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'GLOBAL EXISTENCE FOR NONLINEAR
PARABOLIC EQUATIONS

ZHENG SONGMU (%[s %::ﬁg) * OHEN YUNMEI(I‘ff k) *

Abstract

This paper is concerned with the global existence of Cauchy problem for nonlinear
'~ parabolic equations. The sharp results- eoncerning the space dimension have been obtained
" which improve the corresponding results obtained by S. Klainerman.

§1 Introductlon

It is well known that the globa,l existence or the blowmg up in a finite time of
fsolutlon for the inifial value problem of nonlinear parabolic equation, similar to
the cage of nonlinear wave equamon, is tlghﬂy connected with the dimension n of
space variables™~%, . »

Fujita, Kobayashi ot al., Weissler® ! considered the initial V:ilue» problem

- { u— du=1u?,
u(0, &) =¢(2)
and provéd that if P l—l—%—, them for any smooth initial data ¢=>0, =0 the
solution v must blow up ina finite time no matter how small ¢ is. They also proved

the global existence with small initial da’ﬁa when p>1-!—2 Klainerman™ considered

‘ﬁhe following initial value problem for nonhnear parabolic equation
us— du=F (u, Dgu, D), o 1.1)
u(0, 2) =¢(2), 1.2)
where wz(wi; e, ,) €R", t€R*, D qu= (4g,), Diu= (umﬂ,,) (@, j=1, ++, n), and F:
BRXR'XR">Risa (O functlon o) EH =(R"). Uslng the same technique as in [1],
he proved that under the assumptlon

FQYAF (Mo, My : Ais) = O(IMP‘“) near A=0, .3)
where p ig an integer, and '
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1,1 i
- <1+ )<§, | | (1.4)
there exists an integer Ny>0 and a small >0 such that if
[¢lwrn<3, ¢]wren=, 1.5)

then the problem admits a umque glo bal smooth solution w. Moreover, the solution
has the following asymptotic behavior: e R
lw(®) [z-= O(t 7 ), as t—>o0, ' (1.6)
1u(@) |a=0(1), a4 o555, - AR .7
In this paper we consider the sarme problem (1.1), (1.2) and get the following
Main Theorem. :
(1) -Under- the assmpmm . Cmgy e
\ | L FM = 0(|x|2),, noar A=0 L (1 8)
‘and n>3 tke pq*oblem 1.1), (1.2)-has a unigue global solution w pmmded ¢ satisfles
(1.5). Morreo'vear, we have the decay estimates:

| 4u() [F=0GTF), oo, (1.9)
| Aw(t) |za=0 " 4), t—>+oo (1.10).

- where 81>0 is a sufficiently small number and, . -+ < T 0o T ey
- Au= (u, Dyu, Dtu Du) S € SNk )
(ii) Under the assumptions - ST E
FQ) = O(l?»l‘”’) near A=0 N 5% ) %
and n=>2, or.under the assumptions : L SR Lo
F Q) =0(|r[*), near =0 ' : (1.13)

and n=1, the problem (1.1), (1.2) has a unique global smooth solution w provided ¢

satisfies (1.5). Moreover, in both cases, we hawe the same oleoay estimates as: in the case,
of linear hewt equation: J o v \ _ v

| 46(t) | =0 %), t—>+4o0, (1.14)

Jdu(@®) |p=0¢E), t=>too. . 15)

(ii) If F satisfies (1.8) and is independent of u (u, D, respectively), then in

(2) the assumption n=>8 can be. replaced by n=>2 (n>1 respectively) . Moreover, we have
the decay estimates: A

o) Lm0, w2, (11

| s () up=o<z‘»‘4—>,~ w2, @ )

..lzc<t>,lv"{% e T (1.19)
ClogTE Y, pmg,

0™,

ot . Hu(t) HI:’={ 3(t+1)

0 —S ), n= 2 (1_'19)
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where Ay= (D, Do, D) (and we have . -

+2)

[Agu(t) =0 Ty sy, (1.20)
Aguu) "u—o(t =), nt, (1.21)
where dsu= (Dyu, D), and | -

S YCa , ,' : | :
lu(t)g,ll."';{ -(t %(n+2)) Zp: (1.22)

O( 8 +1+81>’ 1<n<2,

fou ey iy
I-Dau(t) li‘= { O(t ‘3(.7;4‘2) %14_81), "= 1 (123)
PR O(t 4), n>3 :
0 , p ‘ ‘
. ﬂu( )H {O(t RSl =E-Hts ), 1<<n<<2, (1.24)

