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'ON THE FIRST KIND OF RELATIVE E-JET |
COHOMOLOGY OF SINGULARITIES
~ OF MAPGERMS

X140 ERJ]‘_AN (3 fg{g)*

Abstract

In this paper the anthor generalizes the computations about the first k:md of k—jet
_ cohomology in [5] to mapgerms. The main results are as follows: :
H Qg ey 2) = O, eD* DOy, 5
¢
H?(Q4 4 2) =0, 0<‘p<m-—Ad1m0’M,,/I(q9);—bl or p=m
There exists an integer s, such that
(I (@) o) H?(Qg, msoe), m— dim 024, /L@ e—1<p<m—1.
Hence, H?(Q;,4-.,,) are finitely generated Oy, of (L (@) ) *—modulés. If dimg O, o/ L(@) <%
then A ; ' . L
. HP(Q(;,,;-.,,,)=O, O<p<m—1 orp=m,

. b
dimg H™ (04, 10, 2) = ZldIDQe Q5.
. r=

In [B] we define two kinds of relative k-jet cohomology and compute them. for
0= hypersurfaces with finite multiplicities at singular points. Professor Greuel
posed the following problem: which results in [B] can be generalized to complete
intersections with isolated singularities. In this paper we generalize the computations
about the first kind of k-jet cohomology in [5] 0 holomorphic mapgerms, real
analytio mapgerms and finitely determined 0% mapgerms on respective manifolds.
A1l results except Theorem 4 are true not only for isolated singularities but algo for
nonisolated singularities.

Let K =C (or R). M is an m~dimensional complex manifold (or real analytic
manifold). Oy is the sheaf of germs of holomorphic (or real analytic) functions on
M. Oy, is the stalk of Oy at ©. Ju,; is the sheaf of germs of holomorphio (or Teal
analytic) cross sections of the k-jet, k<o, bundle on M. Ju,x,» is the stalk of Ju»
at 2. Le UCM be an open set with local system of coordinates (wy, +--, ®m), then
T, U) = 2 Ou(U)E%, where a={(ay, =+, &n)’8 are multi-indexes and &3, +*, €m

\al<k
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are formal coordinates of Jy,;. The differential form sheaf with respect to &1, =+, &m
18 Qur,1-1. Qari1 () =§} Ju,u-1 (U)DE4, where D§1, o+, D¢, are formal differentialg

(See [6] for detalls) .QM,R_i is a locally free Jy,_1 module with locally free basis.
D¢y, o, DE,,. Lot Qb = AP QM k-p- We got a sheaf complex

D
Qi1 - JM,k—>sQM7c-1"’ °_)‘QMk—p+1 —> Q8 o —> '—>QMzc—m

It FE€Ju,,(0), F= 2 F@)&, F“(w)éﬁm(U)

DE%Zfz—D&=§K > 1 pen)enpe,

=1 0&4 = a1 o1

where a+1;=(ay, -, oz,-+1, e Gm).
Let u: Gu->T e bo i f= 3 L L &f ea F€0u

&2 al do"
Let N be an n-dimensional complex (or real analytic) manifold, there are Oy,

Jxx and Q% ,_;. If V ig an open set on N with local system of coordinates gy, ***, Ya.
G E JN 1.7 (V) b4

6= 51 @W)E, QN,k-1<V)=i: T2 (V) D

@ M—N is a holomorphm (or real analytic) mapping. ¢*Qy,y-, is the pullback
0f Qu,5-p by @. Let ;
1= 0tp1/ T a,5-10" Qhi1, |
‘Qg. k—p= AP'Q;Q 65— =Qlr, k—-p/ Ju, k—p‘P*'QN s k—pAQE%—r |
‘We have a sheaf complex

D
Q@ Jo=o JM,k > ‘sz k—p+1 _égm.k—p_* -9[2@ T—m
We will compute cohomology groups H?(Q,,;-.,,) in the following, where
H p(‘Qm T e m) '

