Chm 4nn. of Math. LTI T O
7B @) 1986

-ON THE JOINT SPECTRUM FOR- N—TUPLE OF
o HYPONORMAL OPERATORS o
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Abstra,ct o

Let A= (4y, -+, 4,) be an nf—t‘uple of double commufnng hyponormal opelators Tt is ls= o
' proved that: 1. The joint spectrum of 4 has a Cartesian decomyposition:: Re[S’p(A)] S
(Red) s Im[Sp(A)] Sp(Im4); 2. The joint resolvent of A satisfies the growth conditions,

T =1 o
ﬂ({i 2l W 8. If 0¢o(4y); i=1, 2; =, then.. R
' llAli=rsp(A>-. SRR

It Ay, Ay, e A, are. mutually commutlng linear bounded ‘operators on: Hllberﬁ"‘
_Space H, tnen the joint spectrum of n-tuples A= (4y, :--, 4,) -6an be defined in’
termg of the Koszul complex by J. L. Taylor. Several analysts ‘have investigated
the joint speciral properly of an n-tuple of hyponormal operators. In this paper,’
we shall give some new results about it, for example the property of the Oartesian

decompositon of joint spectrum of the growth of JOln‘ﬁ resolvent of the ]omt. |

normalold eto e e o SRS

PR 1 Défihitions and Preliminaries

. We denote the Taylor jeint spectrum of commutmg n—tuple A (Ai, ey A
by ;S’p(A H). We ‘shall say that a point 2= (g4, --., 2,) of " is in the Joml;
apprommate point speotrum 05 (4) if there exists a Sequenee {mk} pt) CH , |zl =1
such tha,t P RO :
| "(As ?«)%U—*O (70-—>°°), i= 1,2, :

© We say that 2€ €™ is ‘in the joint compressive speotlum of A, if zEcrg(A*) »
where A*= (41, -, ,,) We denote the joint norm of A oo

nAu=sup{(2 laxp )1 C T, lel -1},
the joint spectral radius: : o o
) =sup (3 Al ) 25 G, o x,)esm)}; |
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the joint numerical range: ST
' W(4) ={((4sz, ©), (4sw, 2), =, (4w, w)) »€ H, Hw" =1} -
and the joint numerical radius: w (4) =sup{|r]: AE W(A)}
If @(4) = 4], we say 4 is joint normaloid. ' - '
Muneo chd has proved r,;(4) <w(4)< 14] and co(A) = | A] iff r,, (A) o= [[A[| te, 71,
- Now, we quote some theorems which will be used in our discussion. :
Theorem A (Taylor). If Ais a commuting n—tuple of operators, U is @
netghbourhood of Sp(4), fi, «, fm are analytic functions on U. Let f: U—~O™ be
‘deﬁneal by f(z) (f1(2),.0, fu(2)) and let f(4) = (f1(4), --;,~f,,;(A)). Then we hawe
L SR(rAY, B = f(Sp(4, D). LA
Theorem B(Curto)™, - Let H be a complea Hilbert space, A= (As, -+,"A,) be an
n~tuple of mutually commuting linear bounded operators, B (H, A) = {Eg (H ), d™} be
a chain complew induced by A, where dy:, By (H ),.—>_sz_1 (H) are the boundary
operators. Let di denote the cqnjugate ~op¢rdtor. of di=} and construct an operator A on.

H®%* as follows
ds

e @? da.

Then A= (4, - A) is fregulcw' n the ‘sense of T@ylor s ’bf and only wf A has an
@n’l)&’f Se. e .
‘Theorem.( (OurtoEsj Oorollary 8.14). Lot A= (Ai, = A,) be a commuting
n-tuple, ¢: {1, -, n}-—>{1 «} be a function and ¢(Az) ='A"(“> Assume that
¢(A4)¢(A;) qB(Aj)sﬁ(éh) fOT all 6, j. Thfm 5’10(55 (A)= {sb (?O 7»68’29 (—4)} .

| § 2. The J omt Spectrum of an %——tuple |
of Semmormal Operators o

It AcB(H), A'"A—A4">0, we sa y A 1s hyponormal If A*A AA*<O we say
A is cohyponormal Operator A W111 be Sald 130 be seminormal, 1f A ig either
‘hyponormal or cohyponormal o

