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'ESTIMATE OF d./d" FOR STARLIKE FUNCTIONS |
- Huane XINzEONG (& )"

Abstract

Lot 8* be the class of functions f(2) analytic, univalent in the unit disk [5] <1 and
map |z| <1 onto a region which is starlike with respect to w= 0 and is deno_ted as D;. Let
ro=ro (f) be the radius of convexity of £(2).

In this note, the authm. proves the following 1esu1t
I G 0.4101402,
where do= min f(¢), d*=inf |8]. . -

Y lzl=ry €D,

§ 1. Introductlon | ‘

Let S* be the class of functlons f (z) analytio, univalent in the unit disk [z| <1
and map |z| <1 onto a region which is starlike with respect to w=0 and is denoted
as D;. Let ro=ro(f) be the radius of convexity of f(z) (see Haymanm for the
definition). Put d°—ﬁ];: Lf (z)_yl andﬁog;f— inf | B|. Then ‘v 1953, A. Schild™ proved .

that do/d*>2—~/8 =0.268--- and conjectured that do/d*>2/3 for all f(z)€8*

(Where the 2/3 is attained for the function f (z) = ) He also proved the con—

(1+ z)*
jecture for p symmetric functions, »>7. Lewandowski®™ proved in 1956 that the
conjecture ig true for certain subclasses of 8*. If was not until 1970 that Tepperm
proved that do/d*>0.343---, in quick succession MeCarty and Tepper™ proved that
do/d*=>0.880---. However, Barnard and Lewis'® showed that Schild’s conjecture is
false by giving two counterexamples in 1978, After commentmg on the counterexam— ‘
ples of Barnard and Lewis in American Mathematics Review Vol. 48 in 1974, tbe
reviewer remarked that the exact greatest lower bound for do/d” is still an open
question, At the conference on complex function theory held at the State University
Oollege at Brockport, New York in 1976, Schild put forward again the problem of
finding the exact grea'bést lower bound for do/d*. Recently Chen Yuegqing proveci
that do/d*>0.88177--.. In this note we prove the following
Theorem 1. do/df‘>0.4101492. '
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§ 2. Preliminaries

Lemma 1. Ifa>0, w=/f,(2) =2+az’+-- €8* Let 1o be the radius of convewity
of fo(2), then ‘

; - 3 L ) 3 . -
ro>70(a) =qf\/a +32 \/[2a4—l—2a\/ (a®+32) —|—16], 1)
where the equality holds when
. B .
'f"(z),_— I—az+2*"

Lemma 2. The Sunction
ro(a) = a+~/a?+32 — V] [2a +2w\/(a +32) +16]

4
4s monotone decreasing for 0<<a<<2 and ro(a) satisfies the following equations
1—are(a) —6ri(a) —ari(a) +75(a) =0, @y
e _ro(@) [1+r3(a)] \
ro() 4ri(a) —8arg(a) —12r0(a) —a’ . ®)
4r}(a) —8ari(a) — 121'0 (@) —a<0, for 0<a<<2. » (4)

Lemmas 1 and 2 are due o Tepper.™

Lemma 3.7 Let f(2) =z4az2+ -, a>0, be regular and Wawalent in |z|<1.
Then ‘

< (4EV2E=D Y o .
| es(EEE) @
and the inequality is sharp. ‘ '

Lemma 4. Let f(z) =z+wz2+ o+, a=>0 be regular and univalent in |2| <1, Then

- 1 ; |
e x/ Ao d*+1+x/———(1’”"°fd*>" @

Proof Let 2= g(w) denote the 1nvers<a function t0 w=f(z), then the function

%1 9@ = 7
B Q= i Drssr =1+ Sind

is regular and univalent for [Ll<1, —w<p<wm. We have by the classical dls’ﬁor‘ulon
ﬁheorem '

s, lg@0] 12 | -
N Cia R 1@1)2"““' - @

Set (=20 d* = gb— —argzo in (7), where 'wo—-f(zo) with |z =ro and |wo|=do, We

obtam ‘
* To do/ d’
C AT S T dg/a) ™

- do/d><\/£1¢“ |
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do+dJ;1Jr”:’ & —d*=0,
(Vo + ;\/T-;i d*) —g <1+—(1—4¢@d*)>0,
[ 1 ::: d‘* Q/d* (1 To) CZ*-l-l)}['\/%f{—l To g

\/ Nro

+Jd*( = ‘“‘> d*+1)]

— * (1—7'0)2 % _1—0"0 ¥
‘\/do>~/d (”“_m a+1) N

R e

Hence we have

=0 MLJ Dy

which completes the proof of Lemma 4.

Ndo/d" =

§ 3. Estimates for do/d”

Let f(2) =2+az’++--€8*, >0, by Lemma 4 we have

do 1
\/(14:0) d*+1+~/ d- 'ro) di

Since -g-ji-;—")i is monotone decreasing for 0<'ro<1, we obtain by (1) and (5)
[1 . .

do/ 0" = . (8)

(i— 0(@))? 2+~/1—./2 A —ro( ))2 2+~/1 1/ 2\
J S (i loa >+1+J Lol (24 L2

We wish to estimate the right side of (8). Put
G(w)= 1"9”0(@) (2+ 1—(5/2).

