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Abstract

The local time existence and uniqueness theorem is proved for mixed initial-boundary
value problems with interface for quasilinear hyperbolic-parabolic. coupled systems in two
independent variables.

§ 1. Introduction

In [1, 2, 8] we have proved the local time existence and uniqueness theorems
respectively for initial value problems, first initial-boundary value problems and
second initial-boundary value problems for guasilinear hyperbolic-parabolic coupled
systems. In the study of discontinuous solutions, we may meet initial-boundary value
problems with interface or free interface. In this paper we deal with the initial-
boundary value problems with interface for quasilinear hyperbolic-parabolic coupled
system. We shall use the same notations as in [1, 2, 8].

For the convenience of statement, we shall only pay our attention to the first
initial-boundary value problem with interface in what follows. The second initial-
boundary value problem with interface can be discussed in a similar way and the
correéponding results will be shown at the end of this paper.

Set
R(®) ={0<i<9, —1<<o<1},. . (1.1)
R*(3) = {0<#<<8, O<<w<<1}, (1.2)
R~ (®) = {0<t<<8, —1<o<<0}. (1.3)

We consider the following systems on the domains R*(d) and R~ () respectively.

Elz,(t ®, uE, fv*)( 1 +AE(t, @, ut, v, fvg)&f:)

= o+ E :k + :I: :l:
(G, o, u fU)( Z MG, ut, 0 ”)_&v)‘
+uEQt, @, u, v*, 05) (=1, ), 1.4)

Manuseript received September 30, 1982.
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ov*

ot
where (ut, v*) and (-, ©7) are the unknown functions defined on Rf and Ry
respectively, and {&(¢, @, w*, v*) denote ¢h @, », wt, o) and GG, @, ¥, 0 -) on Rf
and on Rj respectively, ete.

% A Sy 3’Uii + £ gt gE
L —a*(t, », U, v fva,) =b*(4, w, u*, V%, v3), - (1.5)

Without loss of generality, the initial condition can be written as

1=0,u=0 (=1, =, n), (1.6)
=0, {1.7
and we may assume that ~

a*(0, », 0, 0, 0) =1, (1.8)
b%(0, «, 0, 0, 0) =0, 1.9)
£5(0, «, 0, 0) =0y (1.10)

The boundary conditions are ag follows:
w=1: uf =G>, u*) (r=1, +++, ByB<n), (1.11)
W+=q0 @); (1.12)
o=—1: iy =G, uw)  (F=8+1, -, n;§>0), (1.18)
v =0 (%). ' (1.14)

_ Moreover, we assume that the following conditions must be satisfied on the
interface #=0:

u}-:ﬁ&(t: ’Lb+, u'—: Iv+’ Iv—) (§=Q+1: °ts ] Q>O>: (1'15)
ws = Hy(, ut, um, 05, v7)  (p=1, e, P P<n), (1.16)
=0t +f (1), @.17)
834; =M, ut, u, 0", v ) +g(t ut, u-, v*, v7), (1.18)
where A>0.

As usual, the number of the boundary conditions (1.11), (1.18) or the interface
oondmons (1.18), (1.16) should be equal to the number of the departing characte-
ristic directions for the hyperbolic systems, ie., the digtribution of characteristio
directions should satisfy the following conditions of orientability:

A£(0, 1, 0, 0, 0)<<0, A$(0, 1, 0, 0, 0) >0

(r=1, =+, Bys=R+1, -, n), (1.19)
(0, =1, 0, 0, 0)<0, 27(0, —1, 0, 0, 0)>0
(r=1, -, 8;§=8+1, =, n), (1.20)
25(0, 0, 0, 0, 0)<0, A5 (0, 0, 0, 0, 0)>0
(P=1, =, Q7=Q+1, =, M), (1.21)
A5 (0, 0, 0, 0, 0)<0, A7(0, 0, 0, 0, 0)>0 '
(p=1, =, Pyq=P+1, -, m). (1.22)

In addition, we assume that the following conditions of compatibility are
satistied:
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’GF(O) O)=0 (;-—':11 °tty R))
G:(0, 0) =0 (§=8+1, -+, n),
£,(0,0,0,0,00=0  (7=Q+1, =, ),
9 H'@(OJ 0: O) OJ O)=O } @=11 ) P)i (1'23)
f(0)=0,
g<0, O) O’ 0’ O)::O’
L 9*(0) =0;
40,1, 0,0, 0)= 36“? o, 0)+2 Gy 220, 0t (0,3, 0, 0, 0)
(r= 1 ., R),
w©, -1, 0,0,00=28 0, 0+ 3 2% a@ 2= (0, 0)i7(0, ~1, 0, 0, 0)
(S S+1, ) >}
_ aﬁg s aﬁa &
< I’l’g (03 0: O: 0} 0 at = 3%? (OJ O: 0, O; 0) W3 (O: 0: 0; 0: O)