An n~tuple of operafsors A= (44, -, A,,) AGB(H ), Wlll be Sald %0 be double
commuting, if 4,4;=4; A,, AA* =AJA;, i%], 4, j=1, 2,

Let Ay=By+i0,, ]0 1 2, ++2y , n, be the (/artesmn decomposﬂmn of Aké B(H)
Wo denote :
“Red= (Redy, -, Red,) = (Bi, ey B, _ ‘ S
Tm A= (ImAi, vee, Im A,) = (Cy, +++, OL); |
"where A is double commutmg, and 'so Re A and Im(A) are commutmg n-tuples

i

Thus we can define their ]omt speotrum. -
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Lemma 2.1. Lot A= (A, -, A;) be an n-tuple of normal operators, Then we
have Cartesian decomposition of the joint spectrum: R
Re[Sp(4)] =8p(Red), Im[Sp(4)] = Sp(ImA)

Proof For an n-tuple of normal operators, it is well known that the joint |
spectral mapping theorem holds: Since the 'mia,ppings:(zl,'.v.. ) Zn)—>(Rezy, -, Rez,),
(21, v z”)%(Imzi, .-+, Img,) are continued, we can prove this lemma by operator
calculus.

. Q.E.D:.
Now ‘we recall the deﬁmtlon of symbol of an opera’ﬁor (cf [1]). Let T€ B(H),
{A(#) |0<<t<co} be a contraotlve semigroup of operafors with one parameter. Ifs
generator is 44, i. e. A(t)—exp(rbAt) For <0, we set A(#) =A(—1)*. If 85(T") =
s—tljﬂ A@)TA(—1) exists, we shall call 8Z(T') the symbol of 7' for 4."We denote

={T'€ B(H), 8% exists}.
The following theorem is a generalization of Xia’s theorem (cf. [1]IT. Theorem
1.6). ' .
Theorem 2.2. Let A= (Al, -+, 4,) be a double commuting n—tuple of operators.
Ay=By+30y is the Cartesian decomposition of Ak, lo-l, 2, », n. We have
(i) If0;€8%, j=1, 2, e-e, m; then Re 05(4) Dog(Red);
(i) If B;€ 8¢, j=1, 2, -+, n, then Imo,(4)Do,(ImA4).
Proof We confine the proof to (i), and that of (ii) is sm:ular ,
- Let B=B;+By+-:++B,, B(l)=exp(iBt)(:=>0), B(t)=B(—1)*(t<0), B (t) =
exp (iBjt) (1=0), B,(t)l B;(#1)"(¢<0). Since 4= (4, *-+, 4,)is double commuting,
it ig easy to see that {B;(?), ‘ Bi(t) 24, j=1, 2 -+, n} i8 a commuting tuple for any ¢.
Morever, B; (t) and Bi(—t) commute with O,, RS j By our present hypothesis, for
each 7, : :
SB(O,)-s—hm B(t)O,B( t) —s—hm Bi(t) B (t)O,B ( 1)+ By(%)
—-s—hmB (t)O,B (— t) SBJ(O)

'For simplicity, we denote this limit by O, s j=1, 2 oee .

Similarly, we can show that (0%, -, O, (B1+f1,01, eee, B,+30%) are also
commutmg tuples of normal operators (A is double oommutmg) Put

‘ —(01, e, O3), B+@O*-—(B1+w0 oo, B, —l—be’—’) ‘

Now, let b= (b, *-, b,) Ecrq,(ReA) o5 (B) = =0 [Re(B—l—@Oi)] We have Sp(4)
=0, (A)® if 4iva commutmg tuple of normal opera‘ﬁors Thus, by Lemma 2.1,
there exists o= (cy, *+, ¢.) €8p(0*) and a sequence {gn}, gn€ H, | gl ——1 m= 1 2,
eo(or m=—1, —2, .--) such that .

