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Abstract

Tn this paper the author discusses the quasilinear parabolie equation.

ou _ o [, Ou ou
=T [a.,,-(w, A ")"“axj]“‘(w’-t’ “)"""aw‘ +ola, 1, %)

‘Which is uniformly degenerate at w=0. Let u(, t) be 2 classical solution of “the equation satisfying
o<ulx, t)<M. Under some assumptions the author establishes the interior estimations of Holder
coefficient of the solution u(x, ) for the equation and the global estimations for Cauchy problems and
the first boundary value problems, where Holder coefficients and exponents are independent of the

lower positive pound of u(, t).

L. A. Qaffarelli and A. Friedmant® sgtudied Holder continuity of the golution
of Oauchy problem for tho n—-dimensional porous medium equation

ou _ - '

They first obtained the estimate for the lower bound of %%ti baged on the simple form

of the équation‘ and then found Holder estimate for the golution. Therefore, it i8 not
easy to generalize theil method to more complicated equations and boundary value
problems. In addition, they gob only intorior estimates for Cauchy problem.

In this paper, applying $he method nsed by 0. A. Ladyzhenskaya and N. N.
Ural’tgova™ and overcoming difficuties arigen from degeneration, We establish _Hélder
interior estimates for solutions of aniformly degenerate parabolio equations and
global ostimates for Cauchy ‘problems and the first boundary value problems.

In § 1 we state the hypotheses about the equation and in §2 we introduce the
generalized B, olags as it was done in [3]. We give the preliminary lemmas oD the

generalized B, clags in § 3. Finally, we obtain Holder estimates for golutionsin § 4,

§ 1

Lot R” be an n-Euclidean space, O an open domain of B* and 02 the boundary

Manuseript received setember 29, 1982.
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of ©. Lot Qr be the (nt+1) _dimensional domain 2x (0, T'] ond I'=0r\Qr. In Qr we

. congider the quasilinear parabolio equation.

—513——————3@ (w:j(w, i, 'w)-——‘—awj >+bc(w, i, w) Tmi +c(w, ¢, w)u, (1'1)

Wo shall agsume that u(a, £) is a olassical solution of equation (1.1) such thab
0<u(w, t) <M and then disouss its Holder estimate. Equation (1.1) will be degenerate
when »="0 by the conditions below. Since the nonnegative weak solutions of equation
(1.1) is often approximated by positive olagsical solutions, Holder continuity of
woak solutions will refer to the problem mentioned above.

Suppose that the coefficients of equation (1.1) satigfy the following conditions:

(i) For any ¢ ER, (3,0 €Qr, 0<u< o, .

_ »(Jul) |€]7<au(2, % w&i<Av(Ju) |€]% 1.2)
where A is a constant and »(s) is a function which has the following properties:

(a) »(s) €CIO, =),

: »(0) =0 and »(s)>0if §>0, (1.3)

(b) Denote p(uw) = S::v(s) ds. There exist 3>>0 and m>1 such that for 0<u<<d we
have
¢’ (w)u
IR Sl Sl
1< ) \0?%. . (1.4)
(i) If (s, t) €Qr, 0<u<<M, then
i < 2 . .'n \Bb,(w, t, u) \
" E b2 (w, t, u)—\—é e +lo(a, t, w) | <4. (1.5)

We ghall not deseribe the conditions about the smoothness of the coefficients in

detail. In fact, Holder estimates for solutions obtained in thig paper will depend only
on the congtants n, M, A, 3, m and 7. In order to find boundary estimates for the
first boundary value problems, we have to give an additional condition about the
poundary 922 of the domain Q:

(iif) There exist ao>0 and 6o € (0, 1) such that for any n—dimensional ball K ()

with it centre on 982 and radius p, we have
| meos {K (p) NQ}<(1—00) mes K (p) (1.6)
if p<<@,, Where mes {+} is the measure of a get in R",
Remark. Using the jransform w=e*v, We Iay, without Toss of generality,
Suppose
e(w, t, w)<O,
Hence, wo can change equation (1.1) into the form

ou D ou ou =~ ’
_55-—-_%:-(@;,({0, t; 'w)‘a {b;.+>b';(w' t; u) awj +c(m, t: M). (1'1)

with the condition
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v —A<c(a, t, w)<O, - @7
Let w=p(w) = sZV (s)ds and its inverse be
u=0(w), (1.8)
By virtue of condition (1.4) we can prove that for 0<wy < wa<p(9)
. -
1 @ (’LU1) Wa Lim ’
L e A m | — 1.4
m\ @/(wg) \'m’<,wi> ® ( )
In fact, condition (1.4) implies
1 P (w) -1
e STy~ w i o<w<<e®. 1.9)

For.0<fw1<w2<q)(8), integrating (1.9) from w, 10 wy, We have
1
n_®
() < o< ' (1.10)
Using inequalities (1.9) and (1.10) we can obtain (1.4)" withont any difficulty. We
may suppose that (1.4)’ is satisfied for 0<wy<wa<g (M) if we change the constant
m, properly. _ ) ‘
Ag a matter of fact, in this paper we may use inequality (1.4)’ instead of
condition (1.4).