(Q—Q_‘“l °tty )J

45 (0, 0, 0, 0, 0) =222 <0 0, 0, 0, 0>+2:2 (o 0,0,0,0) 5 (0,0,0,0,0)
(p—-l, ) P)J
9*(0) =0,
§ F(0) =0. ‘
: (1.24)

Tinally, we assume that the following conditions of solvability hold i.e., the
boundary conditions (1.11), (1.18) and the interface conditions (1.15), (1.16) may
be rewritter. as the following forms: '

=1 wi=IL@ w) ~ (=1, -, R,
o= —1: up =15, w7)  @=1, =, 8,

s=R41, +, n), (1.25)
§=8+1, -, n) (1:26)
and _
0=0: ui=J4(t, uf, ug, o*, v (B=1 -, &, §=Q+1, -, m), (1.27)
g =J5(, ui, ug, v*, ) (=1, -, P, g=P+1, -, n). (1.28)
In this case, in the proof we can assume, without loss of generality (refer to [2]),
that the following conditions are satisfied:

3 S 0 0| <t 312 0, 0)|<t, (1.29)
22 2Hz (9, 0,0, 0, 0)|<1
™ (1.30)
3 aH; 0, 0, 0, 0, 0)1<1
+ =1 6u

Here and in (1.24) the meaning of the notation > is as follows
. &
S hE=hT4h".
E
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§ 2. Some estimates for the solutions of the first
initial-boundary value problem with interface
for heat equations

In this section we discuss the first initial-boundary value problem with interface
for heat equations and establish some 4 priori estimates for its solutions.
On R(8,) we consider the following problem: |

r + 2

36”; -2y —o (t>0, 0<z<1), (2.1)
%";;- %2;;" -0 (t>0, —1<0<0), - (2.2)
t=0: ¥ =0 (0<w<1), (2.8)
v==0 (—1<a<0), (2.4)
o=—1 o =p"(), o (2.5)
w=1: vi=p" (), . (2.6)
L #=0: v~ =0T +f({), ' 2.7

o0~ ov*
Z = (1) 9D, 2.8)

where A (%) =>1e>0 (ho, Ay are constants), #=0 is the intorface of the solutions v*
and v-, and * (@), f(£), g(¢) are given funetions.
We first give some lemmas, the proof of which can be found in [6].

Lemma21. If f(:)€ Lip~1% (0<a<1) and f(a) =0, then sst

2

Fo=|; (t—5) T f (5)ds, 2.9)

we heve . ; .
@) =f () —a) T~ 5| =0 FLF () —f()]ds. (2.10)

Lemma 2.2. If f(¢) €Lip 1;“ (0<a<l), then sét |
Fo=[ @97 (s=) 3 (s, (@.11)
we have . . . .
O RGDRICORICORC IO I
Lemma 2.3t If ¢*(t), f(3) ELip 1;“ (0<a<i), M(t), g®) € and

o (0) =£(0) =g(0) =0, (2.18)

then problem (2.1) —(2.8) admits @ unique solution v* (¢, @) on R (), this solution
together with its first order derivative with Tespect t0 © are CONYIMUOUS.

It follows from [6] that the solution of problem (2.1)—(2.8) can be expressed
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as follows: :
v~ (%, m)=th(t, @7, —-1)(p1(v)d'u+rU(t, 27, 0)ga(v)dr,
o e (2.14)
v (4, @) =joU(t, w7, 0)pa(v)du+ joU(t, o35, 1)ps(z)do.
Moreover | .
2 _ Ly, me, —De@dr 5]V 6 om Op@b,
4 ' : " ’ ' (2.15)
22 L'V, o7, Op@de—5 V¢ a7, Deut)dr,
where U (¢, @; 7, &) is the fundamental solution of the heat equation:
UG, 07, O =gy T, (0, (2.16)
V&, ayw, &)= 2\/__@(; ),@3/2 o HET, 2.17)
and ¢;(t) (4=1, <+, 4) is the solution of the following sys’aem of 1n1iegra1 equa,tmns
m1<z>=7?—-;5_[t fq»-os)——j (=) @) —gm @in= | LT gy, |
| - (2.18)
¢2<t>=-1—ﬁe(t—)—{ O+5]. 76 o, 1>¢1(fv)dm~_
@ j V't 0,7, 1)ps(z)dv+
’jﬁ[ Fry L[ G- FG@ @i
R Y i O TAOTL | N R
po() = oy (9O )V ¢ 0 ~Des@)de
Mt)j V (¢, 0;7, 1)pu(v)dv
~=[hro-gf,¢- o k@ s
J J 90, pa(7)dr ]}, (2.20)
R 1 I IO R OO
~[[ & 5, pa(r)ar ), @)
in which ) )
Us(r, )=, @-07U G, 0, 1), 2.22)

