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Abstract

In this paper, the error analysis between the complex quartic interpolating splines of
deficiency >2 and the interpolated functions on complex plane as well as their derivatives .
is stadied. When the kernel density of a Cauchy principal integral is approximated by
such splines, the order of the error produced between the ivntegrals themselves is also

estimated. The curve in consideration may be open or closed.

In [1], we analysed the errors of complex cubic(and modified cubig) interpolating
splines. Here we shall discuss the similar problems for complex quar;oio splines. Asin
[2], we shall also estimate the errors of the Oa,uéhy principal integral when its kernel
density is approximated by such splines.

Many authors disoussed real quartic splines, e. g., in [8, 4], but seldom about

.complex ones.

§ 1. Quartic interpolating splines with deficiency 2

Let L——-g?\) be an open smooth (or arcwise smooth) aro in the complex plane and
f () €EC* be given on L (we exolude the 4ri-vial ocase that f(¥) is a polynomial of
degree <4). We shall use the notations in [1] and [2] without explanation.

By taking {#;} ( §=0, 1, -+, N) both as knots and nodes, the interpolating

quartic spline of f (t) may be written as

Q(t) EQi(t) ‘=S’I(t) +A9Rd(t)1 tELJ) .7=0: 1: *ty N_']" (1'1)
‘where ' :
8, =y;+-%%_"— (t—1;) +(@/’F_ fgf ) (t_ti>4(1:?_tm) :
- /A (t—1)2 (5 —1141)
+( ’yi'+1 Atj } ; At? »+ » (12)
(8 = (t~t5)2(t—t5+1)2
R;(%) 4 , (1.8)

and {4} are undetermined oconstants. In order that Q%) € (?, we must require
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Aga—A4y=J, (1.4
where J ; i the jump of 8" (¢) at #;: _

A . ;"}S’, (tj) Sj._;l (tj) ’ (1.5)

Hence, we may take, for instance, Ao arbitrarily, then :

g i-1
Ay=do— 2 Ty=Ao+85 () ~ 7 () + Elv[. b () — 8% ()], §=1, oo, N1

(1.6)
For brevity, we take do=—87 (@), say. It may be easily venﬁed that (& =max

48)) _
lS’JI (ti) l<60'aw1(3)/lﬁt;|,

|87 (t) — 8% (fuer) | <120s001 ®/I Atkl-

Therefore :
| ]A,]<T§—O—"-|- w1(8) +120%01(9) go A (1.7
Noting that _.
|B,() | <5 O}, €L, 1.8)
we then have | v |
| ABy(8) | < 0bou(3) (3+2KAD),  j=0, 1, =+, N=1, . (1.9)

where _
K ,=max ds;/min 4s;.

" Applying the estimato of |f(£) —S(£) | in[L], we obtain by ('1 9)

|f @) —Q@) l<( Gw%o + 136 04) IOLES 3 K3L0%w,(5), (1.10)
or, when we keep K, bounded S S
| |f @) —Q) I =0(w1(3))- (1.10)"

If we take Ao=0, it may be shown that the above estimate remains valid.
- Moreover, if we take . S :

r 3] .
Ao=8% (41) + ;E 8% (tr) — 8% (Grs) 1,
then the last term in the right-hand member of (1.10) may be multiplied by a factor

1. 1, 1
5 ‘when N is even or 5 +—2—N— when N is odd.
‘We can get a better estimation if we. take Ao-oa as the “pseudo-centre” of the set
of points
| 20=0, 2= 21 I, (j=1, -, N=1),
= .
i. e,

a=min max |z— z,l,
F] 0<5<N—1

whose umque exwtence may be easily proved. In case K 4 I8 bounded (1 10)’ is
valid, provided
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- 5
Ay=0 _“’_{652_)-)

Now we assume f(¢) €C?. If we take Ao=0, then
| 4, <6jC302(3);
and henee, by the result in [1], we may geb

17 =@ | <(3t 5 Ot 07 n @)™+ KiTOKn )3,

which certainly remains true if 4o=a. In general, if we take A

4o=0( 222}
. . 8 ’
then we have

1700 —@(®) | =0 (3)9).

In an analogous way, we may obtain
NVHORLAOGIRS (- +g Cs+ 06)602 ()0 +3 K, LC3ws(9)-

Similarly, if 4o satisfies the above equality, then
FMORA0) *0(602(8)),
provided K, is bounded.
For f(¢) €0® we may obtfain in a similar way if we take Ao=0 or a:

O Q(t)l<(24 L Ga+—1-06>w3(8)83 (éz Ob+2 - 03K Loy (3)3,

FRORAO) |<(—+-—06+%,— 0F) e (88" + (183 06+; OR\K 1Lws (9)3,

770 ~@'@ | <(2 0+ 03) wn®+(F o§+so§)KALw3<8)e

Moreover, in cage K, is bounded, we have
179 () — Q@) | =0(@s(3)8™), 2=0, 1, 2,
provided ‘ '
Ao=0(3(3))-
Thus, we have
Theorem 1. Assume f(8) EO"(1<r<8) and K, ts bounded, then