§ 2

Let (2°, 1°) €Qr and K (o) be a ball in R" with its centre at zo and radius p. For

0<\t<T denote
Ay, () = {@€EE () NQ] w(z, ©) >k},

where | u(z, 6)
w(z, 1) =@, ) %So v(s)ds
and u (@, ) is a solution of equation (1.1)’,

Lemma 1. Suppose that the coeffictents of equation (1.1)" satisfy conditions
1.2), @1.3), @.9, (1.5) and (1.7). Let u(w, t) be o classical solution of equation
(1.1) satisfying 0<u(w, )<M and [(2) be @ out-off function in K (o). We have

(i) of k> max w(w, 1), then '

zeK(p)noQ
0

O | -t 2 - _l_—ytg 2 2<s CYIPRAY
aJwﬂhw;mw B)dw |+ AM&{Wﬂm\thJw|w #)2de

. 2.2
(i) if b< min w(z, 1), then ‘( )

seK @ N2

__3__ -715 ar (7. _1_ _Ws 2 a
ot [6 B oD 4 7k fw)da:]—{— 2 ¢ Bkm(t)g lVfwl da

<7 UB,‘.‘,@ |V{lﬂ(wék)zdw+mesB;,,p(t)], o (2.3)
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where y=7(n, 4, M), V is the gradient operator with respect 10 and
) = ﬁ@’(lﬁ—i—w)m‘dr, %) =j:d.5’(k—fv)fudr, C@.4)
Proof TLet w"=max {0, w}. Multiplying equation (1.1)" by (o) (w—Fk)* and
integrating it over Q and taking notice of (1.'7), we obtain '

2 paw-biet |, Ca b u) 20 2 g
Ay, (1)

Az, o ow; awj
- —Fyay 2L 20
<-2[,  tw-Reygp- 5 do
Q. ou
BB, 4 v 2.5)
Now sob
W@, b, 9= 0@, t, BE+eN T +o)rds, 2.6)

By condition (1.B), it follows tnab

| (w, 4, 8) |‘2<52bf(w, ¢ @(lc—l—v:))@’(k+w)vdr-5:®’(k+fv)'vdr

<Lasn). | @.7)

\ By virtue of (1.2), (1.5) and (2.6), inequality (2.5) yields

__3__ 2 — y 2 2
ot j Ag, o) e k)dw-% Ak,p(t)g lVwa do

<2Aj p(ﬂgWCHle(w—la)dm—l—s p O, b, w=h) g,

Ag Az oD ow;

~ o [ (=% 9bi(w, t, D(h+7)) gy
25 A o) ¢ U 0 o; @' (k+7)v d’b‘] dw, 2.8)

'Integrating by parts the second term on the right side and using (1.5), (2.7), we

find
__6__ 2 — j 2 2
ot S Ax, o) C xn (w k> dot Ay, oD C | Ve ! do

<2§ 0 AL Ve |Vl (fw——k)da;—i—“\/ 24 5

+A4 men Cop(w—F)d,

By Schwarz inequality, it follows that
2 g (w— lj
ot s Ax,p(w(: n(w—h) dot 2 )4,

<7 [SA;;,p(t) I vc ‘ i (,w—- k) "ot sAmp(t) szk(w - 7{;) dm]’

which implies (2.2). Inequality (2.3) can be proved in the same way but the term
& (z, t, u) yields an additional term mes By, (3.

We shall call the family of all the functions satisfying (2.2) and (2.8) ‘the
generalized %5(Qr, M, m, ) class (of. [3]).

. =
: N Y
A A, o) C‘v‘:l (w=k)2i (w k)dw

2|V |2dw
o®
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§ 3

Tn thig section we ghall disouss the properties of the generalized %, clags. We
apply the method ased in [3], but there are many important differences in view of

the degeneration.
Lemma 3.1. For any uEﬁ’&" (Q), we have

L |u\2dw<0(mesAo)%S-A |Vul?do, (3.1)

where Ag—{o€ Qu(@)>0} and 0=0().
Lemma 3.8. For any wEWD (K (p)), m>1, we have

X A \Ano l Vu|da, ' (8.2)

() mes A" < Bp
1) M8 Le” =8 (K (0)\Ax.r)
where A>k, B=B(n) and A_k,,,——:{wEK(p) |u(z) >k}
Thege two lemmas can be found in [3].
The functions ¥x(s) and 7,(s) given in (2.4) for nondegenerate equations have
the properties: wu(s) ~s* and %(s) ~&2. Now they do not have thego properties again
" due to the degeneration. However, we have the following lemma. '

Temma 3.3. (i) For y:>70>—%’->0; H<;w——k,. 0<B<1, we have

B /am<(H) /@ () <mEL, 3.3)
() /s (BED <12 (L= B/ (3.4)