Us(s, Z) = jj (Z—1)"TU G, 07, 1)dt. (2.23)
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For the smoothness of the solution (2.14), we ]orove tne following:
Lemma 2.4. If ¢*(t), f(#) €Lip%, (), 9(2) ELip 1+°‘ (0<a<1) and p*(0)=
F(0) =g(0) =0, @ (0) =f(0)=0, then the solution v*(3, @) given by (2.14) possesses

2
the second order corn.tmuous derivative 66m with respect to © on the closed domains R=(9)

respectively. Moreover

._3_23’_:_=—.1.r (¢, @7, —1) (pa(2) — (pi(t))dr——J ———(t w; v, 0)

ox’ 2Jo
(pa(7) — @2 (t))dr+U(t, 2;0, —1)gs(8) +U (¢, ; 0, 0) @ @), (2.24)
P L[ G, 3w, 0) (pu(s) =)o~ Gt 7 D
(pa(v) —@a(®))dv+U (¢, 2;0, 0)ps (&) +U (¢, 2,0, 1 gs(t)- (2 25)
" Proof The crucial point is to prove that @i(8) (6=1, -+, 4)belongs t0 L1p 5 ta

We first prove that all the inhomogeneous terms in the system of integral

equations (2.18)—(2.21) belong to Lip }—2——- These mhomogeneous erms are composed

of two parts, without considering a constant factor, one is g @ )( ) which belongs o

Lip 1’;0‘ obviously, and another one is of the following form

-1 v -2

Fip )+, 4= @~ @) =T () (2.26)
(or with a factor —11'1776)‘>’ hence we only need to prove that J (£) defined by (2.26)

belongs to Lip=5*. Since @~ (t) €L1p2 andp~(0) =0, we get
R@_—-jo (1—7) 2~ ('v)dq:=2j (t—7)% ¢~ (x)dr,
thus by Lemma 2.1
T =R =, ¢=nF (s

‘ 1, : : 1.
=Jo (t—7) 2(p~(v) —@~ (t))dfu—i—fo (t—7) 2o~ () dv=J1+Ja
Assuming #;>1>0, y=t1—12<ts, Wo have
(71 -1 . o
J1 () —J1(ta) =L_2y(t1 —7) 2 (p7 () —¢ (t))dw

_ Jf " () F(pm (@) —g (1)) o

fa—-y

+ j (=) *= (o — 7] @3-@ —¢~(ta2)1dw

ta—y -1, e
[ = G = ()
‘=J11+J12+J13+J14-
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Tt is easy to sec that
1ta

IJ11I<L1£‘ . (ts—7) 7 2d’a‘<L27 2
1Y

Here and hereafter, L;(=1,2, ---) denote constants dependent only on lg~|+H? (g7

In a similar way, we get

=
]J12|<L3"}' 2

1ta

|J13]<L4J J (t—z) 2 : (tg—'v)2dtdq:<L57 2
Moreover

TutTa@) —Ja) = | (= D F e+ =) % G () do
"'j: (tz—'ﬂ)—% ¢~(tz)d’v |
[t =G =@t [ -0 F e

ta—2y

=8;+8s,

where
: dta

2 .
EARSAN L (=) 5 F <Ly T
: a0 1 1+a
lSz!<L8t2—2—J_7(t2—’lf) 2(Z'D'<L9’}' 2,

In the case £,<7, we can obtain the same results, 0o.
The combination of the preceding estimates gives that the inhomogeneous term

% and satisfies

in system (2.18)—(2.21) denoted by qwo(t)) belongs to Lip 1_;

' [go())]<Culol, (2.27)
where constant C; depends only on Jo, and '
lllwlll—Z (lg* H:L+H’2 o]+ llfﬂiHE(2 [F1+lgl +H £ g1+ H E Dh]) (2 28)

Noticing that the integral kernels in system (2. 18)—(2.21), i.e. V(3,05 7, —1),
an 6U2