DO lrm {0“ B
| G 0(15 _T—+1+sl>,,, =1y;, - e
vespectfwely) ( o :

"Remark 1. We emphasize ,tha“ﬁ by.. Fu;)lta Kobayashi, Weissler’'s results
menmoned above under the. aSSerp’ﬁlon (1. 8) ((1. 12) (1. 18), respeetlvely) our
result n=>3 (n>2 n=>1, resPectwely) can not be 1mproved ,

Remark 2. The teohmque we adopt in this paper is Nash—MOSer—Hormander
iterative scheme combined with the decay. estimates of solution for the linearized
pa,rabollc equation. This technique was ﬁrstly used by Klainerman™ in solving
nonlinear wave equation,and later on in solving many kinds of nonlinear evolution
equations, including nonlinear parabelic equition ™. ‘

The difference: between the results in this paper and in [2] is: under (1.8) we
get'n=>3 instead of n=>5; under (1.12) and (1. 13) we. have thé same Solvable range
for n but finer decay estimates. To get these results we eﬁ’ectlvely use the fact that
for the solution of linear hoat equatwn we ' not only have the decay estimates

|u[L-—O(t 2), but also have Tulz = O(t 4) "Thus by means of more delicate
. estimates we are able to. prove our Main Theorem .

Remark 8. If ¥ involves a term qu (q<0), Wthh i3 so—called dissipation
term then the global existence with small initial data will hold without any
restrlotlon on n, and the proof ig simpler ', . - S ,

- The sections 2 and 8 will be devoted to the decay esﬁxmates for lmear parabolic
equation. The seciion 4 will be devoted o the proof of part (i) of the Main
Theorem, and the Seetlon 5 o the proof of part (11) "The proof of part (iii) can
easﬂy follow from sections 2, 3, 4.
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Throughout this paper we use the following notations,
lu(®) | = @2@ l-.D:”{,(t: ) I Lo(Rm);
lu(®) |z~ DZJ [ D2u () @) |zscams (1.26)
@) = 2,150 2 Ly |

and ‘
IUIM.L— SUP (1+t)"|u(t) lgs

Huum‘_' sup (1+t)?‘[|u(t) ley (1,27)
Ml = sup A+ u()llz

§ 2. Decay Rates for the Heat Equation

In this section we are going to derive the decay estimates of the L™ and IL?
norms of solutions for the heat equation.
Consider the Cauchy problem of the heat equation:

{u,—Au——=O,
u(0, ) =¢ (),

where we assume that ¢ is a smooth function and the norms of 45 appearmg

(2.1)

“below are bounded.
By the Poisson formula

R =

and Iioticing ‘
e "<<O
for any integer N=0, we can easily get the following propositions. :
Prop051t10n 1. Foq" the solution u of (2 1), the following decay estémates hold:

| D !<Ol¢m , 1, 2. 3)
lu@ <olgl@+n7% e>1, 29
| DYul s <Ol ¢ Ipswsn (148", 150, (25

1O <Ol bin+875, 150, (2.6)

kere and hereafter L0, N>0 are infegers. -
P:rop051t10n 2. For the solution w.of (2.1), the followmg decay estimates hold:

1 DYu() | o< quSmL-l-.N(l +t)

| D2u(t) |2 <O}

>1, @.7)

>0, @.8)
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§ 3. Decay Estimates for Second-Order Parabolic Equation
In this section we are going to derive th_é“a priori estimates for |ul, ., and
[w] % z (k<%) of the solution w for the following Cauchy problem of second—order
parabohe equation: |

{u, L — 26,,(t ) Ui, — Eb(t @) ts,— bo(t, DYu=g(#, 2,

_ %(0, ) =0, ,
where g and b= (bo, b;, b;;) are Smooth functlons Mozreover, we agsume that there

(3.1)

exist posfmve constants m, M, §>>1 such that

b, 2)=0, g(t, 2) =0, =0, (3.2)
mlEP< 3 Qurb)EE<ME for f€RN - (3.3)
FlI'S'b congider the Cauchy problem »
A {u; du=yg, v
w(0, 2)=0, Gy

where ¢g=0 as {=>0.
By Duhamel prmclple we have

u(t, ©) = j w(t—=z, o)dv, | | - (8.5)
where w is the solution of 4 o
— Aw=0 ' _ :
{w‘ o ' (3.6)
w(t=7, 8) =g (v, o).

