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Abstract

This paper gives some sufficient conditions for a compact submanifold with nonnegative
sectional curvature in a space form to be totally umbilical. In particular, for a compact
submanifold M with flat normal bundle, if the scalar curvature is proportional to the mean
curvature everywhere, then M is totally umbilical or the Riemannian product of several totally
umbilical constantly curved submanifolds.

Introduction

Let M be a compact hypersurface with nonnegative sectional curvature in a space
form. A theorem of Nomizu and Smyth™ says that if M bas constant mean curvature,
then M is either totally ambilical or the Riemannian product of two totally umbilical
congtantly curved gubmanifolds. Generalizations of this theorem have been attempted
by many authors (of. [2, 8, 41, eto.). Recently, Huang [5] proved $wo propositions
of thig type as follows: ' '

Theorem A. ILet M be an n—dimensional compact and connected hypersur, -face with
nonnegative sectbonal curvature in @ unit sphere. Suppose that there 4s @ constant k such
that R=kH, where R and H are the soalar curvature and the mean curvature of M,

respectively. ILf B>2/nd(n—1) , then M és eithy totally umbilioal or the Riemannian
product of two totally umbilical submandfolds. .

Theorem B. Let M be an n—dimensional compact and conneoted submanifold with
parallel mean curvalure vector £(#0) in a unit sphere. If the sectional cusrvabure of M

is not less than —%—(1+ |€12), then M is totally umbilical.

In this paper, we propose 0 oxtond Theorem A to higher codimension and to
improve the pindhing constant in Theorem B. .

Let S*t2(¢) denote an (n-+p)-space form with constan? curvature ¢. Suppose that
M igan n-dimensional compact and connected submanifold with nonnegative sectional
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curvature, immersed in S§"?(¢c) with flat normal bundle. Suppose that there is a
congtant  such that R=%H, where R and H are the sealar curvature and the mean
curvature of M, respectively. Then we prove that if 5*>4n®(n—1) ¢, M is either
totally umbilical or the Riemannian product of several totally umbilical constantly
curved submanifolds. As a corollary, one sees that if M has positive sectional
curvature, M must be totally umbilical (and isometric to a standard sphere) .

Let M be an n-dimensional compact and connected submanifold with parallel
mean curvature veetor £(+£0) in §7*2(¢) with ¢>0 and p>1. Then we prove that

M is totally umbilical if the sectional curvature of M is larger than = /,o(c + €12,

I~ p—4 n
where mm{2p 5

It is, of course, possible to. generahze these results 1:0 submamfolds in complex

} In this case, M mugt lie in a totally geodesm S*(e),

space forms,

§ 1. Preliminaries

First of all, we begin with the self-contained discussion about Riemannian sub-
manifolds following clogely the exposition in [4]. Let S¥2(8) e an. (n+ p).—spa,ce
form of constant curvature ¢ and M .an n-dimensional Riemannian manifold
isometrically immerged in 8"?(¢). We chooge a local field of orthonormal frames
€1, **, Gnpp i0 817 (c) such that, restricted to M, the vectors ey, , e, are tangent to
M. From now on we agree on the following ranges of indices:

1<Ii: j} k: °t <1y n+1<a; 18) Y vy <n+p.
Lt w1, *++, Wayp bo the field of dual frames relative to the frame field of NI
chogen above. We restriot these forms to M. Then (ef. [4])
=0, 2 By,  hG=Hhi. 1.1)
The seeond fundamental form of M ig. deﬁnded by S hiwi@wi@es. For each a, let
H, be the matrix (A%). We call £=— 2 (tr Hy,) e, the mean curvature vector, where
“4r”” denotes the trace of the matrix. The, length of ¢
. _ i ——y
€] == /23 Gr Ho) 1.2)

ig called the mean curvabure (up 1o a sign). M is said to be totally umbilical if, for
each ‘oa, all of the eignvalues of H, are equal. In particular, M is totally geodesic if .

