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Abstract

Let S,, be the class of functions f(2) =2+ 2 b®, ,g7*+1 which are regular and univalent

in |z| <1 and denote S (#) =2+ 2 b, ggm L,

The authers prove that the functions S®(2) are starlike in |2} <

»/ ’3"
- § 1. Intorduction

Lot S, be the class of functions f(z) =2+ % b, 2"+1 which are regular and
univalent in |2| <1 and denote

8P () =2+ b"“ﬁz"“ 4 evot-DRL2™

Szegd proved that the functions S°(2),(n=2, 8,)+-are univalent in|z| <% Moreover,

Sun Kung™ showed that 8P (z), (n=2, 8, - )are univalent in |2| <—F= \/_ Recently,

the authors have proved that the functions S5°(z) are starlike in |2] <—41-. The aim
of the present paper is to prove that the functions S®(z) are starlike in |z ==:/1——3-,
i, e., the following

Theorem. Let fa(2)=2+bPe++ €S8, and 8P (2) =2+ +-+ bR,

Then all the functions 8P (2) are starlike in || <j§. P, = \/1§ is best possible, as
shown by the function -i—i—g

The theorem is proved by Hu in the case of n=2, and by Pan in the other cases.

§ 2. Lemmas

Lemma 1. Let p(z) =1+vp1z+’--- ‘be regular and Re p(2) >0 in |2| <1. Then
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4Rep(2)Rep(L)
G- D A-109" @
In particular
Rop() > gy (1 12D |9 @
where |2| =

Proof By the known formula
2w
p) =, FECE ar(e), r(@m)—r(©)=1,
we have

‘ p

2

J idr (3)
o (I—e%)(A—e %))

w gr(t) (*® dr(®) 4Rep(2)Rep(d)
<, 2], e A R a1y

so that (1) holds for |z| <1 and [{]<1.
The inequality (2) is the special case of (1) with {=0.
Lemma 2. If fo€8,, then

2fp(2) o =7t (14 |,L2
Bo o T o TN T PR

for IZI2~¢2<p—tanh—Z—=0 65579,

) ®)

Proof Since the radius of starlikeness of § is p=tanh Z. T 1 follows that if fE€S
then ¢ (2)= f(pz) €8* i. o. Rep(2)=Re zg((z)) >0. we now turn to Sa. If fa€S,,
then there eX1sts f €8 such that fa(2) f2 (22). We immediately obtain (8) from (2).

Lemma 3. Let fo €8s and R,(2) ~k§_‘,1 b2, 12%%*1, Then
. =n+

2(n-+1)+1 ‘
| Ra(2) | <127 T, @
2(n+1) 2 2
Rl <ty ZP o8 GarDEl ®

Tts proof is easily deduced by the result of Milin |58, | <1.17.

§ 3. The proof of the therom for the case n+2

(i) The case n=1 ig simple, because [P | <1, 2= j§ ¢? and

29.(5) _ 8[8—4Re[b@Pe*]+|0§|7] . 81— 6P (B—[0P]) g,
IS‘1<Z) . l3+ b%2)6259‘2 l3+b(2)62$9|

(ii) The case n>>3. Since 8,(2) =fa(2) — Ra(2),

Re
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28,(2) fh(2) Fa(2) Ra(2) —fa(2) Ry (z>
I=Re-g iy RO) =Rez f2<z)+ R AOICAORY AON

252 : |
o 2b) TG B+ R ©
f3(2) [Fa@ [ —TBa(2) [ ’ |
Tt is sufficient o prove I>>0 for |z| = % Denoting y= l ?f;éz; a gimple galoula,-
jion shows that, by lemma 3
1 .
| B, (—-ﬁ)\ <0.0216667r, o
Ry (7@‘)\ <0.216667, )
1 1 r P 4
e e S T
where = —— " / =

Substituting (7), (8), (9) and (3) into (6), we ge’o
- I>0.294689¢2 —0.029749y —0.0027998 = ()
=>¢(0. 8260029) =0.01882,
Here we have used the fact y=0.3260024 which can be obtained by golving the in-

equality y= 5 (1+4*) by Lemma2. Thus the cage n+2 has been proved.

=3 ‘( “"‘2+
§$ 4. The proof of the theorem for n=2

Lot z=re® and denote b§Pe* = —z—ig, bPet® =g-1-it. We have

g (__1_ )
Re 1 9 2 '\/—g- i F(w’ ?/; s) t)

e 1 Sg(\/]';§3w> 3
where

NE 1
Sﬁ(\/"ge)
F(w, vy, s, t)=81+27(" +y2)+5(s + %) — 108m+54s—24(ws+ty)
=274+ bs® —24ws+54s—108w+81+3( y—-——t)

It is known that
|6§? |2 =2 +4y°<1, (10)

-2 2
|bg2>|2=s2+t2<(e 3+é—) <1.0142,
D e S A

From (10) we have

13
12

In order to prove the theorem in the case of n=2, it ig gufficient to prove

2P <s+ 0+ 1 +Ju;%<s+ <s+1.1,
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G(a{, §) =272 +Bs? — 24ws+-54s—108¢+80>0
under the conditions of |#|<<1, |s]<1.014 and s>2¢"—1.1.

Because —aa—i- =‘54a; —245—108 <0 and %Csi =105+ 242+ b54>0, the minimun point

of G(w, s) lies on the curve of s=2¢”~1.1. By calculation, we have
G(w, 20° —1.1) =200* —480°+1180*—81.60+26 .65
=02 (202% — 482 +29) + (840" — 81 .60+26 .65)

— (20w —1)°—80-+9) + 84 <w—_——j-2'—>2 +2.40+5.65>0,

This ends the proof for n=2. Thus the proof of the theorem is complete.
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