot A be a sot of all rationals

. 1 s R I A e e
.m‘ [O, —4—] and of all irrationals in [—2—, 71-]' We have (1—0)fA= [0, 7f>’ and -
fA-D)A=1.

Definition 4. The space X s called substitusion topology if for any point &, € X
with neighborhood U and @:¢U, (U —wy) +wa 18 an neighborhood of @s; X s called
non-substitution if (U —wy) +ag is not an nesghborhood of ©a,

Lemma 6. If X is non-substitution, then one-t0-0ne 48 the necessary condition of
interior preserving transformation. '

Proof Suppose that the inverse image {f %y} of y€Y is more than one point.
Lot o, and @ be two points in {f ”1y} and U be an neighborhood of 4 not containing
s, and (U — 1) +a, is not an neighborhoud of @a. Put 4= (U~ {f*y}) +wa. Then

(1—8)fA=(L—8)f[(U—{f "9} +as] = A=) fU=f A=A, |
and F—2)A=F(L—8) [(U—{f™u) +as] =F (1-0) U= {f v,
Hence (1—8)fA+f(1—0)4, -
and f is not inferior preserving. - _

Let f: X—Y be a transformation, and fX=Y:CY. Denote fi: XYY by
Jfre=foforscX. If fisan interior preserving, then o is fi,

Theorem 7. If X s non-substituiion, and f: X->Y s an interior preserving
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iramsformation, then so is fi': Yy—>X,
Proof Let B be any subset in ¥y, Putting fi"B=4 and B=f14. we have
(1—8)B=(1—0)fsAd=Ff1(1—-8) A=f1(1—8)f1"B,
fi*(1-2)B=(1-9)f1"B,
fit satisfies the characteristic form
(1—d)fi*=fr*(1-9), 1’y
and fr? is also interior preserving. ' ' ' :
Proposition 8. Let f: X—>Y be a transformation. It 4s well known that the fol-
lowing statements are equivalent: '
1° f 4s continuous.
2° (1+d)fADf(L+0)A, for any subset AKX,
2.1° (14-8)fADfOA, for any subset ACX,
8° (1—98)f*B>f*(1—0)B, for any subset BCY,
4° (14+8)f*B<ft(1+8)B, for a ny subset BCY,
4.1° 8f 1B f1(14-8) B, for any subset BCY,
Corollary 9. If f: X—>Y is an one-to-one interior preserving tramsformation,
then f and f1: X—>Y1CY are continmous. - '
Proof Since fi* satisfies (II") in Theorem %7, thus by 8° in proposition 8, f; and
f are continuous. | ' '
Corollary 10. Iff: X—>Y is an one-to-one interior presemmg transformation,
then f1': Y 1—>X is continuous.
Proof We have
(1—d)f1ADf1(1—8) 4, ()
for any subset ACX. Since f; is an interior preserving transformation and bijective,
hence (fi})~2=f4, and (5) is the continuity of F1 by 8° in proposition 8.
Theorem 11. Iffy: X—>Y1CY is an interior preserving tramsformation, and
X is a non-substitution space, then fi is @ homeomorphism, and f: X—-Y ‘is an open
¢mbedding.
Proof By Theorem 7, Corollarys 9 and 10, fi;: X—Y;CY is bijective and
bicontnuous, so0 f1 is a homeomorph1sm and f: X->Y is an open imbedding. -
Theorem 7C. I Ff: XY is an one-to-one closure preserving transformation,
then so is fi': Y1—>X,
Example 4 The inverses of Theorems 7 and 70 are not valid in general. As in
example 1, p is not interior preserving, but p~* is . Again, let §': o?+¢=1, X=
— (@0, 9o), Where (w0, o) =(0, 1), ¥ =[—1, +1], or —1< 2<1, y=0. p: XY
as before, p(w, y) = (z, 0). p is not closure preserving, but p™ is.
Corollary 8C. Iff: X—Y is an one-io-one closure preserving trmnsfwmwmon,
then f and f1: X—>Y1CY are co-condimuous.
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Corollary 10C. Iff: X—>Y is an one-to-one closure preserving transformation,
then fit: Y1—>X is continuous. ' -
Theorem 11C. If fi: X—>Y1CY is an one-fo-one closure preserving transformae-
tion, then f1 is @ homeomorphism, and fy is a closed imbedding.
. Lemma 12. Onto is the necessary condition of both closed and open transforma-
tion. . S . . :
Proof Let f: X—Y be both closed and open. Since X and ¥~ are all connected,.
except the empty set (J, the both closed and open sets are X and ¥ only, and f Xc
Y is both closed and open. Hence it mugt be fX =1, s0 f i8 onto. S
Theorem 18. If f: X—>Y is a transforination for non-substitution space X, then
the following 6 statements are equivalent: |
~ 1° f is boundary-preserving or homeomorphic:
2° f is interior-preserving and closed. -
8° f is closure-preserving, open and one-o-one.
4° f s bijectively closure-preserving..
. B° f is both imierior and closwe.-.preser'ufimg.
6° f s closed, open and co-continuous. ' _
Proof In all statements (except 4°), by consequence of Lemmas 6 and 12, f isa
bijection. '
The equvalence ig a consequence of Theorem 8, Propositions § and 50, and Theor-
ems 11 and 110.
Thus we have the diagram, where the spaces are all connected 7'y non-substitutive.
Definition 5. Let f: X—>Y be a transformation. f has following property iff &
satisfies the corresponding relation for any subset ACX: ' '