Thus by (2.6), for the solution u of (3.4) we obtain

|D’;ul<r [Dﬁw[Adr<J7[D§w| dfr;%—lr ID,’;fwlcl'u'
j (1+ (=) 2ﬂlglhzo+nclw“+j | Digld

<ou(@+ 2“19!“1+s.1a+n+_[ A0 ol 0 00n)

<O, (1+1)7E (Ngsse,rent ilgnﬂﬂ ) (8.7
where §>>0 iga Sufﬁolently small constant. (8.7) leads to ‘ ‘
I‘A'u'| ” , L <OL(mg“’1+3¢L+ﬂ+2 =+ “g“ __+1 L+n+2) : (3 '8)"(

where Au= (u, Dyu, D2u). Thus we get
-. Lemma 1. For the solutfwn of (3.4) the foltowmg estimate holds: , :
| Au| L <OpBrinia(9), (8.9
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where
o RL(Q) ﬂlgllli+s.n+llgﬂ LIERPA L (8.10)
From Lemma 1 follows the following estimate for the soluhon u of (3 1).
S lAuI . L<oL<EL+,.+2<g> +§L+,.+2<Lu>>, o (8.11)
where ‘ . | -
Lul ;_; b,,u,,,,,,+2 bateFb.  (3.12)
et o DR
| a= mm(z, 1+s ) | _.ig B (313)
Bince '

oo [ Zusf 1.4, L+"+9<OL(Hb ﬂ1+5~a»0u/1u "a L+»+2+ " bni-i-S—a,L-!-n-!-ﬁ | A-U/"mo), (3 .14)

,\ ” [lLu[[,,+1 L+n+2 OL (lb'ui OHAU'" 2 L+,,+2+ Ib[ 241, Lans "AMH n 0), (3.15)

we thus get '

Proposition 3. For the solution v o f (8.1) the followmg a pmom est@mate holds:
IA’“l 2 L<0L(Ez+n+z (9)+[b ﬂ1+e-a:0”—/1u”a Lntat I[b[[1+s-a,L+n+2 | At a0

| Au) | Au PO N G 1)

at+1,0!l ” y Dbt 2 Z+1 Itn+2

In what follows we derive the estimate of | Au] zﬂ,z,<]o<—) for ‘the solution of

(3 1) F1rst taking the inner product with ¥ oh. the both sides of (3 1) and notmmg ,
(3.8), we get : '

!Iu(t) l|<0m(lD bl2+lbl +lbl)l|u(t) [+1g@ ﬂ (3.17)
Applymg Gronwall mequahty, we obtam e
(01 <0, l9@)las- . ‘“’""“*"’"”"’f"’f -
<O’ ﬁgﬂuso it 1*“"*‘;“’ S (3 18)

Now we are going to-derive the estimates for the- h1gher order norms. Acting
D} on the both sides of (8. 1) (N =1, -, L), we obtaln

{(D%t (DY)~ 3 5,3 e, = g,
Diu(0, @) =0,

(3.19)
'{;Vhefe 4 '
gN=m( > bi,-u;m> 2 bMDNuW-i-DN (2 bsum,)+DN(bou) +DY.  (3.20)

In a similar Way o the above we gol

T gl D) [4<0ms( |, b ||u<t>ur,+ Ellgﬂwﬂu@lln) @.21).

iSince
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ﬂgNu<]

[ ,7-1

D7 < é bw‘umj) 2 by; DY u,m, S : — e

+|px (3 50| + 122 Gy |+ 1 220)
<QN(|owlND§ lo-a+0]x| D] + (8] | Das| v
+0ll Daud + 1B fuly+ 13| slul + 1 D2gD), (3.22)

we geb

10 <0, (bt [Blulul

b|$+|b] )T

15 Lafufat B alufa)deseoun SO (g a5y
which Ieads to ‘ B '
b= m (gl 1B 20m2 (1 g Tes0s+ Dl an s (LB 1100

1 ghtse,0 (Lt [B 11t D [212)))e0m M b RS
Hence, we have the following -

Proposition 4. For the solution u of (3.1) the followfmg a priori estimate holds:
HAUHL<0L,m<”9"1+s, ziat [0 1re, zro([ 9l1seat | glise x(L 418 | 140,9)

. g 1re0(@+ B | 1serat [B]F1e,2)) ) e0nPleeat Pliec) (3.25).
In what follows we further derive the estimates for

| Auls,z= sup (148" 4u(®) | (b<2).