= Kex(21mp.e > Q4 p1,2) /T (O3 prss > Qrtp)

Suppose p(V)CU, ¢|v=(f1, **, u), 1, ***, Fa€EOu(U). Lot I(p) be the ideal é
sheaf of Oy generated by the coefficients of dfyA--- Adf, where d's are ordinary |
differentials and O(p) =Oy/I(p). Lot Fi=j,f;, =1, -, n. I;(p) is the ideal sheaf
or J a5 generated by the coefficients of DFyA -+ ADF, and O, (@) =J u,1/ I (@).

k .
Notations: For G € Jy,y,, write @=> G¢ the homogeneous expansion with
=0 ‘

respect t0 £ such that G° € Oy, , denotes the initial term, .
Oy, e i an m—dimensional Oohen-Macaulay ring. depthyey, Oy, =m—dim0(g),.
Lemma 1. a) Jy 4,0 is an m~dimensional Cohen—Macaulay ring b) If Gy, -,
G1E€ T u,n,0 18 & Ju,p,0-regular sequence, G, +-+, GY is an ﬁm,m—fregulw sequence.
Proof a) By Lemma 1 in [B], if G4, -+, G € Ju, 1, such that GS,---, QS is an
Du,c—regular sequence, dimgJu, s,/ (G4, -+, Gm)<o0. Hence Gy, «-, G, is a system
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of parameters and dim Ju,z,,<<m<<deépth Ji,4,. Bubt depth Jup o<<dim Jy 1,6 a) ‘
follows. ‘ o h ‘ S
Gy, -, GrisaJ M,k,a—regulaf sequence, there exish Gy, «+-, G € Tt 5,0 Such
that G4, «--,G is a Sjs’ﬁem of parameters of Jy,i,. (see [8]).. dimg i, 5,0/ (G4, ,
&) <oo. Hence dimgOy,./(GS, -, G‘S,) <o and G‘{,' . G‘}n is an’ Oy,,-regular
sequence. b) follows. A B ‘
‘Remark. By Lemma 1 b) and Lemma 1 2) in [B], G4, -+, Gn€J 1,0 i8 2
Ju,x s—rogular sequence if and only if G, ---, G i8 an Oy,, —Tegular sequence.
Corollary. m-dim O(g),=depthy,y.J u,10=m~-dim05 (@) ,. :
G.-M. Greuel™ and K. Saito'™ proved the following generalized de-Rham
lemma. We write it into the form we need here, o o
Generalized de-Rham lemma: R is a noetherian commutative ring. A4 is a free
R-module with finite rank. A?= A?4 the p-th exterior product of 4. A1, +++, A, fhy,
v, €A, Iigan ideal of A generated by the coefficients of Ay A «+- AX A g A =+ A piges
Let '

) WA A
. _—>

Zﬂ—{memmi/\ /\m.;/\a)EZM/\A““}, '

Apﬂc

H2=27? 2 i /\Ap—1+2 Ma Aprl_

Then a) There exist g an integer s=>0, such that
H?=0.
b) If 0<p<depth;R, N
' H?=0. _
Notations: B is an B-module. Let TN(B) — {# € B|there is a nonzero divisor
GER, av= 0}
Oy, is an mteger do:mam GQJ %00 If G°#0, G 1s not a 26T0 lelSOI‘ If
- G°=0, lot LEJ 725 I O 1<l¢ Then GL= G Henoce G is not a zero. divisor. if and
only if Go= v . : T
The mappmg DF Q8 %, ,—>.Q k,ﬂs deﬁned ag follows: coEaQ‘,,’,,k,‘,, DF (@) =DF, /\1
+ ADF, Ao € Q¥.c | o |
‘Proposition. TN(.QM,,) Ker(D]i’)
Proof w&Ty (22,3,,). There exists a nonzero divisor @€ Jy,y. such that
aw=0.aDF () =0: Q%% , is a freé Jy,x,,~module. Hence DF (w) =0.
By generalized de~Rham lamma, I3(p) Ker (DF)=0. There are nonzero dlvlsors
in I (@) . Hence Ker (DF) Ty (022 1,0)
Corollary. For m—n+1<p<m, Q4 .=Tx(2%.0).
- Lemma 2. . R is @ noetherian commutative ring. A is a free R-module of finite
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rank. A?= NP4, 04, «, 8,E A. I is an ideal of R generated by the coefficients of 93 A -+~
N8,. Suppose w,..;, € A?, 41, <+, G,=1, - nsare symmetric with respect to the lower
ndexes Gy, +++, b and ‘ '