[Bi—b.1)gl 0, 105 — o) gul >0, (msos), jm1, 2, wn, - ()
By the deﬁmtlon of symbol of operators, and OF =83(0;) we can. ﬁnd a real number
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t% for each g, such that

| (exp (#55)0; exp(—i#2B) ~ Of) gl <o

Denote the class of operators Which commute with B by [B]'. Since B=DB;+--++ B,
is selfadjoint, we have OF =8%(0;) € [B]" (cf. [1], II, Lemma 1.1). Thus

| [Ojexp(—i#4B) — OF oxp(—itiB)]gnl <= [

Let fn=exp(—4t,B) gm. Then | fn] =1. Hence by (x), (++) and B;, Of € [B]/, j=1.
2, -+, n, it follows that : : :
| (Bi=8;I) ful = | (B;—,I) 9@”*0
[ (Cs=0iL) ful <|(Os—OF) ful +1 (O*'—Oanm!l
(OO fal +1 (O =T gul—0, m—>zkoo, j=1, 2,
Then b= (by, ++, b,) ERe(0,(4)). - : QED
Corollary 2.3. If A=(A4y, -, 4,) és a double commuting tuple of hypqnorrmal’;
operators, then ' ’ ' ‘

Re(0s(4)) =0s(Re 4), Im(cs(4))=0.Im A4).

This result was obtained by Wei (cf. [9]) eaﬂy.

Proof Since 4;=B;+i0; are hyponormal, we have 4,€8%,NS%, and O,€8%,
B,€83, j=1, 2, «-+, n. (cf. [1], II, Theorem 2.6). Thus, by Theorem 2.2, we have.
‘Re(05(4)) D0, (Red), and Im (¢,(4)) Doz (ImA). On the other hand, in general,
0is(T) =0,(T), where T=X+iY is hyponormal, o, (T) {A=z+iy: 3f,€H,
| /a] =1 such that

Lim| X — o) | =Lim | (F ~yD) | =0}

Therefore

Re 0z(4)CTo,(Re 4), Im 0,(4) CTo,(Im 4). - :

Theorem 2.4. If A= (44, -+, 4,) isa double commuting tuple of hyponormal
operators, then its joint spectrum has a Cartesian decomposition. o

Proof It id sufficient to prove that Re [Sp (4)]=8p[Red]. From Oorollary 2.8
we can see thap

Sp(Re A) —o.(Re 4) =Re[c,(4)]CRe[Sp(4)],

‘where the first equality may be followed by the fact tnat Re(4) is a commuting:
tuple of normal operators We  shall prove ;S’p (Red) DRe (Sp (4)) under an
induction.

For n=1, the theorem ‘holds (of. [1], II, Theorem 3.2).

For h>2, agsume that it holds for a double commuting (n—1)~tuple of
hyponormal operators. Then we shall prove that the theorem also holds for n. Let:

A= (M1, +An) €8p(A). It is well known that 2"; (4i—2) (4i—A0)* is nob invertible®™.
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The Berbériaﬁ oxtension of A= (44, +-, 4,) is denoted by A= (A;’, oy ADHH, It is
-easy to see that 4A%= (44, ---, 43) is also a double oommutmg n—tuaple of hyponormal
operators, and we have ' "

Ker (31433 (41-2)) =( | Ker(4 —h) (41 —2)" %0, - (es)
Let

AM=Ker (42— 7\.,,) (42—, “=Ker (Aﬂ M) 0.

Smoe A4° is double commuting, .# reduces (4] —As), «:=, (41— An_1), and Re(4l—
A1), -, Ro(A21=Rps). By (++x) we have ‘

O%Ker(zcm M L= " —Jn(ﬂKer(A —2) (42=2)").

‘ Since (A4%],, -, 4°|.) is double commutmg (n—1)-tuple of hyponormal
operators, and Re (A?[ 2) = (Redd) |, we see that (Re(4I—A1) | .4 »+, Re (A3-1—

Mi-1) | ¢) is not regular in the sense of Taylor g (by the assumption of the
induction). ,

Howerer, if we restrict the n—tuple of operators
~ T=(Re A?—Re ?\,1,'-‘- Re A42_;—Re A,_3, (A° An) (A5—-2)5)

in the subspace .#,we shall see thab ((Re A%—Re M., :+,(Re A% 1 —Re A1) | 0,0)is
singular, and so is 7'. It is well known that the n—tuple T is regg}gr if and 6ﬁ1y if

_an T:T; is regular, where T'= (T'y, -+, T',) is:a normal commuting n-tuple™, Hence
we have |
n—1
' ( ﬂl Ker(Re A?—Re 7\,,-)) NKer (43—, *+0.
n=1__ ' ‘
Let A = [ Ker (Re 4)—Re A;). Then 4" reduces (45—A,)* and Re(A4AJ—A,).
¢=1 .