For 0<i<<26, we haﬁe

| | L+ )" Au(®) | <06*] Au(?) |- - (3.26)
On the ather hand, when ¢>6, by (8.2) the problem (3.1) is reduced to
, : { — My=0, t>4, ‘ |

3.27)
u[t=0'—u<9) w): ( )

If {24, that is, t—0>0>1, by proposition 2 we have for Io<%

A1) Au(®) [2< @A+)"F A+ | dul®)]z

<O Au(8) .6°%, 120, | (3.28)
By Duhamel principle and (2.11), and noticing (8.12) we have -

1w <[ 1D+ g hevade < Iulgisde+ | Mglssads |
O [, bkl dulzsst [plzssl dule) o+ [ Iglasade.  (3.20)

Since J: A+7) 1 dr<O<+ o, we have

Va@)<0[, (blol dulasat [blssal 4ulo) dw+ [ Igheade |
<O(91+s_a(l [ o"AuHo reat 18], zeal dufo,0) + 1 gllise, za2) (3.80)
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| Thus for << -q—;'-, =260 we have.

T T

A+0)* Au(®) [z<00 % (0" *([b a0l Aulo, nea+[B]a zeal Aulo,0)
+lglisezea). (3.31)
Combining (3.26) with (3.81), we finally get . o
-.- Proposition 5. For the solution w of (8:1) the following estimate holds.

-

| 4ulx,z<0 max {6%| dufo,z, 6% (6***~*([Da,o] du]o,zs2
+[0]a zsa] Au] 0‘-0’){"}‘ Dglsse,zea) }e e i (3.82)

§ 4. Proof of the Part () of the Main Theorem

In this section we are going to apply the. decay estimates obtained in sections
2—38 and the Nash—Moser-Hérmander iterative scheme (see [1]) to prove the parb
(i) of our Main Theorem.

For the problem (1.1), (1.2) we adopt the following Nash—Moser-Hérmander
iterative scheme. Let uy be:the solution of - |

[ wy— du=0 -
{,“f. u=0, (4.1)
' (0, 2) = (2). o
Set
' go= — Bop (uo), (4.3
bo=F"(8oduo) = (F;,(Soduo), F w(Soduo) , I, (Sq/luo)): (4-4)
and denoting by u, the solution of - o o o
V= o — 3 T}, (86lltc) Vg, — SVF3, (Sothe) 00— Fy, (S0 Ae) v=go,
6j=1 ¢=1 (4 . 5)
v(0, ») =0, :
we obtain the first approximation . _ »
‘ Us =ty + o ' (4.6)

In general, for any integer p=>0 let L -
| b= F}(8,du;) (4.7
and leb L, be the operator defined as follows:
Ly =v,— dv— F}, (SpAu,) Av o , ‘
=0 v~ 3} B, (8,2) V20, — 3} Fr (S, T 00— T, (8, T)o. (4.8)
v J= = o
Bet ‘ o
| &= (&' () — L), |
&= (Ups1) — P (Up) — P’ (Up)
ep="6p-+ey, e (4.9)

.- ot
EQ?':: 2 €4,

j=o
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PN J

for p=>1, and S e
9= — (Sp— S-1>Ep~1 - Stpi— (S =8, 1)¢(uo): T (4.10)

‘where Ho=0. . o
Denoting by u, the solution of

L o
E"D g b3 ( 4 . 11)
fu(O ) =0,
we obtam the (p+1) —th apprommatlon of the 1terat10n _ ,
: up+1 up —I_up - L ] 4 (4 ‘12)

In the above, S (p(-'-IO 1, --+) are the smooth. operafoons deﬁnea in [1].
From [1], we have | o o |
Lemma 2. For the smooth operators S p(p= 0 1, ) ag 0<s<k, O<M<N , Wé
have B - ‘ .
[Siael s,y < OB G,y . (418)
and - ) ‘ o ’ -
(T~ 8p)ule, u<O07% 2 |u] 5,460,790 |y, »). (4.14)
The same conclusion holds for the norm [+ ] and the norm ||+ B
Lemma 8. Suppose u is a smooth function such that

ulo,0<067%, . (415)
|44, . <OGWH =8 |4 AT, — ,8>s, 0<k<E, 0<L<I, (4.16)
where §>0, B>¢ and . .
- /‘E-—B>E, AL—B>z, 4
then '
|| 1< (O5,20) 0458 0<h<<k, O<L<T. (4.18)

The same conclusion holds for |uyz and ||ull, 5.
Proof See Lemma 6.1 in [1].