V (¢, 0;7, 1) are O functions, and it is easy to prove that —= are continuously

ot ot
differentiable with respect o . Thus the solution ¢;(z) (¢=1, +-+, 4) of the system
of integral equations belongs to ILi 1—; %%2 exists and (2.24), (2.25)

hold. The proof of Lemma 2.4 is completed.
In what follows we need som & priori estimates for the solution ¢;(¢) (=1, -+, 4)
of system (2.18)—(2.21). This system can be rewritten in the following form

p(8) =9 (1) +j:N (z, Hp(v)dv, (2.29)

where @(t), @o(f) are 4-dimensional vectoxs, and N is a 4X4 matrix. By the
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expression of go(¢), we have | . _
Ipo| = max Jou(®) | <Ea(lgl+8%(Sle*la+1/10); (2.80)

1<i<4,0<t<0
here and hereafter K;(4=1, 2, +-+) denote constants depending only on 8. Then it is
éagsy 1o geb
lpl= max |¢:®)|<Ka|epo <K36 5 ol (2.81)

1<4<4,0<t<0

where [o] is defined by (2.28).
By (2.29) we have
gt lel= maxH * [pl<HY4=[pl+Kdel,

then from (2.27) and (2.81) it follows that
H4$* [p]1<Kslol. (2.32)
We now establish some & priori estimates for the solution of problem (2.1)—
(2.8).
Lemma 2.5. Under the same assumpt@ons as in Lemma 2.4, for any 8(0<<d<<dp)
we have on R(d) that

ol <43 (g1 +57 e +371 £1D, (2.39)
| 22) <4, (lgl+ ¥+ ¥ o0 < 43 ol (2.84

and
|55 . @5

Here and hereafter A; (4=1, 2, --) are constants depending only on 8, and ||fu|| =
2 |v*], ete.

Proof By means of (2.14), (2 15) and noticing the properties of the double

layer heat potential, (2.88), (2.34) follow from (2.80), (2 31).
 Furthermore, for the nonintegral terms in (2.24) we have, for instance,

: o At
U@, 20, =11 () [ <K \/17 |ps(8) —@1(0) | < K*H = [gu].
On the other hand, for the integral terms in (2. 24) we have, for ingtance,
[ 22 6, 017, —1) () =) e Ko [yl -1

Thus, using (2.82) we get (2.85).
Lemma 2.6. Under the same assumptions as in Lemma 2.4, we have

Ht%i-[g”—kAﬁmcaln; | (2.36)

2], me[ 25 |<ddol. (2.3

Proof - Using the inequality
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'L+2J+1

(P, are constants), (2.88)

(4, w5, &)
25707 \<P"(t -

in a similar.way as estimating 'H E [J ()] in Lemma 2.4, we get (2.36).
We now derive inequality (2.37). In (2.24), sot
11
16 0 =[ L m D @ @)
If t=>y? = (03— ®a)?, then - : .
IQ, ) —I(t, ma) = S <6V 4, oy v, —1) — V —(t, @7, —1)>(<P1('F) —@1(8))dv
; _
o, a, —D) (gvl('u') ~:(8))ds
11
A N ORI
t—y? /] -

=I1+Iz+13,

ILI<H [cpﬂst—yash 32" ¢, @7, —1) (=) 2 dwdv

L3

grhere

At

<K,H;? 53 AR 75 C(—7) 2@ —7) <Ky H, T [pi,

_—— —'3 ——— -—-——n
|LI<Eul 5 =0 7F @0 d<Ku B ¥ lpid,
and we can also get the same estimate for Is. Thus

|I(t, ) —I(t, o) | <Ky “H,E il o (2.89)
Tn the case £<y?, the same estimates can be obtained immediately.,
For the nonintegral terms in (2. 24), for instance, we have '
U, 240, 0)902(0 U(t 50, 0)@2(?) |
- (@ + (@1 —23))*
— 2o F2s(e % —6 ‘“)— 1 QDQ(t)S 7 (@4 —w3) (w2+'5‘(£D1"£I32))6 e dv

Vg 2 Vit
. - Pa+ (@ ~22)) 2
<Ku(lesl +H =2 [pal) ‘jo 1 (01— @) (@at+ (@1—22)) € RS

<K (le:l + H%J- [9a]) Sz (m2+'v(w1—-gv2))“'1(w1—wg)dw

1+oc
<K(|pal +H * [pal) = 7% (2.40)
where y2= (@1 —2)?. Using (2. 39) and (2.40) it follows from (2.24) and (2.25) that

H“[a’”kKn(llquJrH = q1).
' Tn a similar way, we have
H* [3,”]<K18<u«pn+ﬂ “le]).

