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Abstract

In this paper; by reducing the Post Corresponding Problem to (D) the problém of
deciding whether or not the origin—constrained domino problem has periodic solutions and
(2) the problem of deciding whether or not the unrestricted domino problem has periodie
solutions, it is obtained that the above two decision problems are both unsolvable.

The domino problems were raised for the purpose of gtudying the AEA case of
the first-order predicate senfences. The ungolvabilities of the origin—constrained
domino problem, the diagonal—oonstrained domino problem, and the unrestricted
domino problem were shown in 1960—1966, and along with this $he unsolvabilities
of the cagses EGAEA and AEA were obtained™ 8.,

Now we shift to the discussion on decision problems about t$he periodic solutions
of the domino problems. By reductions from the Post Qorresponding Problem 0

(1) the problem of deciding whether or nob the origin-constrained domino
problem has any periodic solutions, and '

(2) the problem of deciding whether 0T not the unrestrioted domino problem
hag any periodic golutions, A _
we have proved that the two decigion problems are both ungolvable.

A domino D is a quadruple D=(a, b, ¢, d)wWith b, c, dEL, a infinite set of
ocolors. In other words, a domino D=(a, b, 9, &) is & square with its edges colored
by colors @, b, ¢ and & as its . bottom—color, Teft-color, top-color and right-color
respectively. A set P={Ds, ;..’ D, of distinet dominoes is called a set of domino
types.

For any given set P of domino types, if there oxisty a mapping A: NxN->P
from the set N X N of all ordered pairs of nonnegative integers into P such that, for
any <@, yH>EN XN, ‘ '

a(AKe, y+19)) =c(A(e, w))s
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b(A(Co+1, ) =d(AKs, 92)),
where a(D), b(D), ¢(D) and &(D) are the first, second, third and fourth members

of D respectively, then A is oalled a solution of P, and P is called solvable. In. other
words, for any given set P of domino types, if there exists a covering of the whole
first quatrant of the infinite plane with dominoes of these types in P such that all
corners fall on the lattice points and any two adjoining edges have the same color,
then the covering is called a solution of P and P is called golvable.

The problem of deciding, for any given set P of domino types, whether or not
P has a solution is called the unrestricied domino problem.

The problem of deciding, for any given set P of domin0 types and a domino
type O € P, whether or not P hag a solution with origin ocoupied by 2 domino of type
O is called the origin—constrained domino problem. ,

' For any given set P of domino types, if for some nonnegative integers m, m,
there exists a mapping B: {0, 1, -, m} % {0, 1, »+, ny—>P such thab
| o(B({a, y+13)) =o(B(a, 9)), 0<o<m, 0<y<n,
b(B({o+1, D)) =d(B(e, 9))), O<se<m, 0<y<n,
and ‘ g . '
a(B({0, 09)) =a(B(1, 05))="+=a(BKm, 0»)) =0(B(0, m))
—o(B(<1, 1)) =+ =0c(B({m, n2)),
B(B(L0, 05)) =b(B(0, 1)) =r+=b(B(L, ny)) =d(B(m, 02))
= d(B({m, 1y)) =+ =d(B(m, 1)),
then B is called a ring surface of P, and say that P has a periodic solution. In other
words, for any given. set P of domino types, if there exists a rectangle consisting of
(m~+1) % (n+1) dominoes of these types in P such that two adjoining edges have the
game color, and the bottom~—colors of the dominoes in the bottom-string of dominoes
and the top-colors of the dominoes in the top-string of dominoes aro all the same,
and the left—colors of the dominoes in $he left-string of dominoes and the right-
colors of the dominoes in the right-string of dominoes are all the same, then the
rectangle i called a ring gurface of P, and say that P hasa periodic solution.

Theorem 1. The problem of deciding whether or mnot the oq"fl}ginfco_nstq”ained
domino problem has any perdodic solutions 4s unsobvable. .

Proof Let 8={o, **, ti; Bi, ***, Ba}(Where o and B, are all words on {0, 1},
and || >2 and |B:]|>2, ¢=1, -, n)be any given Post Corresponding System. Now
it ig clear that, for any two strings

T = oty ++ i, = ig1** B, Tt Bty
and '
V =B+ Bio=Yn1' Yiey " Yst* Yiusss
of o—words and B-words respectively, U and V are corresponding iff the sequences



No.4  Lin,¥.C. THE PERIODIC SOLUTIONS OF THE DOMINO PROBLEMS 723

iy, *++, buand fi, <o, Jo 2T the same; and U=V iff the sequences @i @iy, i1
By, and Yis1®* Yisss, " Yiu **Yios,, a0 the same. Hence, for purpose to make sure that
whether U and V' are corresponding and equal, we may characterize U and V by