We now choose the positive constant 8 and the suﬁimenﬂy Small constan‘o & and

€ such that
3 —5>Amax(L4Ent3), 1o+ (n+2)),

3n

(4.19)
2B+ <<=, T .

It is easy %0 see that when n>>83, such choice is always possible,
Let >0 be an integer such that _
L>_2§_+ (n+2) ‘ (4.20)

By the results in section 2 it iy easy to gee that we have
| duo|, <3, | duo 3.5 <5 C L (4.21)

provlded that |d)lz,, is ‘suﬁiclently small, where" 5>0 is a sufﬁclently small
constant,
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The proof of the part (i) of the Main Theorem.
It is sufficient.to prove that for j=0

(P, )¢ | Ail 28 7%, O<k<, 0<L<D, C (422
(P, 9): |Ad,ik,;<aok—ﬂ+=*ﬂ o<h<, 0<I<L, | (4.23)
(Ps, §): iAual1+s.o<O5<1 “/1?1/, no o<1 (4: 24)

In fach, once we have proved (4.22)—(4.24), similarly to [1] , W6 may conclude
that the limit func’mon of u, is a global smooth solution of (4.1).
- Itis easy to verlfy that (4.22)—(4. 24) hold for §=0 ‘which we will prove later..
Assuming now that 4. 22) (4 24) hold for ] p, We prove that these are validi
for j=p+1.

In fact, we may prove in ’ﬁhe same way ag in [1].

I1(1). |8p24U 11|10 2<Ci, 28 05357%0,

_ 0<k<§, k—B+el>s, L=0; (4.25)
where :
Upp1 = 2 Wi ' : ' (4.26)
(1), ll8p+1AUp+1ilk,L<Ok,L8 0’;:&**5”,' |
o<h< . /3+8L>8, =0, - . (42
(). |SpssdTpssl <08, , - L
| - 0<h<g, k- B+8L<—-s, L>0 : - (4.28)
(i) . |Sps14U psalr <083,
O<h<, k—B+eL<—s L>0; * (4.29)
I1I. {(I ;S',,+1) AUp+1lk,L<03 9k—ﬂ+aﬂ _
o<7¢§§ _Q<L<_’TJ_. e (4.30):

It follows from up+1%Up+1+uo that
r (1) I 8 p+1/1up+1 | 16 b <O, 10 97;15*“:

0<h<Z, k-A+iL>%, L>0; o @
(). [Sypadltysals, <O 20 O35, o
O<Io<./1-,k ,8+3L>a, L>0, | (4.32)
IL(). [Spedipeslss<08, .. o -
o 0<70<-—,k B+3L<—s, L=0; o . (4.33)
(i), “Sp+1Aup+1||k.L<00;
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0<h<7, b—B+3L<—5, L>0; (4.34)
I (). | (T = Spss) Attyen |1, 1< OB Gizf 7",
0<h<z, 0<I<L. © (4.35)
“We Nnow prove -
(11> ” (I S,)Au,{[k,b<0k,L89k'ﬁ+eL . _
0<k<-—- —5+8L>6, 0<L <L
(111) " (I Sp> A’L&p “ k00<0k8 9
| o<‘k<%‘ (4.36)

In fact by the property (4. 14) of the Smooth operator for 0<L L, 0<k<-£—,

we have . ' ‘
|T=8) iyl 1 <026, ) o D ).
By (4.21) and (Py, ), 0<j<p, as —B+5L>5 we get

HA%H%L <“ Ao g.j + g HAQZ:‘H <08 6’2'5“[‘

Similarly, ib follows from (4.19) that N
)< | Dol 2+ 5 1 i 108 057245,
‘Substituting (4.88) and (4.89) into.(4.37), as. — B+zL>& we obtain
| (T—85) 4w, 1. LS OB+,
Smnlarly, it follows from (4. 19) that for k<-——

| I T- Sp)Aupﬂk.o@k(a ) [lAu u +0 Equu,,u,c,Z><oka get
"We now prove ”
IV (1) " Gp"k L<Ok.1;32 9k—2ﬂ+cn

(i), e, |k.L<Ok, 52 9""3'—-!-31:”) -

o<k<%,“ 0<L<T..