t
. E 00 A m{l...lr_lq ='_0~
a=1

Then 1) there ewists a posq)tq)vé'q}ntegér s such that for any hE€I, there are wi .4, €
APy, ooey bpga=1, o, n, symmetric wwth respect 10 By, <o+, bpyq and

hwi,- gy = 2 6 /\Cf)qt1 4,00
- 2) If p<depth; R,
Q)i; c,. 2 9 /\an, 4,63
Where wy.qu,, € AP, Gy, oo, Gpgg=1, » Iy are symmetfrw 'w@th respeat to 12,1, ceey é,,q. '
Proof 1) We prove it by 1nduot10n on n. Let hel.,
The case n=1 follows immediabely from generalized de-Rham lemma,

Suppose ib iy true for n-1.
Cage n. We use induction on 7. .

r=1. i s\ wg=0 implies 6, A W= 2 0, \ ws. By generalized de—Rhan lemma.

there exists an 1nteger v and w,,GEAf" , a=1, n—-l, such that
] R, = 21 0o A\ @ag.
Substitute it into
' n-1
' 2 Os A\ P'wy=

- We get . .

n—1 —_

Z_}l O\ (B'wg— 00 N\ 02ng) =0.

By the induction hypothesis on n—1 and I Cthe ideal generated by the coefficients:
of G1A++A@,_1, there exists an . integer u and ., € 4?3, i, 4g=1, -, n—1,
symmetric with respect 0 41 and 44 suoh that. B

h"'(huc% —0. A mnﬁ) 2 Oo N\ @iy
Let w h—h Ontyy U1’ =1, We have
- Rlay,= 21 Os\ @i -
Suppose it is true for r—1.
Qase r: Take 43=n. We get
| | D OA Orttya=0.
o=1 ‘
By induction hypothesis on r—1,
| i&“&)m,...g,_m, 20 /\ Dyt ge
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“Then for ¢y, 81 <n—1,

. n—1 L) —
S u A Ewpiat 0o 3 6N it ) =0
a=1 a=1

n—1 : : -
E 90: /\ (humﬁ ] A7 01! /\ a)h'"lr-:ml) =0.

'lsz the induction hypothesis on n—1, we geb
' n—1

h“' (hua)i,t...{;_li,. - gn A Z){‘ ---i,—xﬂ‘r) 2 9 /\ wix ir‘”
“where 4g,+,4,<<n—1. Let h“'E,@ sty = Oy, 304 F=t -+, We got
” N
W, = 2 s A\ @i,

where 64, +;4,=1,++,n and ;. ;méA"l are symmetno with respect to- @1, ooy Bepge
Because I is ﬁmtely generated we can get the desired s, ' '
2) A similar but simpler induction can prove 2).
We define
AP = A’p® @ Aﬂ
—
: (n-{-'r 1) copies
and , o
U2 4B T—> Ap+1,rj1,

P Gons D) ={ 2 00N 0t }
where {w,...,} € A%, b4,--+,4,=1,--:,n, are symmetric with respect to fi,im','z’,,..
* It is clear that ?~1 4?7 =0. Hence we get a complex A4 +%7:
A0.2 IV s 429t ,f_’_’:;Aq+1,p-q-1_>...’_>Ap,o=Ap.‘
We define |
Rq(A % Al ) =Ker ,’bq.p—tI/Im ll,q—l.p—qﬂ
- Corollary. I’R2(A4A"? ) 0, for some positive mtegefr s, cmd R (A 27) =0,