" “Henoce, using (2.81), (2.82) we get estimate (2.87).
We now turn to the case of inhomogeneous equations.
Oonsider the solution of the inhomogeneous equations
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56“; f’a“; bt @) (>0, 0<a<l), (2.41)
v v _ _ .
at o b= (t, o) (>0, —1<a<0) (2.42)
with conditions (2.8)—(2.8).
Let - _
(]
wt, &)= [ G, o7, OV, Dagdn, (2.48)
crt Lo .
w, o) = [ 6 o7, O Ddéds, (2.44)

where G(t, o3, §) is Athe Green function for the first initial-boundary value problem

of the heat equation. Obviously w* (¢, ©) are the solutions of (2.41) and (2.42)"

respectively, which satisfies the homogeneous boundary condition w* =0 on both =0
and #=1. Furthermove, we have
Lemma 2.%7. If b*(0, #) =0, and b*(¢, ») belong fo Lip o and Lipg—(0<a<1)-

with respect o @ and t on R*(8o) respectively, then w* (t, ®) and thier derivatives

ow*  Pw*

ot ’ o

e . Pwt  ow*

Lip 5 with respect to t, e
and x respecticely. Moreover

Pw*
w* (0, m)-—= (0 )“ O, @ )=%r(0, w) =0, (2.45)

and the following estimates hold on B(3) (the pfroof cam be found in [3])

. +
are continuous on the closed domain R* (o). respectively, 3 belong to

belong to. Lip = and Lip « with respect to &
g F)

Hwill<K195Hb*||, .46
2.46
|| < madipel,
|\ 2 3;’“; < Ko (GFH*1+]5%]),
! @ ‘ (2.47)
| 732 ]<K22||b I,
'H“[-—], B LU )< K (o4 + H24D),
ita (2.48)
21 ow 2
B[ 2 [< K10,
Set
7t =0t — 0, , (2.49)
problem (2.41), (2.42), (2. 8)—(2.8) can be reduced to o
382 3;;’ 0 (>0, —1<w<0), (2.50)
.?;t_*- 33; =0 (1>0, 0<o<1), (2.51)
t=0: 2*=0, . (2.62)
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w=—1: v =9 (), | . (2.83)
w1 T=g*(D), (2.54)
=0 5 =TS, (2.55)
B n) Bt g ()~ F 0, H+1HZL 0, . (2.56)

The problem (2.50)—(2.56) is of the first initial-boundary value problem. with
interface, which we have discussed above. Henoce, by means of Lemma 2.8—2.7, we
bave

Lemma 2.8: If the functions b* (¢, @), 9*(®), f(?), M(t), and g(t) satisfy all the
assumptions in Lemma 2.7 and Lemma 2.4, then the problem (2.41), (2 42), (2.3)—
(2.8) of inhomogeneous equations admits @ unique solution v* (i, ) on R(3,). Moreover,
the following @ priors estimales hold on R(8) (0<3<do):

ol <Eudt (gl +072 (ot il D), @D

| 5| <Ewlgl + 8% S(lg* a1+ 15°D)

< K (ol + DHEI*D), @59
2, 128 < Kb (ol +ZH DD, (2.59)
B[22 < K (8] + 35 (lal + SEIBD), (2.60)
B[ 2] <K (ol + ZEADBD), (2.61)
g [ 2], B g:; | <K ol +33 Ho[6D). (2.62)

§ 3. Existence and uniqueness of the solution for the first
initial-boundary value problem with interface

By means of the 3 priori estimates established in § 2 for the solutions of the first
initial-boundary value problem with interface for heat equations and the & priori
estimates obtained in [2] for the solutions of the mixed initial-boundary value problem
for linear hyperbolic systems, we are, in this section, going to prove the existence and
uniqueness of the solution of the first initié.l_—bounda,ry value problem with interface
for quasilinear hyperbolic-parabolic coupled systems.