‘er’ﬁmg B as b= =Fy+ kg, kl\ k2< , by (4 8) we have o

llepll»,a<0k,p(lAupln..LHAupllk,,o
+ 1+ | dpsa|o,z+ | Auy)o, 1) lAup{kno"Aup"k, o):
nep"k.n<0kyb(| (I—8y) Auy |,z "A"‘pukno ' —
+ | (T=8p) Aty |1, o (| Athg s 1+ (L + lAupio,L) I ’1%"7&. 0))

(4.37)

- (4.39)

(4.89)

(4.40)

(4.41)

(4.42)

(4.43)

C(4.44)
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Applymg (Py, p), (PQ, gp) and I’ III’ in the same way as in [1], we obtain as
—B+el>e, o<h<Zn, '

7 . i v B L
S g ezl k,L<Ok,L52 Hk_zﬂsn (4.45)
R 4 nep“k 0\0k82 Gk-QB A . ‘ (4.46)'
By Lemma 3; we get _ P ‘ .
o<h<Zl o<I<I. 44D

Similarly, we have

“6;"15, L<Ok,1;52 070—2B+5Ia

o<k< , 0<L<L.  (4.48)

Th1s comple’ues the proof of (4 41). We now prove (4 42). For h<— 5 writing ib as:
k“‘—’ki"l‘kg, :‘k1<_‘?’ kg\—4—, as -—B+SL,>A6, we have

lelli, 2<Cx, L ( ﬂ-A-dp“ 3 1] Aty |0+ L4 | Attpes] o,z »
| Au, ‘ o.z)| A’“p“kuou A’“p" ks'O) ‘ :
<Ok, L82 (9701—/3-1-;1: 976:'—/3 +9-B+eL 970-—23) < O)a. Lssgk—2ﬂ+en (4 . 49)‘
_ Slmllarly, we have G B
\ ‘ leplls, o< 0,8%6%%8, - (4.50)

Interpola’umg with respeot to L, we obtain for 0<Io<-§-, 0<IL<L o
llez “IksL<Ok, L329k"26+5ﬂ ' ‘ - (4.51)
On the other hand : . ’ ’ ‘
m@' l“k!L<Ole<II (I Sﬂ) Au?ukull ’
+|{T- SQAMAmmGHWAMJmQ)Mﬂ%h”o o
O] (T —85) Aty o] Aty @
Applying (Py, p) and IIT, as — B+eL>E, we geb I
. mepmkoL<O7hL82 (070-2B+5L+07c—2ﬁ—ﬁ+811) -
+0,u 80 <0 O (489

and -
k-ﬂ-—

feblli 0<Oxd® 6, (4.54)

Interpolating with respect to L, we conclude that the followigg'holds for 0<<h <—"23,
0<L<L

- B-—+§L

A <0y, 13?8, L (4.55)
Thus the proof of (4.42) is completed. S s
. In what follows we prove = -
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V). 1 9peall <041 82 Guiaeren,

- b>0, L>0, - (4.56)
@) Egpoalisns<O 6L F |
Z-‘ B+eL>e, L>o,’, | C(4.57)

mgp+1|”1+s,z,<01;826'},i§ % | N
T —B+EL<-E, L>0. (4.58)
The proof of (4.56) is similar to [1]. ey
By (4.10)we obtain |
I 9p+1“|1+s,p<, ,||I,<}5'p+1—: 8p) Epllive, 41l Spﬁepm -

+1 <’S’p+1—lgp)¢(uo) lite,z, o - (\459)
It fo]lows from (4.42) that = Y
| m p+1epllh+s,p<082 6;:;-5-_“1, L>0 B (4.60) |

4Ill,(15"p+1 ?)Epml+s,1,< 2 ("[ (I=8p41) 69|"1+a,1>+| (I S:n) €; “’14—8, L)

<0 S @G el , +8E P lelinz)

2

. 6——- -1 n ~243 , g2 .
>‘<0‘1‘48(ﬁ1 1126’]2 B-g oL +ge<L—L> 20“ 8 +L>

u
O

E=. 1 ﬂ— B, 8o __ g
<0:5*(0 grE Sggen, 6211 - ) (4.61)

Jj=0
Therefore, as %"——-B+§L>E, L<L, we have

1+s———ﬁ+sL

I ('gw:l S,,)E !"1+e.L<0L52 Opi1 * . co o (4.62)
On the other hand, as- -—— BHel<— =3, we have - |
B (Spe1—8,) Ep" 1+s.L<OL52 9;::——- ’ - (4.63)

| Sumla;rly, for 0<XL<<L, we have , ,
1(8ps2~8)b (o) l110, 20 (G157 E 1 ()l , +O:E Pl (1) D)

2
1+s———

<O (Gpry 2+EHD o (4.64)
Henoe, s———/’a’+eL>s, O<L<L, we have | '.