Jor ¢g<depth; R.
Let A=Q¥,5-p,0c W0 have oomplexes :
d 5~ .
. 'QM Ia—p.w QM,k—p,z'—) -')‘Qi' k—-p.m ¢ Qy‘%’—pp—g-i")' '»‘ng?k;—p.m-
Let |

D¢ Q%[pk—_pp - —0QF k—p—-l o
‘ ) A_Dq,p-'q ({wi,---ip_q }) = {Dw‘x“'-"p-g }"
’Olearly D»o=D.
Lemma 3 Detiie-g _Dq,p -] cmd Dq-i-l,p- —1¢,qm q+¢,q+1,p—qpq.p—q._()

We have complexes
DO D +1 » m,r o
Qi pr—+ 01 2%, k=r1a —> o> Oy rge —> le g1, >0 e

Qlearly | ‘ QM.k-.,waM,k— o
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Lemma 4. HY(Qyy_,_.,.) =0, ¢=1, A
H( Qi 5mr,0) = O, s@+ @O, 0.
~——-—W-_-—J
(472 copis

Plrooj It follows immediately from Poincare lemma.

We define a double complex

Qe p<pt+g<k+m, O<p<la O<q<k
0 othervnse

’ = Dota-kk—g 1 Ipq__ ~kik—g
and 'dP 2= Drte Jf:, 2, VP =ypta .

KM={
2
nt+p—1\ .
( p jcopies

IIE%;P=/HP(K*,Q)={- oD DOu,e, pP= -q,

0, : - otherwise.
Hence | '
. L copies ¥
o e :
Oy, o3+ 0O, oy T=F
H'(K )= o, oy T=H, .
0, otherwise,
‘ ok [n+p—1 +k
where .L=72(n+p >=(n ' )
=0 P ) r »

We denote ¢=m~dim0O(¢), from now on.
IE{,Q-____ I/Hq (Kp,» . )

28, k-p.a) | - g=k, ,
R, k+i<p+g<k+m, 0<g<k, 0<p<h
| Quin QRS g g htm, p>m,
0, . R o.’oherwise.
For g+k, p+g<k+t or p+¢>k-+m, we have
’Eﬂyq_’Eﬂ:Q— ’qu_.., 'E”—O

By H"(K ") =0, r+k, we have 'E??=0, p+q+k. Because ’Eﬂq—’H”(”Hq(K ),
' ' EpF == H”(.Q,pk_ w)
For 0<p<i-1,

Bt = By = B EW“(K )
For p=m, )
lEm. o lEm Y IEm T __ Hm-rk (K )
Theorem 1 H(Q,, e z) =0y, DOy, ,
' (”;};k > copies '.

- H* (2, 4.0) =0, 0< p<m—dim O(ga)w—l or p=m.
Proposition 2. If a€I(p),, let S;={1,a,a,: }be @ mulmplwatwe set. Then for-
—-1<p<<m—1, the localizations

) ~S;1Hp (‘Qq;:k—',w) =O .
Proof We consider the localized double complex S;1K?4,
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Because 8; Oy, , i8 a flat Oy,,~module, two 5pectra1 sequenoe of S‘IK 72 gare ag

follows R
v S—lﬁM @@ @S ﬁM.m: P+Q=7‘7;
"E%”’(SEIKF'. ©) =< o (”'*'g 1) coipes’ oo
" L0, - otherwise,
o R P ﬁu o@D @8 0u,s, r= 70
—
H(S71K **) =4 ‘ (”'7:76> copies -
0, ‘ ~ otherwise.
On the other hand, if we denote .Q,,’?jf:,f'”, 3’}%‘_‘?@/ Jm-bp—mtlgu-t.p-mtl
() = S—iRm-k(Qg;H o=y, k+t<p+g<k+m, 0<g<h, 0<p<m,
' S“HQ’";O":;Z’W : p+gq =k+m,p=>m,
0, - otherwise, -