- Bince AN A #0 (A2=A,) | is hyponormal, it follows thab (A2—A,) |, is singular,
whence Re 42|,— Re An=Re(42—An) | 18 also Smgular As before, we can say thatb
(Re 4{—Re Ay, -+, Re 42 _1~Re A,_1, Re AJ—Re),) is smgular, because this tuple is
Smgular on reduced subsPaoe A". Then, owmg to the relations cr,,(éh) o',, (A9 =
To(4D), 0(4) =0, (4% =00 (4%, ‘where oo (A) denotes the point spectrum of A We »
have
Ro A= (Re Ay, +,Re An) ESp (ReA") =0 (ReA°) =0, (Re A) Sp (Re 4),

whmh proves this theorem ‘ Q.E.D..

Corollary 2.5 If A= (4y, -, A ) is @ double commuting n—tuple of semmwfrmaz
operators, then its joint spectfrum has a Oafrtesmn dacomposzifbon .

Proof ‘There exists a function ¢: {1, 2, «-, n}—>{1 »} such that ¢(A) (q’; (4y),
¢(A2), seey ¢(A ) isa double commution n-tuple of hyponormal opera’oors where
(A,) A?“’ By § 1, Theorem O and Theorem 2.4, we can come 1o the conclusion.

Deﬁmtlon 2.6. - If A= (4, -, 4,) is a commuiing n—tuple of opemtors we call
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(4—2) for AESp(4) the jo@nt resolvent of 4. . ‘
Lemma 2.7. (Muneo Cho)™  If A=(4y, , 4 is a double commuting n-tuple
of hyponormal operators, then for any h=(Ay, **+, An) € € We have ‘

~mf{(2u<A¢—m>~mn) Ja] =1 }}=disto¢ Sp(4)).

. Theorem 2.8, I f A= (Ai, , A 2 is a double oommutmg n—tup&e of hyponormal
opemto'rs then for any 2= (2, - z,,) qup (4), we have .-

- 2) 7| = [dist(z, Sp(4))] .
Proo f It is well known that (cf [561, p. 135)

E(A”ZQCAF“Z;) '0_ . 0
(T @y - 0 Sfa(4i=2)
o g"lfz(Ai-z,.,)
where fi: (1, 2, «--, n)—(0, 1). |

7‘(A;—m) (4i—2)*(4i—2) or (A;-—zg) (4i—=p)", if £;(4) =0 or 1.
Since A= (4, «-, 4,) is hyponormal, for any f: {, 2, -, n)—>(0.1), we have

gf (Ai=2) >§ (Ai—2) (Ai—2)"
Thus - :

A=) = {4y 9= ] =sup| @’V’(A{—- z;>>—1 |
— ” é(ﬁh-——z‘) (As—z,)*)'l
- (oGt s o) fel-2)7

By Lemma 2.7, we have

[@=0) 1= it 3 (4=a)’al* | = [istCe, 8p(4)12.
- This completes the proof.
| D | QED.
Now, we. consuder the seminormal opera’oors Let A= (44, «-, 4,) be a double
commuting n-tuple of seminormal operabors, ¢: (1, 2, -+, n)—>(1, %), and ¢(4,) =
C AR We seb ¢(4) =(d(4y), -+, d(4). Curto™ showed that Sp(p(4), H) =
{o(V): KtSp(A)} If p i8 & permutation of (1, 2, ---, n), (A) (Apys **+y ﬁi\’pm),
. then A=Tp (A)V U, V are unitary operators (cf [5], p. 187). Thus, [4|=|p(4)].
If 4 exsists, then p(4) also has an inverse (of. [3]). o
Theorem 2.9. If A=(4y, <, 4,) is a double commuting n—tuple of seminormal
. aperators, then for any ¢= (21, ***, 2,) & Sp(4), we have