Suppose that the coefficients of system (1.4), (1.5) and the given functions in
+the boundary conditions satisfy the fallowing conditions of smoothness on the domain
under consideration: o : :

(i) & @, | w, wt %), (£ ® v %) ECH% with respect to all of the
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arguments.
s N ONF O ONF .
+ £ gt =Y 1 ] !
(i) M (@, e, u®, oF, r*) (a’ ‘w) and %0 Tu Do’ or are continuous,
o A A o
2’ o’ auk 7 ov

A is Holder continuons with respect to ¢ with the exponent

. &
are Holder continuous with respect to (¢, », u*, v*, r*) with the exponent —. 5 %}%-
is Holder continuous with respect to (4, @, u*, v*) and r* with the exponents —2— and

—%— respecpively; the same hypotheses for Ha. |
(i) a* (3, =, , u*, v* r*) is Holder continuous with respect to ¢, « and (u*,
v*, r*) with the exponents 2 % aand 1 respectively; the same hypotheses for b.
V) Gy (t,ut) (F=1, oo, B), Gst,u=) G=R+1, oo, m), Hy(t,u*, %) (F=1, -, P),
Ay (¢, u*, v*)(§=Q-+1, +, m) belong to 0% with respect 0 all of the arguments.
) o*(@) € 0™E.

vi) @) GO’H%, g(t, ut, w, v*, v~) is Holder continuous with respect to ¢ and |

1+
2

(ut, u~, v*, v~) with the exponents and 1 respectively; the same hypotheses

for A2, u*, w, v*, v7) (>0).

‘We have the followmg .

Theorem 3.1 (Existence and uniqueness theorefbm) Suppose that the coefficients
of the system and the given functions in the boundary conditions satisfy the preceding
conditions of smoothness and that (1.8)—(1.10) hold. Suppose further that conditions
of orientability (1.9)—(1.22), conditions of compatibility (1.28), (1.24) and conditions
of solvability (or conditions (1.29), (1.80)) hold. Then there exists @ positive number
5,(<8,) such that on R(3,) the first 'Wtfl)al-bowmdwry value problem 'wq',th. interface

1.4)— 1.7, (@L.11)—1.18) admits & unique solution u* € o] (B® (B,)),
:EE(72+06<R:E(8*))

Proof It follows from conditions (1. 29), (1.80) and conditions of orientibility
(1.19)—(1.22) that

0=max<2 9 (o, o>|,ﬁ__; 22 220,0,0,0,0),
j=1 &6,- =1 *
st OHs 335 (0, 0,0, 0, O)D ) 3.1
+ =1
dO:min{'—h; (O) 1) 0: 0: 0>7\‘5—(O; _11 0; O: 0): 7“6 (O} O; O: O; O):
—25(0, 0,0, 0,0)}>0, (3.2)

where Max and Min are taken for 1<7r<R, §+1<s<n, P+1<¢<n and 1<p<P
Hence, we can choose >0 suitably small such that
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| 01=- (L+dste)0<1, | (3.3)
= (1+2d5e —l—el~ g)f<1. (8.4)
Introduce the following sets of functions on R(3):

u* ou* ou* o ov* ov* 32'1{* eoo (Ri- (8))}

v ow’  ? dw’ o0t ox®
w* (0, @) =0*(0, ) =0,

ut €0V E (B (3)), m*E@”*“(R*(S)) w* (0, #) =v*(0, @) =0
24 (0, o) =1} 0, 5, 0, 0, 0), 20, 2)=0 }

sy-] @ 9| @ PE® ful< 4o ol 1 Eo
L |o]<Bo, |v|1<Bi, |v|2<B:

where 4;, B; (§=0, 1, 2) are positive constants 40 be chosen later on with Ae<SA:<<
Ay, By<B;<B. _ R

First, noticing (1.8), (1.10), we can. choose A0>0 By>0 and 9:>>0 suitably
small such that for any element (u, v) in 24(9) with lu|<Ao, |v|<Bo, we have
a* (¢, , u*, v¥, v5) >8>0, det[z_:,,|>Do>0 M>x(t u*, %) =ho>0(a0, Do, ho and
Ay are congtants). : :

Fot any (@, 5) € 31(8)with |u] <A, |5|<B0, seb -

) B, =15, 0 80, 9, G, 0), 39
with (&, Af, pit defined in 2 gimilar way, and : "

Be (s, w)=bi<t’ v, @, B, 6@@9} ) N <t, o, i, B, aru*)_l]?_f_ (3.6)

ow ox® ’

E*@) ={(u, v) = (u*, v*)

PC)) ={ (w, v).