1+e—B——+nL

I (Sp+1* p)ﬁb(uo) s 208" 0,+1 s (485)
and as —Z’——B+§L< —&, we get ' ‘ '
H(Sp1a— )b ) e, < Od”. o, (4.66)

In virtue of (4.60) and the property (4.13) of the smooth operator 8, we obtain
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(4.57) and (4.58) By the difinition of EL+"+2(9) in section 8 and (4,56)—(4. 58) we

easily obtain
VI3) Riinse (.9p+1> <05 ‘9;+1E+6L’ :

(i). Bosa(gper) <OB° 02
VII. For bper=F, (8,41 Atps1) Wo have '
(l) \bp+1lk.L<0k.L8 gogrer,
. k>0, k—pB+eL>e, L=0,
(ﬁ>. | bpst |2, 204, 19, , .
k>0, b—p+sL<-—3, L>0;
(i), [Bpsals, L<O%, L801§1€+6L; '
’ k>0k B+ﬁE>&L>O
V). [Bpeaf5, 2<0s.19,
| k>0, k- B+EL<—§, L>0,
" The proof is similar to [1]. We omit the defail here.

(4.67)
(4.68)

(4.69)
(4.70)

(4.71)

(4.72)

Based on what have ‘been ‘obtained in the above, we now prove (Py, p+1), (Py,

P+1) (Ps, p+1).. . -
' By Pr oposition 4 we obtain

ﬂ Atyia]o,z< On(|gpesl1seissa+| bp+1 l1e,5( | [F795 F

o + ” gp+1"1+sy1(1+ ‘bp+1l 1+s, 2) + ” Ip+1 ”1+S.0(1+ I bp+1l1+s.1

+ I bIH'l l 1+s, 2))) eom([bp+1h+e 1+|bpu|1+e o), -

In virbue of V, VII and (4.19) for all L satisfying & (Li+1) —8=>0 we have
ying. _
“uAp+1 “ 0;L< OL82 (&1+9—2B+6(L+2)+62(1+2)-3B+S(L+2)> <0L826-—£+cb—sn,

For Li=0 wa have . . e

[ At o, 0<052(91+5-2B+2a+91+s-2ﬂ+28) <os.

Interpolating with respect to L, for all L=0 we get
- Aty ya] 6, <O FETE

'We now apply proposition 5 o estimate
A e S

For L>0 and a—f +&2(L+2)>¢, it follows from VI and VII that
n 1’+1na L+2<OL8 9“—:@+E(L+2) .

1+e—B—D45 L+2)
|ﬂ9»+1ll|1+s.n+a<01,5 9p+i a*e

Thus by (3.82) we get

A =D L BE(L+2)+6—6
A 0. & k—B+EL—F
u up+1Hk,L< % 1O 11’-1‘9"1({6’191&1+2 oy 9p+14

k—~—28+1+s+e(L+2) k——+1+s—ﬁ—ﬁ+s(L+z)

) +6p+1 p'l—iL }
. <Ok,]_',5 91;;14‘31"_5”. i

(4.73)

(4.78)

(4.75)

(4.76) -

4.77)

(4.78)

(4.79)
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Similarly, we have -
| Aty 1,0 < O3d°maz{ é";;;‘{-m a,’.;;fi”’“"’“s‘s" EW e o)
, <0,,829’““"’:’_" L (4.80)
Interpolating with respect to L, we obtain for all 0<h << T o< L
| P (4.81)

Ohoosing d small enough so that O?G,L8<1 (k <z L<L) we obtain (P4, p+1).

4: J
We now prove (Ps, p+1). By Proposi’olon 3, we have.
'Auip'*‘i l %,z <O (Illgp+1[|‘1+e,f‘+n+2 + " giﬂ'i ” Z"—+,1,Z’+n+2 + "b?+1 "1+§—d)°n .A’llp.;.l " a,T+n+2

+ ﬂ bpia |] 1te—a, T4n+2 HA“:DH " @0
+ [paa] 241,0 | A’“ﬁil

L I+nt2 + ]bp+1[—+1 Ttnt2 "Aup”n 0
o <O82(91+8—B-—+s(f+n+2)+ —+1—2ﬁ+e(L+n+2)

p+1 p+1
+ 906-[9+e(f+n+ 2)—%n + 61+s~2B+S(L+n+2)—sn

—+1-—B+s E4n+2) +—-ﬁ—en —+1—.@+s (L+n+2) +-——ﬁ—sn
N 5 05 )
2—B+EL
2079
<0807

: its=-2 21— —28+8(n+2) _ . e
|Aup+1[ o SO (011 2+6§+2 . T

Rt~ 3+-—-,@+b(n+2)—sn ~+1 B+E (n+2) +~ —A—%n s l—
+Hp+1 +6p+1 ) <Oa p+1~

Interpolatmg with respect to L, we get for all < L<L
IA’%+1 l % OL52 9;+1B+6L‘
By Sobolev inequality we have .
| 1’Az¢,+11O,L<0|1A«zz;+ino,L+n<oLaﬂ g;548,