(ii) For 5> H>0, 0<p<1, we have
H2/2m<%u(ﬂ) /D' () <m*H?, _ (8.5)
(D) /T BE) <1-+mox (s (L— )P, 2m?(1—B") /B, (3.6)

Proof Inequality (3.8) is obvious if wo take notice of expression. (2.4) of 1x(8)
and condition (1.4)". ' ‘
Now we prove (3.4). In faot

W g gggs@’(lo+s>/@’-(k+BH)dso
w@BH s (-+-s) /@ (b+BH ) ds

By inequality (1.4), it follows that

_.____————:

xu(BH ) SﬁH sds

¢

. |
2
w(D) < | % mﬁ%;ﬁ”),

which is required.
The first inequality in (8.5) is easily obtained by means of (2.4) and (1 4). As
for the second part of (8.), since
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1

%(H) (2 (h—s) AN
X A0R 50 @’(70)8 3ds<m§ (k~ 33,

and the integrand is monotonic with respect to k, we have

BOD (Y g

@l(llﬁ) H—s
Now we pass to (8.6). Like the proof of (8.4), we observe
1T P .2 B 14
R ) Rl (h—BH)ds <mﬁ£,m -9t si
BEE) (M o) /0 (b [ )™ s

If H<k<<2H, then

: o (% w1
T(H) ”’JJBH(H‘SV gy
7(BH) I<- " (ZH)W‘i <dm?® (=B

and if #>2H, then

H 1
%k(—ZD P m? jBH (717—-H)m 1sds < 2m2(1—32)
BED [T R
Sinee k>H, these inequalities imply (3.6). The proof is complete.
For any fixed p€ (0, 1], we shall consider the domain

Q.= {(s, t)||o—a°| <p, #*—aBp*<t<i%, (8.7)
where B=%'(p%), @ is o constant defined in Lemma 3.4 and s is any constant in
(0, 1]. Denote

wpmmes (K(D}, 3.9
p=1max {w(w, t)},i:-*min {w(s, 1)}, o=p—i, - (8.9
0_\/— Ps O'OP, ;2 1+3200 E;t: 2_;’50 P, (8.10)

A——-—- &' (1), Bk=—@'(7‘7) (8.11)

In this section, we shall suppose that
' w=>20° (8.12)
and so by eond1t10n (1.4)
A<B,<B=®(p°) if p'<h<p,
In the following lemmag we shall omit t0 specify the dependence of constants on
the parameters of %, class. |
Lemma 3.8. There ewist constants B, @, b€ (0, 1) such tha
(1) if
F>max {Lzl’—, max w(®, 1) }, H=p—k>0, (3.13)
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mes Ay, 5 (°— aAp®) <—:-;— Ky
then for 1€ [ —adp®, ']
mes [K (p1)\ Ax+er.z ®] >bunp"; (8.14)
(i) of
b< :anrzl, fw(s, 9}, H=h—p=e
més By, s, (8" — @Bwp )<—1— #ns (8.15)
then for t€ [0 —aByo?, ]
mes [K (;D\Bk—ﬁz{.‘m(t)] =buaph, (8.16)
Proof For 0<a<1 let
1 |m——m°\<p——o'p,
. ; P lm——w"l 0
RO N ke e p—op<|o—a’| <p, (8.17)
0 |o—2°| >p.

We prove the first part of the lemma. Integrating ‘ineguality (2 .2) with C(m) ={(;

p1, p1—0Op1) With regpect to ¢ from 12— aqAp? to t, we obtain

P S Crp(w— k) do
Akrﬁl(t)

2 T2 —
< e_wo-mpns Ca(w—T)do+ vadpt -, o,
Ax p1(t°—'aAP’)

(opn)”
By the condition (8.18), it follows that for t € [1*—adp’, 0]
T
[ eaw-ha<eulD g Lo+ 2 A g,

On. the other hand

[ eaw-ia= [ nmBan(pH)mes ppateon(®).

, Aprpm B o
Henoe, for 1€ [1*—adp®, '),

_ X (-H) a'yA LR _j; “n 2“73711 o AH? n
mes Ak+BH,pr‘0‘pl<t) XE(BH> e 2 %ﬂp1+ 0_2 m(,BH) HaPle

By virtue of (3.3) and (3.4), it follows that
2
mes'A'k+BH,p1—ap1\{ (1—{— (1 —B >> QYA

We may select 8= B(m) € (0, 1) such. that

]”ﬂplo

L rme (1= /)< 3

Noting that p=>20° and A=—q3b-‘—2,- &' (), wo may take a, b1 and oo(depend only onn,

m, v, T') 80 smaIl that
——(1+'mf”(1 —g) /et < (1—by) (- —00)"

and then take a S0 small that
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L (1 ) /B 4‘”;3"’ <(1—bs) A—00)",

Thus, for {€ [t°—aAp , 11,
: mes Ay g1, 51-oim (8) < (1 —b1) (1—00) ”%nP1
and
mes (K (p1) — Anpom,p () ) >mes (K (p1—0 oP1) — A48, Fr=00Bs #))