| By Lemma 1, Tj_,(p).RP*(Q ,’gi;];,-) —0. But gk_paEIk p(¢) “We denote o= jk_pa
Henee o RP*+-(QE b4k~ ) =0. o' =’ +b (&), wheredeg b(¢)=>1. Henec (b (f))"“" =
o' =0 (1—{—6(5)/@”) in S it ke So af ig invertible in S5k, 00 Hence b
) S—lRp+q—k<Qp—-k+ =) =Q.
On the other hand DF (Qm#=m) =0. By generalized de~Rham lemma
I3 () oR2s2m =0, Similar arguments can prove S‘lQ;f‘,kp:,,mm—O

We get
| ‘ - lEp q(S—lK ) {S -Qwok-g EI) 9= 7"'
0, - * otherwise.
and
—1
rqu<S lK ) {S Hp('gazk- .m): g k
- 0, otherw1sa
'i[‘herefore .

, S‘1H’<Q¢ pmer) =0, = 1<p<m =1
Theorem 2. There ewists a positive imteger s such that
(T (@ o) H? (2 1mr,0) =0  for t— 1<p<m 1
Hence H? (Qg5-0.0) are finitely generated ﬁM, o/ I (@) ;—module .
Proof It is an immediate consequence of Propsition 2, because I (gv), ig ﬁmtely
.generated. ~ e s
Lot Q8- ,=Q%%%, ./ ¢4'1,"¢+1Q$7,%2’,;§?‘1. ';W—er get oomplexes

Oifhmrmarot Dy o> > Qs 0 OE Tt OB
Proposition 3. He(Quh ...:;) =0, 0<g¢<Lt—1, g=m,
. ST HY(Qyhmrmep) =0, t—1<¢<m—1, s €L (@), :
Henoe H2(Qy 5. ,,), t— 1<q<m 1, are ﬁnltely generated ﬁM,z/I (¢)x module for
#ome positive integer s. ‘ S R
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Proof We define a double complex
2:q [y .
Era(r) = K*,  g=Fk—r,
0, otherwise.
Similar to the proofs of Theorem 1, Proposition 2 and Theorem 2, we can prove
Proposition 8, A

We define a complex ;
‘Qg';;—r—q,a:; q<i,
QTr_ . (=1 " l
tirmae®)={ oo I | |
‘Because R¢ (Qi%5,5) =0, p<<t—1, we have short exact sequences of complexes

02y ()~ Qiprrs (8) — Qb o (£) 0,
where 1 ‘s are induced by /s and @’s are natural projections. We: write the last
~three terms of the Short exact sequences of complexes explicitly ’

2, r4+1 f=1,r+1
e _>Q k-—;it+1,z' B Qg;,k—’-r—t,z‘ —0
Qt—-l.r D Ok 0
Sy ettt > B et 0>
@ . aw
o' 5 ok 0
R ¢,k—r—t+1,a—’> @ lo—rmtyr "> Us

Theorem 8. The following sequences are evact
0> H 2 (QY . o) —> Qlrtl /DO,
—> QY —r—t,0/ DY, k—r-t+1.a‘“>Q¢,7c-r—t,w/ D Qw Joilrr—t+1,m">0

and SH' (20 ) DHTH Q5 ). .

Proof Let [w] € H"™(Qphro1-.0), @€ Z(Q5720%1_,,). Then Di(5)=0. There
exists € Q5 il _t41,0, Such that Dy=w. Let 7=omn. Clearly

Dyy=Dan=xDn=apw=0. '

Let [7;] be the residue class of 7 in Hi(Qyr . ). Then a[n] = [a]. Qlearly [7] is
independent of the representative.