C o~

Interpolatmg with 1espee’ﬁ to &, we get for all 0<70< L<L

[ Aup+1 36, 2<%, .07 97“ FHel,

Cboosing & small enough so that Cy, L8<1 we get (Ps, p+1).

It follows from uy,4= 2 u,—l-uo that

=0

| Atpgs | 14,0 IAuoI1+s,o+ 2 ]AUJ,1+5,0<5+5 2 91“—‘ L
<os<1, ‘ »
| Aup+1[ 0,0\<” Aug 0,0+ ,é;" | Az |o,0<08<1.
This completes the proof of ‘(Pa, p+1). | |
It now remains o prove (P, 0), (Ps, 0), (Ps, 0) . Since
o=—80¢(ve), ”(?S(ﬂo} “ I g <08,

£y

(4.82)

(4.88)

(4.84)

(4.85)

(4.86}

(4.8

(4.88)
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¢ (o)l <O8"and fo=1, by the property of the smooth operators Sy, we have
' - 90lx,2<0rizd® 65724+°, k>0, L=0, ’ :
Igollase, < C532 6™ gt
L=>0, Z—~—B+EL>§.
- e
, "'lgol“1+s;L<Oi;52 9? 7, | |
L>0, ——B+eL<—s. - '(4.89)
On the other hand, it is easy to see that VII holds for bo—F’ (SOAuO) Thus
repeatmg the same prooedure as above for |_/1u0 |tz and | Ao “ w1, We conclude that

(Py, 0), (Ps, 0), (Ps, 0) hold. Therefore, by induction we have proved that (P,
p)—(P3, p) hold for all p=>0. Thus we have-

2 1A<u,+- Us) | 1nsa= 2 iAu,li..,+2<62 91-B+s<ﬂ+2><a§} 07°<05, (4.90)

ISPITREAIIES D e (4.91)

20 |4 (ui51— —u) iln o <329T~3<oa - T (4.92)

It can be seen from (4.19) that B may be OhOOSen ag —381-—-§- Therefore, for
k<—8“% we have .

Z !A(U'H-l'—ua) Ik, 0<d 2 5 < o0, . (4.98)

» 'I‘hus we conclude tha’ﬁ there emsts u €O n”2’([0 +c0) x B") such that {du;} -
converges 50 Au in |« |snse, [*]a ., and |+ |50 <k<———-—) Similarly o [1], we
4° .
‘can conclude that u satisfies the equation (1.1) and the initial condition (1.2).
- From (4.21) and (4.92); (4.98) we immediately get the decay estimates 1.9),

«(1.10) for u, with si>-§-. The uni(iueness of global solufion in the bounded C***?

([0, +o0) xR”) clags can be deduced from the uniqueness'of local smooth solution

[91. : : .
Similarly to [1], we can also conclude the O"" Smoot]:mess of u, Thus ’ohe proof '

of the part (i) of Main Theorem is completed.

- Using the fact that for the solution u of nutlal value problem for the heat
;gqua_tllon we have the decay estimates (see (2 .5), (2.8))

| Dt s <O plsnsa (L4 F,
DA eSOl ama (L) T,
DSOS haanra B
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ID2ula<Ollomes LD (4,90

Proceeding along the same line as above, we are able to prove the part (iii) of the

Main Theorem.,

§ 5. Proof of ’the Part (i) of the Main Theorem

In this section we briefly discribe the proof of the part (ii) of the Main

Theorem. Here we effectively use the assumption of three order power (four order.
power, respectively) of # in A which enable us to raise the supreme value of b in the

iz and |lellr,z, for example, in F(A)= O(IMS) case, k< EZ‘ for

estimates for |e,

les]s, z and k<n for [e,llx,z. Moreover, we only need to estimate g,z and [golu.z |

for k>1+ s, Finally, a slight modification is made in the decay estimate (8.32) and

(3.16), in which o is changed into oa=mm( 1+ ) and a=0, respectively. USing

these techniques, we are able to get the finer estimates. We omit the detail here.
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