> (1—00) ""npl" (1—by) (1-o o)"”nP1

=b31(1—00)" ”nP1
ag claimed if we lot b="by(1—00)". The second part of the lemma can be proved in
the same way. :

Remark. From tho proof we can find that the first part of the lemma still holds

for any w satisfying

p> e {w(e, D}, »>2", =5
te[t— LR AT W]
mstead of w defined by (3. 9) The following 1emmas about the properties of Ay, (8)
will do the same.
Lemme 3.5. Suppose that Q,<=Qr, For cmy 01>0 thezre emsts s§=8§ (01) >0 such

that

(i) of |
7”>‘Eb" H=p—b>9,
(3.18)
mes Ay, 5 (1 —adp”) < 1 %nPu
then .,
j ;_W mos A -2 () dt<91AE’1‘“,°2s (3.19)
(ii) ¢f
e max  mesBrigs () <% b (5.20)
then |
o<FTe B G B2
or
j:—azkaps By, (0)dt <0:Bx,.0%%, (3.29)

where by=m+w/2, By, = (ks)/m.
Proof We prove the first part of the lemma. By conditions (3.18) and Lemma
3.4, it follows that
mes [K (p1)\ Arrem, 5 (8)] =bu,pt for i€ [°—adp?, 1, (8.23)
Taking 7o such that |

1

1 B> 27’0

and denoting k= u—-lz—:_[l'—, one obtains for + € [*—adp?, ']
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mes [K (Ei)\Ak;,ﬁ;(t)]>b”n;7{ if  1=ro. . (8.24)
Uging Lemma 3.2, we have '

(= mes A< [ |Vule,

meS [K (Pi)\Akz,‘{S;(t\)]

: D, (t> Ak; P (t>\-Akz+1 m( >
In virtue of (3 24y, it follows that for 1€ [ —adp®, t 1,

where

m 8 S
- < 2
L mos )< ”p<mmwﬂm@w> |
Integrating this inequality from & — adp® w0 and applymg Schwarz inequality, 00®
obtains .
H2 I 2
D U 10108 Agyen,2 (8) O ]

to—ado®
2 1° . )
< B 2 2

-—-Z;—E:"‘\> plSt“'—wAp’SAk 2@ \V’w\ do dt St" wAplmes Dy ('l‘:) dt, (325)
Integrating inequality (2.2) with t(w)= ={(@; ps p1), We find

::‘: oy St" S . R

5 0 IR | Vo dadt

aydA H?

< 93 ERAY __—_’fy:______ H
\SA,,, p(t0—aAP?) z Kt (w kl) o+ (1 —C ) 21 ”ﬂp

< [%kz( (1-‘_ 0_0) 2 }%np
By ogtimate (3.8), it follows thab

0
2 Y S
Sto_mg% Vel it <26 [Zm + /—-1 ! )2] b
Substituting it into (3.25), we have
. 0 ad
(St mes Aup (t)dt) <04 MS mes Di(H) 8,
t9—-aAr® ,

to_a,Aps

- where C1= =C;(n, M, 7, 7. Summing it from 7o 10 S with respect 10 1, wo find

2
(s—rot 1) [S s mes Akm,m(t) dt] <L Cy2n® A? pzn+4o

Taking s such that
-
Gj_%,ﬂ

<005
S""ro+1 ’

we can. obtain (3.19).
The proof of the second parh of the lemma I8 gimilar. If (3.21) fails, then

w2120, We ghall show that (8.23) holds at this DS By hypothesis 3. 20) and
the second parb of Lemma 3.4, it 10 tollows that for 1€ [°—aBp’, ¢ 0]

mes [K (Pi)\Bﬁ+“’(1—B) p,(t)] >b”ipP1.

Select o such that for 1€ [t"——aBp , 3,
mes [K (Pi)\Bkt m(ﬂ]>b%np1 if 1>ro
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where F=+-—-. It ig gimilar to (8.25) that for s=l=nq,

2l
w? (P
-527_‘_—2— jto—a,B,,s“pa mes Bkz, P <t> dt

<< B )2 ,;gy" mesﬁ,@)dt-j j \Vw|2dwds,  (3.26)

brey 10-0By g,gh? 0—0By,0* J Bryy B1(D)

where D;(¢) =AB,G,,7‘,~1 ()\Bip5,(1). The rest of the proof will be analogous to the

previoug proof for (3.19),
Lemma 8.5 Suppose that

oy—oso {wy Ty<Le™, (3.27)

{0
3

where 8,50 and T',=T'NQ,.
(A) If K (py) sabisfies
mes [K (pu)\ (K (p1) N Q)1=bsp, (8.28)

where by is a positive constant, then for any 6,>>0 there ewists s=8(01) >0 such that we
have one of the following:

(1) w=oso{w, QoNQr}<2*° |  (3.29)
or
A —
(i) j mes A 2.5 (DdH<6145%" (3.30)
t9-aAp? :
- OF
10 —
(i) L  mes By (DAH<O:Bpt" (3.81)
Jt0—aBy 400 C

where bs=w-+o/2°, & is any number in 0, s&4].
B) If |
' —adp®<0,
then instead of (3.80) and (8.31), we set respectively
(i) mesd, oz (0)=0,

i0 - '
L'mes Ayt 5 (DBH<OFE, (3.30)’
Gty mes Brsain (00,
2 —
jomes B (DE<02°, (3.31)

and we have the same conclusion.
Proof Take ro=>2 such that r=4L, If 0>2"2p% then

w=2p*=4Llp =4wy i s>,
Hence, the range of w(w, ¢) onl’, superimposes at most on one of the intervals

[/.7,, ﬁ-{—%’-] and [ -—(Z—, y,]. Wo shall show that (8.80) is true if it superimposes on

[ﬁ, ﬁ+—2~] and that (8.81) is true in another case.

|
|
|
\
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Now let the first case come up. A+t this time take k= “"“'QC%T' I4 is clear that

, 70>max{—’2£, max w(z, 1) },
mes (K (;Q\Ak,p, (13)) 261;’{ ~ for te [t"——aAp"’,. to] o
The proof of (8.80) will be gimilar to that of (3 A9,

Tf {*—adp®<0, we have |
mes A,-2.5 (0)=0 (3.32)

because the range of w(w, t) on I', does nob superimpose on [ ,u,—--c—z—, p,] at this time.

By means of the mothod used in Lemma 3.4 and Lemma 3.5, we can obtain (8.80)"
The rest of the lemma will be similar t0 Lemma 3.5.
Lemma 3.6. For any 0,>>0 there ewisis >0 such that

(1) If :
k>max{—’-"—, max w(w, ) }, H=p—5k>0, “
27 genr
o _ (8.83) ‘
S , mes A}a,m (t) dt<01qu+2, ) _ \
t—0dp? . '
o_ 1 s 0] ’
then for tE[t —Ia,Ap,t],
mes ALz () <Bap%. (3.34) ‘
Moreover, if mes Ax,m (#°—adp®) =0, then (8.34) holds in [0 —adp®, t°1.
(1) If
h<<min w(m: t)) H =k—’7’>Pe’
Qo0 T
t N (3.85)
sto—-an—HSpﬂ mes Bk’-ﬁ‘(t) dt<01Bk_% P’]”_+2’
then for 1€ [t"—— %f aBy-E o2, & ],
mes By-Z, 7, (£) <175 (8.36)

Moreover, 4f mes B,z (t°——aBk_%.p2) =0, then (3 .36) holds in [#°—aBy-E 07 7.

Proof We prove the socond part of the lemma ag an example. Integrating (2.8)
with (@) ={(®; p1, pa) With regpect to ¢ from 7T to ¢ for t°>t>fv>t°——wp2Bk_g, Wwo
find -

g"")’f%k' (%—) mes Bk—%— ' Ez<t)

2 y1][ mesBus @t (3D

<6_7t%k (H) meos B]g, A (’lf) + [ =
(p1— pa)

Since

S mes By, P (t) di <0 133_% p’1l+2,

o 2
3 —GB,‘__E_p
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there exists 7€ [t"——ka_g 0% t"-——ﬁ— aBy-Z p‘"’] such that

4 “n
mes Bmﬁ,(’ﬁ) <"3‘&‘ 01P1¢
Substituting it into (3 .37) we obtain for 1= [t°—— —‘Z— By-20? t‘?],
- By B 2 -
%o (D) VOr—% 9H +p? )}91 o,

Boa r 4 =
mes 2 g 5 (t)<6‘7 {%k(_%‘) 3a + %n(’%—) (1——0'0>2

By Lemma 3.3, one has ,
) i (L)<urant, 5(7) / By >H/om.

there exigts @4 so small thab (3.86) holds.
3 in the above-

Therefore,
=0, it suffices to take 7= {*—aBy-Zp°

Tf mes Bi,p (10— aBy-Z0%)
mentioned argument.
Lemma 3.7. There ewists 6o>0 such that

(i) If
70>ma,x{—’23, max w(z, t)}, H=p—k>0,
*  Nedlon (3.38)
- Wik
then for 1€ [t°— %‘—a}Apg, t"],
mes Ay+E, 7 () =0, (8.39)
Moreover, of mes Ay (°—adp®) =0, then (3.39) holds for i€ [t°—adp®, 1.
(i) If
r<min w(w, 1), H=h—u=>0%
Te - (3.40)
max  mos By,z, () <003
te[t*—~aBxp3,1°]
then for 1€ {t"—- -%:aka?, t"],
mes By Z, 7 (t) =0, (8.41)
Moyeover, &f mes B3, (1 —0By0®) =0 then (8.41) holds fort€ [10—aByp?, 11,
Proof We still prove only the second part of the lemma. Let
bn= 70-—-—'-?;—-—\— —_ZTL-H:‘E—’ tk:to'—'%— akaz__ 2%-{-'2 “ka2a
(pa—p2) pp= INaxX mes Bi,es()s (8.42)

pr=pst o 7 tELtn 10

Zh ((U) = C (wi P, ,P7H-1> 3 Ih (t> = e—’)'ts Bros® 'ikh (kh - w) C% dmo

Since kh>—g—, by Lemma 3 it followé that



where C=C(n, m). Inequality (2.8) implies that
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%kn (kh — ’w> <m2@’ (]07,,) <7f/'7, o ’w> 2<2m4Bk (kh"— ’W)ae