Especially, for r=0, we have exact sequence

0—H*" i(Q«p ome ) —"'3’ Q5 o/ DO et
—~>Q%,%-,0/D Q41,0 51,0/ DO 111,60,
On the other hand we have a sequence of Oy, ./ (p) s—modules
HH Q) DOTH T (2 ) D
DO @ H Q) Do DO 0 H QL ) =0, ,
Theorem 4. If dimz0(p),< oo,
a) H?(Q,5-.,.) =0, 0<p<m—1 or p=m,

b) dimgH™1(Q}, 1-.,0) = 2 dimg Q75— m,0< 00,
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Proof Under, the hypothesis, dimC(gp),=0. a)follows. Because

O+ = DO ssser HHQyfres) RS of DO
By Theorem 3, " '
H Qi pro) [ H™ Q5 1 0) = Q5400 Z (205 2 Qe e
Because dimg@i,e/I(@)e< 0, dimgOy,./I (p)s<co.. Hence dimgH™
Qi) <oo.b) follows from Proposition 3.
Corollary (i.e. Theorem 2 in 5). If p: M—K is a complex holomorphic (or
Mwl analytic) function and dimg O, s/ (Op/0m;) <0, ' '

H° ((Qq, T—- ,m) ﬁM fc@ @ﬁM,w
L————-——Y———-———’
k+1 copies

H?(QM_ ) =0, p=0, m—1, |
dim H m‘i(Q;,,k_.,w) = )dimx Ou,v/(Op/0m).
: t k—m—1/" -

Proof In this case n=l.

2 .
. gzk‘r—r_m,m Q¢’ k_r—m.m"“J'M’k""m’w /( ag]j_ y oty 88; ).
By Theorem 4, . | '
"‘ﬂl m
dlmx Hm= 1(Q¢ T—e ,a:) = 2 dlmK uQ¢ TPty = (Z’/’ m_l)dimx«ﬁu,m/ (6(}’/8’.%) .

If M and N are 07 manifolds and ¢ is a finitely determined O mapping.
There are suitable local systems of coordmates near # and @ (w) respectively, such
$hatb fi,e-+,f» are polynomials. Let UCM be such a coordinate open set on M x€U.

- We denoteby Oy,, the ring of germs of real analytic functions at o (defined with
respect to U), and eg,, the ring of germs of O~ functions at ». gy, i8 flat over Oy,
(see (). | |

- If ICOy,, is an ideal of Oy,, and
X, X g > X 0y, o/ I->0
is a finitely generafoed free resolution of Oy,s/I over Op,.. We know
Hom,,, ..,(Xmﬁu’,m) ® ey, ,(OcaU «~Hom,, x<X ®0, zﬁmu m;éau,w)

Hence _ A

: oe "*’Xn®@u,¢@pu,m”>' . '—>Xo®mg,zéau,w—>éau,w/1f?@v. >0
is a finitely generated free resolution of &y, o/ L&y, s over &y,q and

EXt003<ﬁU,G/I Oy, w)@@ux@mu o= Hxbg, (Cﬂ@U o/ L85, 5,67, o)
Therefore the homological I&%,,~codimension of &y o—=inf{n|Exty,, (é”U o/ I, 0y
&Eu,0) 0} =inf{n|Exty,  (Op,./1, Oy,s) #0} =homological I-codimension of Ty,s=
m~dim&y, ./ F=1. | '

Because all morphlsms such as D, .D" " and §?', are Oy, ~linear, by tensoring all

, modules in this paper with &p,, over Op,q Theorems 1,2,3,4 and the Corollary of
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Theorem 4 are all true for ﬁnitelj détermined ‘O"" mapgerms, if ﬁﬁ,m ‘s are
substituted by &y,. ‘s and m-dim O(p), by homological I(¢),~codimengion=¢,
where I(p), is the corrssponding ideal of @ in' &p,,.
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