the second fundamental form vanishes identically.
Let R denote the scalar curvature of M. From the Gauss equatlon for M we have
R=n(n— 1)c+n2||§||2—-o‘ 1.8)

o= Sir (H3) | (1.4)

where
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is called the square of the length of the second fundamental form of M.
Leb h%, and A de the first and the gocond covariant derivative of hf, respec-
tively. Then (of. 4D '

= Wi, - (A.5)
Ba— P = % b Byt % s B+ g B B gat. (1.6)
Wo now choose e, such that its direction coincides with that of £. Then
trHp=0, (B#n+p) | @.m
. $r Hypp=mnH, *1.8)
where H is the mean ourvature of M so that H2=|£|2.
The veotor ¢ny, i§ parallel in the normal bundle over M if
. wa;’i+ﬂ=00 (1'9>
In this case, we have (cf. [4], 82 and § 1) ‘
Rn+p,a5k= 0, (1 . 10)
A= % (% i Rmi!k""% i Rmk;zr*‘v;p hlRyen), (BFn+D) 1.11)
. ' Ah;'?p = %H q+ 7'2 (}b%;pquk"}‘ h?,;‘; ? Rmkm) R (1 N 12)
where 4% = hiu, and Hy is the second covariant derivative of H,
k& ,
We define = by _
p=o—tr(Hig) = =) tr (H2), - (1.13)
: . Bt T :
whieh is independent of the choice of the frame fields.
'We introduce the quantities onsp and p,,H; by
, Onpp=1r (H?ﬁp) (1.14)
and :
Prpp=1H>—Cnsp. (1.16)

It is eagy to see that opep=>0 with the equality holding if and only if A%*=0, 1.
e., M is totally geodesic relative t0 $he normalized mean curvature VOCHOT €449, 50 that
M ig minimal.

§ 2. Submanifolds with Flat Normal Bundle

Let M be an n-dimensional submanifold in 8**? ('6)' with flat normal bundle.
Then, similar to (1.9) and (1.10), we have

Wep = 0, Raﬁﬂg: O, (2 .1)
In this case, all of H,’s can be simultaneously diagonalizable™™, i. e., _
| B = A, R @2.2)

where A¢ are the eigenvalues of Hee From (1.8) and (1.15) we get
onso= SN @.3)

[y,
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Theorem 1. Let M be an n—dimensional compact and connected submanifold with
nonnegative sectional curvature, ¢mmersed in 8"2(¢) with flat normal bundle. Suppose
that ther is @ constant k such that R=kH , where R and H are the scalar curvature and
the mean curvature for M, respectively. If K*>4n®(n—1) ¢, then M s either totally
umbilical or the Riemannian product of several totally wmbilical constantly curved
submanifolds, i. e.,

M=gox-x8v, (Ha-n),

where each S (i=1, «, ) s @ qi~dimensional totally wmbilical constanily curved

submanifold.
Proof First of all, for any B(#n+p), from (2 1), (2.2) and (1. 11) we have
2 E By (R R+ i Bege) =-:2- § (A —29) "By, 2.9
which gives rige to o
3= 3 o W3 3 (4—1) R, @B
,Ba=n+p B*”"‘p

where 7= is defined by (1.18). Since M is compact -and Ryy>0, it follows from

Hopf’s maximum principle that

7= congtant, : (2.6)

Since R=FkH, it is eagy to see from (1.8), (1.13) and (1.14) thab
FH=n(n—1)¢+n*H?*—0psp—7, 2.7
which together with (1.15) implies that .
" FH = pagp+nn—1)c—m, (2.8)
from which and (2.6) we get
k dH = dpyys, 2.9)