N
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: 1
Il (A Z> 1=z & sp<A>>

Pfroof There exists a mappmg gb {1 2, ooy n}—>{1 «} such thab ¢ (/Al is a
double commuting of hyponormal operators. We can prove that | A I=]¢)
In fae’u it is sufficient to show that for ¢y: (4, =+ A)—>(4i, Aa, -, 40, I]}All\
Hqﬁi(A)ﬂ Now, we Set Pa: (41, A, -+, 4 )-—>(.41, — Ay, v, —A4,). Then (D) *=¢2(4),
5080 2 CA0)* = G20 (4" T 1620 | = 12080 | = [ 1. S, v can
ah/n\Prove that |, (A) 2| =] 4| if A hag an mversa By Theorem 2.8, we have
I¢2(4—2) 7| = [dist (¢ (2), Sp(¢(4))]. Since Sp(¢ (4)) =¢(Sp(4)), we have

| disie, Sp(4)) —dist($(2), $I8p(D)]) =dist($(2), Sp(H(4))-
On the other hand, |(4—2)"*]|=|¢(4—2)"|. Thus
(=% = [disb(z, Sp(A)]L QED

§ 3. The Normaloid Property of an n—Tuple
of Semi-hyponormal ‘Operators

Theorem 3.1. If A=(44, -, 4,) is a double commuting n—tuple of
semi—hyponormal operators, then S, 2(4A)=0,(4), where o‘,(A) is the joimt comprresswe
spectrum of A. , o

Proof Itis sufficient o prove Sp(4) Co, (A) If Z=(Z4, -, Z,)ESP(A), then:

P A~ I~
(A;@ ig not invertible (§ 1. Theorem B). Clearly, (4—-2)"(4—2Z) and (4—-2)
«(A—Z)" are diagonal metrices on the space H®O**™* with diagonal entries:

27 '(4;—Z;). Hence we can find an operator

S (4= 2 =3 (Ai= 2" (4= 5) + S A=Z) (4= 2"

which hag no inverse. Thus, there are {s,}<H, |o,|=1, such that
(A2 tny ) = B (= 2] + Sy Z) 0.

By [1], Theorem. I 2.5, |(4;—Z;)on|—>0 implies |(4;—Z;)*w,|-—>0. Henoce
| (4i—Z) 2| —0 (m—>00), i=1, 2, +» n. Therefore, ZE€o,(4). This‘completes-.
the proof, : ' ' '
- Q E D.

Muneo Oho and Makoto Takaguclu have proved that every double commu’omg
n-tuples of hyponormal operators satisfies ry(A4)=]4]. In the case of semi-
- hyponormal operators, we conjecture thab it remaing true. But we now only prove.

two particular cases. L : .

Corollary 3.2.: If A= (Ai, oo, 2 A,) 48 a, -double commuting n-tuple of semi—

hyponormal operators, A;=U;| Ai|, where U, are unitary, dim % (A)L=dim Z(4%)*,
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o(U;)#0y, i=1, 2, vee, m, then
Top (A) - IIAII

Pq‘oof By Theorem 3. 1 11; is easy to see thatb A 7 ig invertible iff 2 (A4 -Zy)

°(A1-—Zi)* is invertible. For any q".iEo-(AiAi), We can find Z.€o(4;) such that
A =~/ (cf. [1], II, Theorem 38.8). Now, we may apply the proof which was
used by M. Cho and M. Takaguchi®™ to the case of Seml—hyponormal operatorss.

Then the aSSertlon will be proved
Q. E. D.
If B is an isometric operator, we set S i '
_ B[;'J {B" n=>0,
. (B*, n<O0. , .
If T%(T)=s-lim B™TB"™ exists, we say that 73 (T) is a polar symbol of T

n—> koo

relative to B. Set
={T'|T€B(H),7 3 ¢y) emsts}m
Lemma 3.3. IfU isa umtaa‘y operator, T= (T4, Ta, ++« Tw), T G TEN(T 5,
¢=1, 2, -+, n. Denote T #(T) = (T £(Ts), +++, T 5(Tn)). Then
4 : oa(T % (T>>CO'W(T)’ ACE M) co,(T).
Proof We know that A—>7 $(4) is an involution homomorphism from
75N (ﬁ' #)* to [B]’ (cf. [1]). On the other hand we have
A= (7»1, hn) E0a(T)
iff there is ;>0 such that
g(Ts‘fK¢> (T =) >ead,