2

We solve the following linear problem on B* (%):
3¢, w)(———m ¢, %)

=1
=% G, o) (B=+2 G, 0 B a) (=L um, G
o O (3.8)
- t=0: uj=0, (j=1, =, m), (8.9)
v*=0, - (8.10)
o=1: ’2; 5 (1, Duf =G, * (1, 1))+2(c @, 1)— a,)u @, 1)
=y,(t) =1, B)," (8.11)
vt =g (1), . (3.12)
o=—1 26, —Du =60, ©°¢, 1)+ 356, —H -8 ~D
=) @E=8+1, o, m820), (8.18)

V=0 (t) s (3 . 14)
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o=0: 35,0, O =Hy(t, 3G, 0), @G, 0), 7%, 0, 5(%, 0)

J=1

+§(C51(t: 0) —d)5 (¢, O=x(1)  (p=1, -, P),  (3.19)

318, Oyuf=Ha, 8, 0, 4, 0), 576, 0), 57(1, 0)
‘+§(Zgj<t, 0)—8@)?7}‘@, 0) Ef@(t) (é:Q_{-]_, e, M), (8.16)
’v"=@++f(t), (3.17)
B, i, W, 5, 5L g, W, O, )
==7\.(t) -l—g(t) (3.18)

Tt i3 easy 1o see thab (3.8), (3.10), (3.12), (3.14), (3.17), (3:18) is a first
initial-boundary value problem with interface for heat equations, which satisfies all
the assumptions in Lemma 2.4 and Lemma 2.7, henoce, by means of Lemma 2.8, this
problem possesses a unique solution v* (¢, «) with estimates (2.57)—(2.62).

For problem (3.7), (8.9), (8.11), (3.18), (3.15), (8.16), if we introduce the
new unknown functions

w;(t, ®) =w(t, @ @>0  (j=1, -, n), (8.19)
Wi (7, w)=%5(t, —) >0  (j=1, -, ) (8.20)
and set
@(t @) = Cu(t ), >0,
§n+lm+z<t v) = zli(t ) >0, (Z; j=1, =, n), (3'21)
§n+l.z Ct.»w(t ‘”) 0
and
{?\.l(t, @) =N(%, m), x>0,
o~ ' etc.,
}"'H-l(t) w) = —A‘l(t) —m)) ‘v>0;

then this problem can be reduced to a mixed initial-boundary value problem for
linear hyperbalic systems on R*(8) with 2n unknown functions w;(?, ) (§=1, -,
9n). Tt is easy to prove that the latter satisfies all the assumptions in Lemmas

8.1—8.5 in [2], so on R*(8) it admits a unique solution waO’H%~ (R* (3)) which
satisfies the corresponding estimates. Finally, we can geb
Jul < A+ K33) max (fi, 16l xsl, 122]) + (Ho+K:d) 3]+ Ksdlul, (3.22)

||u111—llul!+I| l|+ﬁ a;”

< (t-+dite + Ko%) max (W, 101, Lisl, 1320

+ (Ko+Kad) 1+]]), o (8.23)
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el g = bl + g [ ]+o( mE 2]+ B3 )

<qﬂaaw+%%+K@%mwcm%MQ,Hﬁwg,ﬂﬁﬁLHﬁQM)

+ (Kot K3d) (1+ max (el Tl 1el, 1))+ 180100,

2z

where Ko, K1, Ka, Ks, H, are constants depending on z”, §, ete.

(3.24)

The preceding problem (8.7)—(8.18) defines an iterative operator T': (4, v) =
7 (%, ). Obviously, (@, 7) = (u, v) €21(9)- We now prove that we can choose:

constants As, Aa, Bi, Be and &, such that T' is a map from 2(8,) to itself.
Tt follows from the definition of b (3, ) that for any (u, ) €2,

(B <Ds(de, Bo)+Dalds, B
He[B1<Ds(ds, BD)+Da(ds, B,

where D1( Ao, Bo) denotes a constant depending only on Ao, B,, and so on.
By (8.18)
191 <Ds(Ao, Bo),

1-a.

a5 dia o i-e,
- H,? [g], H:*® [A]1<De(4o, Bo)+D7(A1, By)d 2
Hence it follows from (2.28) that
1-a
el < Ds (Ao, Bo) +Do(4y, B1)d % .
Substituting (8.29) into (2.57)—(2.62), we got
1+a

|v] <D1o (As, B)d®,

o
| 2] 1< D11 (Ao, Bo) +Dio(As, Bs)8%,
|v|a<D1s (A;, By)+Dus (4s, B:)d,

. f(a 1-—«
WhereB——mm<2, 5 )

(3.25)
(3.26)

(3.27)

(3.28)
(3.29)
(3.80)

(3.81)
(3.82)

Tor the mixed problem for linear hyperbolic systems, by means of the method in

" [2] it follows from (8.22)—(8.24) that

|ul <Dss(4s, Bu)?,

“u’“;<01A1+D16(-A0, By) + Dy (44, 32)8%,

a,
2

Ju]* a<02A2+D18(A1, By) +Dis(4s, By) 8%,
1+% \

Taking ,
By = D11 (4o, By) +1,

Ay = (D16 (4o, By)+1)/(1~01),
B,=Dis(41, B)+1,
A= (D:LS (Al; Bz) +1)/(1“92),

(3.38)
(3.34)