" On the other hand, from (1.12), (2.1) and (1.15) we have

FrAE = oyt 3} G0 3 A ik 3 W= By, (2110

Since the normal bundle over M is flat, it can be seen from (1.5) and (2.1) that.
the operator [] defined by

of =§ (nHdy—H§?) fy
iy self-adjoint (of. [2], § 1). Then, from (2.10) we obtain (cf. [2], § 2)
n1H = ——i Apasst 25 (Ri?)® —n?|dH |+ % p3 (A=) Byy,  (2.11)
from which we conelude that
[ 13 ean2-wiam + 3 3 05—1) B li=0, @1

Exterior d1ﬂ’erent1atmg (1.18) and using (2.1), we get
Patox=20"HH ;—2 Ehnﬂ W'y
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from which together with (2.9) it follows that

S by = (W k) O, 2.19)
RN 4
Making use of the Schwarz inequality

S M) S 0nen 5, ), 2.14

we get from (2.18) _
an+p{§c(h§§%”)2— 2| aH ||2}>{n2(n9H2—kH—cr,,+p) + -}Ikﬁ} [dH|%, (2.15)

whioh together with (2.7) gives
oo {3} ()~ | AB | > - (B = 40l (0= D)5~ T[4

2. (2.16)

If M is minimal (and, hence ¢>0), then the theorem ig trivial according 10
Theorem 5.2 in [3]. _

From now on we assume that M is not minimal. By using the continuity of H
and the connectedness of M, it follows that the connected component of 0,4,>0
becomes M itself. Hence, oy4,>>0 on M everywhere.

Substituting (2.16) into (2.12), we get

.:_l‘_ 2 __4n2 —1)p — “dH‘P _1_ n+_.n+ 2
4‘$M{k (=S —e1} -T2 M+ fu{g (4725 R} +1<0.

2.17)
On the other hand, since A*>4n® (n—1)c=>4n? [n(n—1)c—7] and R0, then

the left hand side of (2.17) is nonnegative so that (2.17) yields that
|¢H|2=0, H=constant, (2.18)
Because M has the flat normal bundle, The mean curvature vector & of M is
parallel. Thus, our theorem is followed immediately from Lemma 2.8 of [3]. This
completes the proof of Theorem 1. _
Remark. In 1971, Yano and Ishihara™ proved that a compact submanifold in
§*2(¢>0) with flat normal bundle, constant mean curvature and mnonnegative
gochional curvature is either totally umbilical or the Riemannian product of several
totally umbilical submanifolds. In 1978—1974, Smyth®® and Yau™ generalized the

above proposition, ind_ependently. In 1081, we shown™® that the hypothesis of

‘congtant mean curvature in 18] can be replaced by that of constant sealar curvature.

Now, we obtain the same conclugion when $he soalar curvature is proportional o the
mean curvature everywhere. The similar prOpOSitions for the compact hypersurfaces
have been obtained by Cheng and Yau™ and Huang™.
From (2.17) it ig sufficient that *>4n*[n (n—1)¢ —7]. Thus, we have
Corollary 1.1. Under the same conditions as in Theorem 1, of
B>4n?[n(n—1)c—7],
then the same conclusion holds.
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Moreover, we have

Corollary 1.2. Under the same conditions as in Theorem 1, if the sectional
curvature of M is positive everywhere, then M must be totally wmbilical (and isometric
10 o standard sphere).

Proof Since Riy;>0, it is easy to see from (2.5) that for eny B(#n+p), all of
A g are equal, i. e., M is totally umbilical with respect to each e;(B+#n+p).

On the other hand, it follows from the second integral in the left hand side of
(2.17) that all of A7*?' g are equal, i. e., M is to’ﬁolly umbilical with respect 0 €s1p
t00. Henoce, the corollary holds. |

§ 8. Submanifolds with Parallel Mean Curvature Vector

Lot M be a submanifold in 8"*?(¢). Itis said that M has parallel mean curvature
vector £ if the normalized vector of £ is parallel in the normal bundle over M and
| €] = constant.