open’
imbedding | |
0
L3 “VI Fen
% —«2’1‘0————— I infevior SN——
g ¢ ‘ y ‘ _
L g": — prfsez/r\/ g [t co oo
= —
Q S .
S 3 ) _ 8
X §Q = I closure , NC_onfinaoas N
_é Q , ,Dreser_vi;y @
S |bijection _ S
ﬂ 47 .,V:C/osed
C/aséd
;Mbetﬁ//'nj
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boundary continuous Of ADfOA, boundary closed of Acfo4d;
.and is denoted by the corresponding characteristic form: ‘
- 9fofo, : (VIII)
ofcfe, - = S Ix)
Ewample 5 Jordan curve is an imbedding f: 8*->8?, it’s boundary ‘continuous,

“but not boundary closed. In example 1, the pro;eetlon p: §*—[—1, 1], rp is boundary
solosed, not boundary continuous.

‘Proposition 14. Boundary preserving tramsformations are equwwlent to both

Dboundary continuous and boundary closed.

Theorem 16. If f: X—>Y ds bijective, then the following © statements are

equivalent: : : S
1° f ds cocontinuous, (1—-o)fcf(1—o). . o (VD)
2° f s contimuous, @A+o)fof@+a). - e (IV)
8° f is boundary continuous, . 9f >f0. - S (VIID)
4° f~* 45 boundary dlosed, oftcfe. . (IX)
5° f~1 is closed, A+o)frefra+d). - W)
6° f~* is open, (1—d)ftof*@d—a). - (VI)

. Theorem 15C. f may be replaced by f~, and vice versa.

Theorem 18. Let f: X—Y be a transformation for non-substitution space X,
and X, Y be all connected T1. Then the following 17 statements are: all equwwlent o a
Jomeomorphism. '

- 1° f is-boundary-preserving.

2° f is both boundary continuous and boundary closed.

8° f is both interior-and closure-preserving.

4° f is closed, open and cocontinuous. B5° f is both interior-preserving and closed.

6° f is one-to-one and both closwre-preserving and open. For the following cases, f

ds o bijection.

7° Either f or f~4 is closure-preserving.

8° Hither f or f* is continuous and closed.

9° Either f or f~* is continuous and open.

10° Either f or f~* is open and co-continuous.

11° Hither f or f* is closed and, co—aontmuous

12° Both f and f~ are contmuous 18° Both'f and f~ are closed.

14° Both f and f~* are open. < 15° Both f and f=* are cocontinuous.

16° Hither f or f~* is closed, cmd the other os opén.

17° EHither f or f™ is contmuous, and the other S aoeontinuous.

Proof Some had been shown in Theorem 13; and others can be shown in
“Theorem 15 and Proposmon 14.