: A= (7“1: M) K,,)-%O'p(T) i
iff there is ¢, >0 such that
| ST =1 (=) "> eal.
Then we can estabhsh the lamma R ;
Theorem 3.4. IfT= (T4, TQ, ,,) is a double oommutmg n—twple of semi-
hyponormal operators, and if 0o (T ) i=1,2, «, n, thep, we have
(1) r@=lTl
(ii) Let T = (T;I, T3, oo, THY), then

1 L
177 = @) =sup{ (B ) s Gy 2 E8RDY
Pfroof Let T:=U, ]Td be the polar decomposition of T, ¢=1, 2, «:+, n. Since
OeEo-(T,) we see that U, i¢ unitary, and |T',| is invertible. Tt is easy to see that U,,
U,) and (|T4], -, [T,,I) are double commuting and U.|T;| =|T,|U,, i%j. Let
U=U1°~U,,, where U is unitary. Since T, are semi-hyponormal, we have

3
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T (@) =s-lim U™U""=s-Lim UM, U =T % (T,).

n-rFeo n->=Fea

Since U; are unitary, we have 7; *(T*) (TET)), T <T F(|T:|)™. Then
T EM) = (T (T, , T (T, )) is a commuting n-tuple of normal operators, and
TE(T)=UT 5 (|Ti), i=1, 2, -+, n. Now the fo]lowmg equality holds:

" ITP= s <2u:ﬂmu )= sup (zmﬂw, R )_= sup (zu 7l )=limi
Thus |7] =] |7 ]. | S
Now, singe |T'|=(|T4], *+, |Th|) is & commuting n—tuple.of normal operators,
“we have w(|T])=[IT|]=|T[*®. Put T#(T])=(T#(Til), - T&(T. 1>>
Then |7 =o(|T]) <o (T #(|T|)) by the tnequlity 7| <T#( mn i=1,2,
n. On the other hand ' ,

NIH

co(fuuTl))—-sup(d (TH(TiDe, 2)?)

’;:<Su (¢ 'z*v(lT,fx')fwns‘)"ff.

;2 m

|

= (2 T3, ) - uTu_.
Thus : |
Co(TFATN=1T].

Since T H(|T))=(T#(|T4]); -+, T #(|Tw)) is a commuting n—buplé of’
normal operators, we see that the convex hull of Sp(Z#(|T|)) is the closure of:
W (7 (|T|))*.Thus, we can find r=(ry, -~ ' q*,.)E;S’p(f (IT'])) such that |r]|=
|T]. By the continuous spectral mapping theorem of oommutmg n—tuples of normal:
operators™, and by I ¢ (T¢) =U,7 % (]T‘[) (the polar deoomposmOn of T# (T‘)), we:
can see that there existy Z — (Zy, - Z ) E;S’p(y' (T)) suoh that IZ;{ —r‘, b= 1 .4,
-+, n, Lemma 3.8 skows that = : S

ZESp(fE?(T))-=%(f (T))CO‘W(T)
Thus 7, (7) =|T|. |

(i) T=T1t, e, TR0 13 also & double commuting n—tuple of semi— -
hyponormal oporators By 1), we have HT JL[]=tr,4,,(fl’ 1) Smoe Oe}éo-(T), i=1, 2,

' 1 ‘T
ee; N, WO see that(;;, 120, Z
Sp(T) ‘By § 1, Theorem A, we have : I P B ,.;"-T.f%'

) is an. analy‘blo mappmg on. the nelghbourhood of_'

s

Sp(T) ={Q:%, - A A= st r,a?uu»).. E:Sp(’-’!)}-sszaiw b e T
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LS

Thus .
- : n o, 2
ro(T1) = sup (g l—?:ré—) "

AESH(T) o

| , ' Q.E.D.
Finally, if T= (Tl, Ty, +, T,) is a double commuting n—tﬁple of operators,

where T'; are semi-hyponormal or semi-cohyponormal, then Oorollary 3.2 and

Theorem 3.4 are also true. The proof is omitted.
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