Hence ‘
1h<t><zm43kj3 (=)l da, (3.43)
Ky OB
In virtue of Lemma 8.1, it follows that ' '
2
It<03ﬂj 2| Vao® ‘ 3.44
WO<OBwf(|, BlIVeltet o= ) (3.44)

2

! L g s 202 o <oy ——p 45
L)+ 53¢ . | V| Chdw\y[(ph_th)g +1],u,;,, (8.45)

For any fixed £ € [t441, t°] there are three cases:
(a) If I}(¢) >0, we obtain from (8.4b)

[ vulgs<ayer| ot t]m
Bigs a(0) A (on—pns1)” '
Substituting it into (8.44) we find :

241 " H? -
L) <OBut ™ [ @yerm+ 1) ———a+27¢" 1. (3.46)
- (o1 —prs)

(b) If I},() <0 and there exists 7 € [t, #] such that I},(+) =0, then we may select
» such that I,(s) <0 for s€ (v, t] and so [ 2(8) <I3n(%). In(%) has the estimato (3.46)
and so does I5(%).

(o) If I,(%) <0 for any 7€ [ts, 7], it follows from (3.45) that

L - tr j’ " )
77" Biye 2 (®) | Voo | 23w ds<In (ta) + (G~ ) [

123

41w,
(Ph—Ph_+1)2 ]M
Integrating (8.44) from , o ¢ and using the previous inequality, one finds

¢ 2y
L Ih ('v') d’n‘<C'BW,’; [267TI;,, (t;,)

2(¢—
+ (2ye""+1) M’%—Mye‘”‘ (t—tn) wn ],
(on— Ph+1>

In virtue of the decrease of I5(z) in [ts, ¢] and inequality (8.43), it follows that for
t E [th+1; to.]; .

2417 dmPe""B H? | (2ye"+1) H? r
L) <OByuf " [ E B L 2! ]. (8.47)

Thus, no matter which case it is, one has (8.47) for ¢€ [, ¥,
On the other hand, applying Lemma 3.8 and inequality (1.4)" we have

Ih (t) >/an (kh — kh+1> mes 'Bkk+b [ I35 (t>
>'4%%— Bk<kh_ kh'i'i)Q mes Bkbﬂ,ﬁlm <t) o
Combining thig with (8.47) we find
2 2¢7" B, Qye?™+1 |, 2ye’”
<AmOyud H9aetd dme” By | 27 + 27
Mnp1AmU oy [(th+1—‘th> (Ph'—Ph-x-i)'s H? ]o
By definition (3.42) of # and pj it follows that

24
P <C12% s /0%
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where €3 =C1(n, M, 7, 7. Setting ¥»= wi/p", WO obtain

| yn+1<0124’°y§'25+1 o . (38.48)
Hypothesis (3.40) implies that
' ‘y0<92.
‘Weo ghall prove by induction that
yh<622“""" (h=0, 1, 2, ), _ (8.49)

In fact \ \ \
| 1 <O2MGE <02 (027N <0, 07" 2,
Tf wo take 0 satistying
oF<2 /04
the induction argumentd will be valid. Thus (3.49) holds for any natural number
h. Setting h—>o0 in (3.49) we obtain (3.41).
If mesBk,,(t°——aBup2) —0, it suffices t0 take 4, =10 — &Byp® (h=0, 1, 2, «e) in the

previous argument. ’

Temma 3.8. Suppose that Q. Qr. Then there omists s>0 suoh that

(i) if k>%—, H=p—k>0,

. mes A;o,-pl(t"——aApg) <-—;— %o _ (3.50)
| TP
then for tE[t 16 adp®, t ], .
mes A y-s 5 () =04 (8.61)
(it) of ' '-
1 _ .
~ o3 <= i
te[t°-£f?’l§°—aAp5] mes Bi+4.5 () <5 #Pls (8.52)
then _
<22’ (3.53)
or :
ose {w; Q@ £}<(1— ’Qﬁﬁ> ose {w; Qs (8.54)
4 .
awhere
3. - 0\ p—ad (L) }
a {(m, t)\a;e‘;K(4>, ¢ aA(4_> <1<tob, (3.55)

Proof We first determine the constant fa by Lemma 8.7 and then 64 by Lemma
5.6 and finally s by Lemma 3 _B. One can derive (3.51) from thego lemmas without
difficulty. As for the second part of the lemma, in the same way 01 can obtain