1F® () —QP @) | =0 (@ (3)8H), p=0, =+, r—1, 1.11)
provided '
Ao=0(w,(8)/87). (1.12)
Corollary. Assume f®(3) € H*(0< pw<1) and K, is bounded, then
| £ (£) —Q® (@) | —0(#trrt), p=0, -, r—1, - (1.18)
provided ‘ '

Ay=0(3*19). | (1.14)
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§ 2. Quartic interp‘olating splines with deficiency 3

The splines discussed in § 1 are not available for closed L. In order to get a kind
of quartio interpolating splines available both for closed and open L, we may require
Q(t) €C* only and add a new node #j on each I, for example, the mid-point of Lj.
That is, we require additionally | |

QEN =f0) (=v»), j=0,1, -, N—-L
Then, we should fake
- Ay= Ty =8,/ By t5). @.1)
If £ () €0%, by using the results in [1], we may get
F® =@ |<@+0D(F Oot-F OF)an (@2,

lf @ —Q' @) I<<Oa+-§i 0;+403+20;)m1(5).

(2.2)

If f(t) €C?, similarly we may get

7@ -emI<arop(t+d ot oo,

rO-¢®I<(3+5 o_,a+oz+og+_12- 03-+207 Joa (33, (2.8)

THORTROY <30§(1+05+—§— 03+20% ) (8);

if f(t) €C®, we may get
1

F®)~Q@) | <@+0D) (-z% e Oyt O (8)9"

1 1 1 2

THOR10 l<( +2 03 03508 i+ 05+ 2 00 (0),

8
7 @) — Q”(t)|<( O+ 030t —I—%O’;§+2O§>a)3(b‘)b‘,

IF"(@) —Q®) | < (305+20§+4O§+60§+SO§) @3(9).
Thus, we obtain
Theorem 2. If f(1) €C" (r 1, 2, 8), for the above quartic splfme Q) with
Deficiency 3, we have

L (2.4)

1P #) —QP () | =0(0(3)™?), 0<p<r, (2.5)
whether L is closed or not; in particular, if f@ () € H* (0<u<s 1), we have
. |f@ @) —QP () | =0(8"*), O<p<sr. - (2.6)

Remark 1. Theorem 2 remains true if we take & so that t*t5+1/ tjt and its
reciprocal are bounded.

Remark 2. K, does not appear in all the estimates in 'iihlS gection, so there is
no restriction on the partition 4 for the va11d1ty of (2.5).
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§ 3 Appllcatlon to the approximation of
Cauchy principal 1ntegrals

Tet L be a smooth enrve (or an arcwise smooth curve without cusps). Denote

) () =5y |, L5, €L,

L T—%
‘where gu(t) cH* (0<w<1) on L. It ig well-known'®that
|T2p].<Bu{loletMule)} 3.1
‘where

M, (p) = sup lp@® —p®) |

wwen  |5—1 (P
~\

and B, is a constant depending on w (and L). In cage L=ab is an open aro, (8.1)

remains valid provided
(@) =p(b) =0,
Let Q(¢) be the quartic interpolating gpline with Deficiency 2 introduced in §1
. (L is assumed to be open in this case). Let f(£) € C*. Denote

Q@) —S ) =R(@) =AR;(®), t€ly

“ TLf_TLQ“oc< “TLf—'TLS “oo+ “TLR " oa°
For arbitrarily small ¢>0, we have
|T:R|<B.A Rl + (B},
since R(a) =R (b) =0 and thereby (3.1) is applicable to R(?), where B, is a constant
depending on &. If 4o is chosen as in § 1, then by (1.9) we have
| R|<BKiw1(3),
where B is a constant (in the sequel, B or B, may have different values in different

"Note that

cages). On the other hand, using the same method as in [2], we may obfain
|R@) ~B() | <BKG 245 210) || <BK3EE ‘°1(5> T

Thereby
M,(R)<BK?%w,(5)d7°,

|ToR] < B.K01(8)5™"
By the results in [2], we may get

and so

175 — @) < BKiw1(3) 87" (3.2)
Particularly, if f/(¢) € H¥, then
1T5(f ~Q |-< B8 3.2
If £ (1) €C?, in a similar way, we may gotb .
1L (f®—Q®) |-<B. K ,wa(8)8* 7, p=0,1. . (3.8)

If f(£) €08, we may analogously get
IT.(f®—QP) | .<B K w0, (0)82777%, p=0, 1. 8.4
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We may not estimate |T5(f"—@Q") | even if £ or f"€H*, since RB"(a) and
R"(b) in general do not vanish simultaneously.
Now let Q(£) be the spline introduced in § 2. Here L may be closed or open. It
is easy to prove that
| | | B| . <Bws(3)9,
M, (R)<Bw:(Q)d' "
Using the results in [2], we get

|1T72(f —Q) |«<B.w:(3) % (8.5
If f/(£) € H*(0<w<1), we may easily prove ' '
| B | < B2,
- M, (B)<Bo*,
and, by [2]
1To(f' =8") | o< B K"
Hence

|70 = @) o< BKD " (3.6)
Tt is obvious that (3.6) is also valid for pw=1.

If f(t) €O (r=20r 8), in a Simﬂar way we mé_y gob _ »
[T5(fP—Q®) |.<Buwo, (33", =0, 1. 3.7
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