'1/1 ’I;u

U =@,10na* *Biyry,** *Bi,1C0,2° " *Biyre,

~and

J1 Jo
: -V =9u1¥naYiss, Y1,1Y502" " Yioss,
of the strmgs of 0's and 1's with indexes. With this representations it is clear thab
U and V are corresponding and equal iff 7 can be obtained from U by a finite
number of applicationg of the following operation B on U: remove some indexes of
8s, -+, iy & bit left, remove some other indexeg of ¢y, *++, Gy @ bit right, and keep the
remaining indexes fixed in any way with no two indexes in the same position and
keeping the original order of indexes.
‘With thig in mind we choose a seb Ps of domino types which congists of the
following domino types: '
1. LB=(¥%, %k, %, +), I=(, %, =, &), lT=(+, %, %, =),
RB= (%, +, +, %), B=(+, *, +, %), RT=(+, =, %, ®);
2. 0=(0, +, 0, »), 1=(, ¢, 1, *);
3. the following s;-+1 domino types for each B;=yj1 Y- Yis;’
Bu=((4, ym); —, %, &, 4, ),
Byu=(yu, (0, j, 1—1), %, (b, 4, D), =2, -, 81,
Bis,= (Y1s,» ®, 4, s, —1), %, =),
= Wisy (b, , 5=1), %, =);
4. the following s;+1 domino types for each ;=i By Dir,
A= (%, +, G, o), (a, 4, 1)),
Ap= (¥, (@, 8, k—1), ow, (@, ¢, k), k=2, -, ri—1,
Ay = (K, (a, 4, 1), @i, +),
tw=((4, mr), £, (@, w), *),
5. the following 10 domino types for each ¢=1, -+, n:
B= (G, 0, -, (G, 0, ), _T=(G, D, 6D, ),
i0=1(0, «, (¢, 0), (4, L)), i0R=((4, 0), (4, L), 0, <),
W0L=((, 0), +, 0, G, B), _#0=(0, (i, B), G, 0), ),
H=(, ., G, 1), G, L)), #aBR=(G, 1), G, L),1, ),
AL—(G, 1), - 1, G, B), =0, G B), G, 1), ).
By our choice of Py we have that
1. For any given string oa,;,---a¢“==wm-~-w,1r‘1--,-w;;1~--a:i“,,u of a—words of S, we can
obtain a string
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LB, Aii, = Agry s Auty 0 Aprs BB @)
of dominoes of types in Pg beginning with LB, ending with RB, and having neither
1.B nor RB in the middle by changing every Big,(P=1, > W go=1, =+, i) for a
domino A, ,,, and then putting a domino I.B on the left and a domino BB on the
right. And, conversely, if a string of dominoes of types in Ps beging with LB, ends
with RB and has neither LB nor BB in $he middle, it must have (1) as its form and
can be obtained from 2 string oy, o4, of a—words of S by the above manner.

9. Similarly, for any given nonempty string B Bi= Ypat Yisss, Y1 Yioss of
B-words of 8, we can obtain a string

LT, B, = Bisa 0 Bivts =% Bjosts Bloss BT 2
of dominoes of types in Ps beginning with LT, ending with RT, and having neither
LT nor RT in the middle by changing every Yia(P=1, =5 ¥ ¢p=1, =, s;,(p+0),
go=1, =, s;,—1) for a domino Bj.g, Yies, 0T the domino B, and then putling a
domino LT on the loft and a domino RT on the right. And, conversely, if a string
of dominoes of types in. Py begins with LT, ends with RT, and has neither LT nor
RT in its middle, it must have (2) as its form and can be obtained from a nonempty
string Bi'-+Bi. of B-words of S by the above manner. (Notice that the right—dolor of
LT is nob the same as the left-color of RT. Hence the string Bi, By, 18 not empty.)