‘ <20 |
or

2.
mes B+ 5 (1) =0 for t€ [t"——a;Bkm(—% , t°], ‘

where B,,;e—%m—@’ (bs), bs= ﬁ+—% Tor the second possibility it 18 clear that
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oo {w; @o) < )w—-(ﬁ +§§%—g\)<(1~—2-slﬁ>co,

. 4
which i8 rgquired.
Lemma 3.8 Suppose that 20 satisfies the condition (1.6) and w(®, t) belongs to
e (). If Qenr +(, then for any 0< 881 there ewists @ constant 8 such that
oo fu; @, NQEF<20" (3.56)
4
or : ' |
oso {w;, B, NAI< 1 ) 050 {0 QNG (3.57)
Proof Q.NI 40 and condition (1.7) jmply that ’
A . ,
mes [K (p)\ (K (o) N )] >bipt OF #—-adp*<0.
Applying Lemmas 3.5, 3.6 and 8.7, we can obtain what We want.

§ 4

Tn order t0 find Holder estimate for w(z, t), W gti11 need the gollowing lemma.
Lemma 4.1. For pos1 suppose shat Qo= Qr- Lict u(w, t) be @ classical solution of

 equation (L.1)" in Qp satisfying o<u(w, t)<M- If

wo<Cpb, 10=20p%, (4.1)
where y,or-ngax {w(w, D} ﬁor—ngin fw(w, D}, Go=Ho™ [0, W (@, £) =p(u(z, £)) and
Lo Po

8, 0 is some constants satisfying o<e<l, O>1, then for any (w, t) € Q,, we have
\w (=, ) —w(a®, t°)\<01@(\w—-w°\ + \t——t"\)s"/”, (4.2)
where 61, 80 depend only on 7 T AT, M and 80<8/4.
Proof Consider the tmnsforma’nioﬁ

. (U,—'mo ’ t—-’to .
O S b (TS} 4.3)
po aps® (o) (#.8)

Then the domain Q. 18 mapped into

_ D (%) -y }
- r g 1) <& . Po
Qi {(ﬂ), )\\w \\1: @I(M()) <t <0 o (4"4:)
ot v(a, 1) —u(w, 1) Then v(«, ¢) satisfies the equation
ov 0 0 0 . :
w _ 0 Ay, ¥) .a.gf)wi(m'? t’)-—a—%%—a(m', £y in Qs (4.5)

of om
where '
Ay(a, V) =al@,(}bo>aij<m, t, V), B/, 1) =ad’ (Mo)pob;(w, $, v),
o, ) o ()@ b V- 4.6)

By (4:.1), [700/-12-— Mo and SO

Aﬁft&?a@' (o)v () 13 |?= %%@2%(%) B \ £
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A <da® (po)v(v) |&|2<amd|€|*.
Bi(«, t) and c(, t) are bounded by constants depending on n, M, 4, M
In virtue of Nagh interior egtimates for nondegenerate parabolic equations, there
oxist Oy and «€ (0, 1) guch that

lo(a’, ¥)—v(0, 0)| <Ca(|o| =+ 1#]*?)

for (o, t’)EQ’_12_={(a;’, t’)l\w’|<%—, ———éj—'w—b— <#'<0 }, where @, Cy depend only on

n, m, 4, M, T. Thus, we have

|ue, y—u(e®, ©)] <0 ‘”“pg"“ +_@.P1327——1;Zl§§,—2). 4.7

in
8, ~{ (@ Dllo=o <5 o[ 0 (oot <t<t)
Congequently, if

@ ea-{@ vllo—2| <G =5 & uayet] <<},

2m
one obtains

|u(a, £)—u (@, )| <0x(la—at| F+ [—119). (4.8)
If (o, t) €EQp\2, then by condition (4.1) we have '

1

lomat[o 4 =1y minon/3, 08 a0 /2m 1Y
>4 ) o> (? () 167 R

Hence, for (#, ©) EQu\2

B 4.9

Equalities (4.8) and (4.9) imply (4.2).

Wo can now obtain Holder interior estimate for w(a, t).

Theorem 4.1. Suppose that the coffictents of equation (1.1)’ satisfy conditions
1.2), 1.3), (1.4), (1.5) and (1.7). Let u(w, ) be a classical solution of equation
(1.1)’ satisfying o< u(w, t)<M. For any (a°, t°) € Qr denote

pymmin {1, (@), [¥/am® T,
where d(a®) =dist {zo, 82} Then, for any (@, 1) € Qs we have
|w (s, 1) —w(@, ) | <Opitl|o—a®|*+ |§—10]%/2] (a>0), (4.10)
where C and o depend only on %, M, 5, A, M and T and

&~ {(@, Dlls=etl <pn, O ¥ DA b

Proof Let

O

0 =max {(23+8rm3) m f-j‘?—%@}, ' (4.11)

Al—L
q=64m?0 ™, - (4.12)