Theorem 2. Let M be an n~dimensional compact and connected submanifold with
parallel mean curvature vector & (#0) in S72(3) with ¢=>0 and p>1. Then, M is

totally umbilical 4f the sectional curvatures of M are larger than -% w(€+[£]?), where

,,u,=min{ .?Zg :g’ s n?—l } In this case, M lies in a totally geodesic Si(e).

Proof We take e4,=£/[€] as in § 1. Sinee, by the hypothesis, the seotional
ourvatures of M are positive, it follows from Theorem 9 in [4] that M is pseudo-
umbilical, i. e., | _

S ho= Hy;, C(8.1)

Combining this with the faot that e,.p is parallel, we see from Theorem 1 and
Theorem 9 in [4] that M is a minimal submanifold in an (n+p—1)-dimensional
totally umbilical hypersurface S*#¥2(¢") of §"*? (¢) with constant sectional curvature
¢'=¢+|£|? in such a way that éu, i everywhere perpendicular to 8%*7~*(¢’).

If gﬁ g < 1 , then the condition in the hypothesis of Theorem 2 implies tha,t
the sectional curvatures of M are larger than 22; __23 ¢’. By Theorem 15 in [4] one

geos that M is a totally geodesic submanifold in §***~*(¢’), which together with
Theorem 1 in [4] yields that M lies in an (n-- 1)—-’dimensiena1 totally geodesio
gubmanifold §#1(¢) such that the fiber of the normal subbundle ¢,,1®:-Qcpep-1 0
M is perpendicular to S"** (¢) everywhere. Hence, combmmg this with (8.1), we
conclude that M is totally umbilical.

2p—4
R i Y

then, in the same way, our theorem follows from the following
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 Temma. Let M be an n-dimensional compact minsmal submanifold én 8¥ (¢"). If

the sectional curvaiures of M are larger than —2@;’%‘—1—)—‘0’ everywhere, then M is totally
geodesic. | _
~ Proof Let K denote the function which assigns 10 each point of M the infimum
of the gectional curvatures of M at that point, and leb o/ =2 tr H% be the square of
the length of the second fundamental form of M. By Yau's formulas (10.5) and
(10.9) in [4], we have . |
' S ho= (1+a)nK o’ — (L—a) 2 {ir (H3HH —tr (HoH)™
t+a {3 [t (HH,)1*—nd'0"} 3.2
for any real number a>=>—1. ' |

On the other hand, according to the proposition 1 in ['7] we have
3 [t (HLH,) 12 3 (i (H3H) — (L)Y, (3.9)
from which together with (3.2), for 0<a<Xl, it follows that '

S hE ARG = (1+w)nKo"+2(%—— 1;“)2 {tr (H3HZ) —tr (HH,)*} —nac'e’, (8.4)

n
+2

1 sy ()4 20D { " '} \
Thus, under conditions in the hypothesis of Lemma, (3.5) implies that o' =0

on M, i. e., M is totally geodesio. Lemma ig proved.

By taking a= - in (8.4), we get

: . . [ 2p—4 ‘ .
Remark. Obviously, ;1,=m1n{ 21; —5 n:rlb- 1}<1. Hence, our theorem imp-

roves the pinching constant obtained by Huang in 1.

Corollary 2.1. Let M be an n-dimensional compact and connected submanifold in
Srt2 (’5?0) with nonzero parallel mean curvature vector. Then, M s isometric to an
n—sphere &f M has positive sectional curvature.

Thig corollary may be regarded as a generalization of Hopf’s theorem™ for the
convex hypersurfrce to the submanifold of codimension 2. |

Corollary 9 9. Lt M be an n-dimensional compact and connected submanifold
with parallel mean curvature vector £ in 872 (6) with ¢<0 and p>1. Then, M s totally

umbilical if the sectional curvature of M is positive and larger than -12; w(e+ [&]%), where

2p—38° u+l
Thig is an improvement of the regult given by the author in 91.
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