(3.35)

(3.86)
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by means of the preceding estimates (3.80)—(8.85) we can choose 3,>0 suitably
small such that the operator 7' maps 3(8,) into itself. Hence as in [1], Leray-
sSchander fixed point theorem™5 shows that there exits (u(t, @), v(¢, #)) €X(3,)
such that (u, v) =T (s, v), then we get the existence of the solution forthe first
initial—boundary value problem with interface for qﬁasilinear hyperbolic-parabolie
ooupled systems. ‘

The uniqueness of the solution can bo proved in a similar way ag in [2] (with the
aid of some conclusions in. [6]) ‘We omit the detail here.

§ 4. Existence énd uniqueness of the solution
for the second initial boundary
~ value problem with interface

For the second initial bouudary value problem with interface for quasilinear
hyperbolic-parabolic coupled systems, we can, similarly to § 8, prove the existence and
uniqueness of the solution. Here we only give the corresponding assumptions and the
results. | ' ' _

Oongider the following second initial-boundary value problem with interface for
gystem (1.4), (1.5):

t=0: uF=0*=0 (G=1, -+, n), (4.1)
w=1: ui =G-8, ut, v*) (r=1, ---, B; B<n), (4.2)
3’0 + ot
v =Ft(¢, u*, v%), (4.8)
p=—1 wu=GQ:@ u, v7) (E=8+1, -, 5;,8=>0), (4.4)
ov” -
e =F-(, w, v7) _ (4.5)

and (1.15)-——(1.18) hold on the interface x#=0. We assume that conditions of
orientability (1.19)—(1.22) and the following conditions of compatibility are
satisfied: :

£ G-(0, 0, 0) =0 (r=1, -, B),
G5 (0, 0, 0) =0 (5§=8+1, -, m),
A;0,0,0,0,00=0 (§=Q+1, -, n),
{ Hz(0,0, 0,0 00=0 (p=1, -, P), - (4.6)
f(0)=0,
(0, 0, 0, 0, 0) =0,
| F=(0, 0, 0) =0

and
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(w1, 0,0 0=220 0, 0+3 %0, 0, 0rf©, 10,00
3t =1 81,6,- :
: : ('F=1; “%y R)) _
w0, -1, 0,0, 0~280, 0, 0+31%50, 0, (0, =1, 0,0, 0
=1 /]
' G=8+1, -, ),

ki (0, 0,0, 0, 0)=222.0,0, 0,0,0+3 3 3313 0,0,0,0,0)3(0,0,0,0,0),
= I=1 OU

A

_ (6=Q+1x vy n):
450, 0, 0, 0, 0)=222.(0, 0, 0, 0, 0+ 3125 (0,0,0,0,0)p5 0, 0,0,0,0)
) ot + J=1 3uj
(5;—1, .oy P),

L f(0> =0.
(4.7

We assume that the corresponding conditions of golvability are satisfied, i. e.,
boundary conditions (4.2), (4.4) and interface conditions (1.18), (1.16) can be

rowritten as follows:

p=1:  ui=I:0, &, o) (=1, »+, By s=R+1, -, n),
p=—1: ’ll/§—=.f3(t, Uz, ru“‘) (;,\‘=1’ oee, S;§=S+1’ see, ‘)’b),

" A 4.8
o=0: u§=f@(t, wt, vz, v, v7) (p=1, =, ¢=Q+1, -, n), *-8)

uy =J5(t, vk, ug, v¥, v7) (p=1, =, Pyg=P+1, =, m).
We agsume further that the coefficients of the system and the given functions in
poundary conditions satisfy conditions of smoothness (i), (iD), (iii) (vi) in § 3 and
(iv) All the first order derivatives of G- (¢, u*, v*) (r=1, -, R), G;(t,w,v")
(3=8+1, -, n), Hy(t, v, v¥)  (p=1, -, P) and ﬁa(t,u*,fv*) (@=Q+1,+,n)

belong to Lipg with respeoct to all the arguments.

(v) FP=e0

Then we have

Theorem 4.1. Suppose the preceding assumptions are satisfied, then there exists @
positive number 3, (< o) such that on R(3,) the second instial-boundary value problem
with interface (1.4), (1.D), (4.1)—(4.5), (1.18)—(1.18) admits a unique solution

s € 07F (B2(2)), v* €0 (B (3.))-
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