No. 4 Chen, Y. Z. HOLDER ESTIMATES FOR SOLUTIONS OF DQPE 877

where the constant s i8 defined in Lemma 3.8, and take e so small thab

0<s<1, (-}7) — 1 giTHEHON (4.13)
where N,= 4m3@1~%_’ .
Denote
oi=po/tt (1=0,1,2, ),
Q=Qu—{(, )| lo—2°| <p1, 10 —a® (p}) <1<,

y,;=n3a,x {w(w, 6)}, m—-—-mm{fw(w £}, (4.14)

o=, Z#mm{l\m>20p,}
By (4.11), we have

ghall argue by induction . :
wo<Cp; if <r. ' (4.16)

Aggume that (4.16) is true for 1<l*. I w<<2pi, it ig oagy 10 ShOW @415 m\C'pH 1.
So letting ui=>2pi, We can apply the results in § 8. Consider the following two cases:
(i) I '

pax mosBuss , ()< mh, (4.17)
terto~abe}, 10-adpi) ‘ 2

whore B=®"(p}), A=—’r%b§ @' (), fm-:-g'; P, O O—J 1 , by LemmaS 8, it follows

that . .
wz‘§2s+2pz<28+“7] pz+1\~2——-— (64m30 ”’) p;+1\C’pz+l - (4.18)

oT
1

osc {w; Qp,,}<< osc {w, Q,,,}<<——> Op§<C'p;+1, - (4.19)

| By the selection (4. 12) of n and the condition 1<I* which means ,uJ;<2(’pl, we
can show that Qu1C @pye. In fach, In virtue of (1.4)" we have

1 - 7}1+7,1—,
R . =
ad ( > / a®’ (phia) i = 16m <20n - e

which implies Q,HCIQ,,,M Therefore, (4.16) holds by induction in thig case.
(i) If (4.17) fails, then there exists 7€ [1*—aBpt, °—adpi] guch that

mes 4 p—gs a1 ("7> <’12; "nf—fl‘l . (4 . 20)
Divide the interval [7, ¢ o] into N equal parts such that
}2_@,4{),<At— —T<ad?, (4.21)

N
where -

‘ /' & 2 . A e 1”'1171 A .__Vl_ V | . : S .
N < 209 ()P0 < om? (39’—"—> " <4m® G =N, (4.22)
adpi o ' ‘

wo<ép‘€,, (4.153 :
If *=0, one immediately obtaing (4.10) by Lemma 4.1. Now suppose that I*>0. We
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Let t,=7+ (p—1)4 (p=1, 2, -, N) and tys1=1". BY (4.20), wo apply Lemma 3.8
to tho interval [f1, ta] and shen obtain mes A . o7 (15) =0, where p3=00p, 00=

" _é- and we omit the gubscript T,

Thus o8 A ,—plem (f2) ST A e e (B2) (ph— ,?)g)<% 2n s

By induction we can obtain

1 —
mes A - 2(s+a)‘:’ﬂ_1,“ P (tN) <-—2— HaP1

w
gETHNFL

and mes A B e () =0 for te[t"—- ——3%-Ap2, t°], (4.23)
Hence we have
oso {w; Quatt <<1 - 2(s+:‘l_)N+1> 08C {w; Qi <7’)_86P§ <éP(l;+1- (4.24)

So far we have shown that (4.16) holds for I<<I*. We have a)p<ép§: in particulaxr
and m»«>2@ i by the definition of I*. Applying Lemma 4.1, we complete the proof.
Theorem 4.2. Suppose that 1.2), @.8), @ 4), (1.5), 1.6) and (1.7) are
satq}sﬁed; Let u(w, t) be @ classical solution of equation (1.1)" satisfying o<u<M and
belong o O/ (I"). Then, for any (a°, 1°) €Qr and (o, 1) €Q5NQr (po="10) we have
|w(s, , £) —w(a®, 't°)=0[\m——w°~\“+lt——t"\“/”], (4.25)
 where o and C depend only on 7, M, A, M, T, 8,93 |w] gouesp (1) amed the constanis Bo,
a0 of the condiition (1.6). |
Proof Let po=ao, G, m, 8 be dofined as in (4.11), (4.12), (4.13) respectively
and, moreover, e<sy. If Q,,CQr, then (4.25) is just the result of Theorem 4.1, Now
1ot @, NI #(), then there oxigts Jo=>1 such that Q.-1NT #0, QNI =0,
By Lemma 3 .8, it follows that osc {w, &N QT}<0 pf if I<l,—1, and hence
ose {w, QN QT}<@ p‘{,_1<ansp‘§o =0, (4.26)
Using C, pu, ingtead of C, porespectively in the proof of Theorem 4.1, we can obtain
(4.25). The proof is complete. |
In virtue of inequalities (1.4)" and (1.10), it is easy to find

i

\@(w1)~@(w2)\<0’\w1fw2\m, | (4.27)
where 0 =0(m, M). We can smmediately establish Holder estimate for u(z, ¢) from
that for w(z, t).
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