3. The string (1) of dominoes has ¥ as its left-color and right—color; ¥, P, ooy
Yz ag its bottom—color and
%, Giinl, Pz, *°) Diyreys *°%s Sulbia, Big2s " Diurws - 3
ag its top—color. And this top-color (3) characterizes the string a4--+o, Of a—words of
8.
4. The string (2) of dominoes has ¥ as its Jeft-color and right-color; %, W,
ore, W a8 it8 top—color, and | |
%, §1Yi1, Ynoy **%» Yiww 77 Goliots Yiuzs =" Yiwsswr = 4
ag its bottom-color. And this bottom~color characterizes the string B B;, of B-words
of S.
5. Both the top-color (8) and the boltom—color (4) have the form
I M (6)
where the #'s are all in {1, 2, -, n} and the #'s are all in {0, i}.
6. Rewrite (B) as
7‘71 kw
%, Pigly T2y **ty Fatwy 77T Broly Phu2s °'3 Fhubrp . (6)
Mhen a string of dominoes of types in Py can be put upon a string of dominoes which’
has (6) ag its top—color iff it has ¥ ag its left—color and Tight-color, and its top—color
may be obtained from (6) by an application of operation R, or it bas (2) as ity form.
Now it is not difficult o see that S has a solution iff Py hag & Ting surface with
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sk as the color of its periphery, i. e., iff Py has- a origin—constrained periodic solution
with the origin occupied by LB. Thus our theorem follows from the unsolvability of
Post Qorresponding Problem. v

Theorem 2. The problem of deciding whether or not the unrestricted domino
problem has any periodic solutions s unsolvable.

Proof TFor any given Post CJorresponding System S={az, ***, o B, *7 Bn}
(where o; and S3; are all words on {0, 1}, and la;| =2 and |8;| =2, i=1, -, n), we
choose a seb Pl of domino fypes which consists of the following domino types (where
M=max(|oy|, ==+, lonl, |Bel, =+, [Ba)=1):

1. LB=0#, %k, =, +), L=(x, %, *, &),

LT =(x, %, %, —), BB=(k, +, +, %),
By=(+, u, +, 0, u=1, ~, M, RT=(+, =, %, ¥);
2, 0,=(0, u—1, 0, w), 1,=(1, u—1, 1, w), u=1, -, M;
8. the following s;-+1 domino types for each Bj=yj1 " Yis,*
Byu=((§, yn), —, %, (0, §, D),
Bu=(un, &, j, 1-1), %, (&, 4, D), 1=3, =, 8=1,
Bjs,= (ss,, (b, 4, 8i—1), %, =),
o= Wis,y (b, 5, 5=1), %, =);
4. the following r;-+1 domino types for each o= Bik*" Birt
Ay=(k, +, 4, @), (a, 3, 1)),
Aw= (K%, (@, 3, b—1), o, (@, 4, k), b=2, -, ri—1,
Ay = (%, (@, ¢, ri—1), v, +),
o= (4, m), *, (4, @a), 0),

5. the following 6M +4 domino types for each ¢=1, «+, n; u=1, -, M
(0)u= (G, 0), u, (4, 0), 0)), ()= (G, 1), v, ¢, 1), 0),
(40)4= (0, u, (4, 0), (¢, L)) i0R=((4, 0), (¢, L), 0, 0),

@OL)u=(G, 0), w, 0, G, B), 0=, G, B), G, 0),0,
GLu=, u, G, 1), G, L)), i1R=((4, 1), (4, L), 1, 0),
Gil)u=(G, D, v 1, G, B),  d=(@, G, B), G 1,0,

Tt is easy t0 see that Pl may be obtained from Pg by the following changes of
domino types with colore. :

1) Change every domino type with - only ag its right-color for a domino type
obtained by changing « for color 0. '

2) Change everydomino type with - only as its left—color for M domino types
obtained by changing . for colors 1, 2, -, M respectively.

8) There are 2n+2 domino types with . ag their left-color and right-color. They
are 0, 1, 30, 41(¢=1, -+, n). Change each one of domino types 0 and 1 for M domino
types obtained by changing the left-color . and right-color . for colors 0 and 1, 1 and
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2, e, M1 and M respectively. Change oach one of the domino types 70 and 41 for -
M domino types obtaind by changing the right-color for color 0 and the left—color
for colors 1, 2, =+, M respectively.
Since S hag a solution &, +0h,= Brv By iff
j 1 jv
V=Bi“"31u=%ﬂym"".llhs;,‘"(W.,iil}m“'(lljosm
may be obtained from _
t1 u
U = oty 0, = Dt By Dt P2 Dart
by a finite number of applications of operation R on U such that in the rosult of
each application of R, for any two indexes Oy and tepr(B=1, =, u—1), there are ab
mogt M 0's and 1's between iy and dy4q. Hence Py hag a ring gurface with ¥ as the
color of its periphery iff P!gl has & ring surface with ¥ as the color of its periphery.
By exhaustion, ib is not difficuls to show thab if P, hag a xing surface, then the
ring surface must has ¥ as the color of its periphery. Thus, by Theoren 1, S bas a
golution iff Py has a ring gurface, i. e., iff Py has an unrestricted periodic solution.
Therefore our theorem. follows from the ansolvability of the Post Qorresponding

Problem.
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