2/ ro(a@) 8+a/2
Using the expression of r4(a) in (8), we have | b
G’(C‘b)-’-" 1 » [2<1""r0(w)) (5 66/2) (1 TO(“))
4/ro(a) (8+a/2)L - 3+a/2 2(3+w/2)~/l- a/2

_ (+ro(@) (A+ri(@) 2+~/1—a/2) ]
Sari(a) +12ro(a) +a—4ri(a)
_ b—a/2
Let fi@) =y Jisars
fora€ [0, 18—8+/5] and is monotonse moreasmg for mE (18-85, 21.

we want to show fi(a) is monotone decreasing"
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Iﬁ f&ot ‘ :
’ — 1 9@""‘@2/4
F@) =~ ey a= a3y

_(a—18-8/F) (a—18+8F)
T16G+e/2)’A=a/

Thus fl(a)<0 for a€ [0, 18—8+/5] and £ (a)=0for a€ [18—8~/5, 2]. This is
what we want to prove. Since. (1—ro(a)) is monotone increasing for a€ [0, 2],
(1—70(a)) f1(a) is monotone increasing for ¢ € [18— 85, 2]. - ‘
Let fa(a) =8ari(a) +12r(a) + a—4ri(a), then '
| F5(@) =6(2+aro(a) — 2r2(a))rh(a) +14-8ri(a).
“Applying (8) to tbxs equation, we obtain

Fh(@) = - (;—)84*0 3(;620—(%“?3@7‘0 1(;3 (:) — (A+r3 (a) )' + 27‘3 (a)

—8ri(a) —a(1—3ri(a))
= 4ri(a) —Sarl (@) —127¢(a) —
According to Lemma 2, we know 2— /8 <ro(a) <+/2 —1 and obtain by (4) fi(a)
>0. Hence fs(a) is monotone incresing for a € [0, 2].
Let fs(a) = A +ro(a))(L+13(a)) 2+ 5/1— a/2), then

7@ = (420 @ +8r1(@) G+ Im D) rh(a) ~ @) L@
We have by (3) f4(a)<0. Thus f;(a) is monotone decreasing for ciE [0, 2].
Because f3(a) and fs3(a) are poSitiVe functions, we see that :
f4(a) _Js(@) _ (A+re(a)) A+ria)) (2+\/m? .
- fa(a) - Barg(a) +12r¢(a) +a 47‘0 (@)
is monotone deoreaSmg for a€ [0, 2].

Let f3(a) = —3:_-:-'05—;), then

<1+.q~g (@) +2r2(a).

_r@(e45)~Fr@)
f (‘0— (3_1_“/2)2

Putting fe(a) = — ro (@) (3—{—@/ 2) -5 (1 To (a)), we ob’ﬁam by (3) and (2)

ola@) (14173 8+a/2
Je (“)— 3a:oga% E}-12Z:OEZ%>+<Q 4a*o(>a) _(1 To(“))

—dré(@) +10r¢(a) +4dar] (w) 3ary(a) + 12/1‘2. (a) — 69"0 (@) + 2@7"0 (a)—a
2[3ars(a) +12ro(a) +a—4ri(a)]

_ 10r3 (a) —8ard(a) —12r}(a) — 6ro(a) — 2are (@) — w+4
' 2[8ars (@) +12r¢(a) +@—4r3 (w)]

,If we write fz(a) =10r0(w) Saro(a) 1273(a) —6ro(a) — 2@7‘0((1) —a+4, from
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J7(a) = (80ri(a) — 6ary(a) — 24re(a) — 24 —‘6) ro(a) — (14270 (a) +3r3(a))

_ ro(a) [1+173(a)] [30r}(a) —6are(a) —24r(a) —2a— 6]
4r;(a) —38ari(a) —12r¢(a) —a

= [1+r3(a)] [1+2r0(@)] —2r8(a) [L—1o(a)]

_ [L4+72(a)1[—8ri(a) +26r3(a) +6ari(a) — 8ari(a) +670(a) +w]
A4rd (w) 3ars(a) —12ry(a)—a

—2r(a) [1— 4‘0(“)]

_[L+r3(a)] [27¢(a) (8+1373(a) —4r} (a)) +a(1—38r? (cv) +6ri(a) )]
4ri(a) —Barg (w) 1274 (w) @

~2r(a) [1—ro(a)],
we obtain f}(a)<0 for a € [0, 2]. Hence fz(a) is monotone decreasing for a€ [0, 21.
Direct computation gives r,(0.16) =0.8981891, we have
F2(2) <f2(0.16) <4.6813469 — 4.655316 <0, for a€ [0.16, 2],
which shows that f5(a) <0 for ac [0.16, 2]. Therefore, f5(a) is monotone decreasing:
for a€ [0.16, 2]. Since £o(18—8+/5) =0.402989, we obtain by computation |
F1(@) > fr(18—8+/5) =4.6542111—4.6215161>0, for a€ [0, 18—8+/F 1,

which means that f (a) is monotOne 1nerea,s:mg for a€ [0, 18—8~/5].

Now we want to prove @(a) is monotone decreasing for a € [0.455, 2].

i) Smce 70(0.7) =0. 8510004 by compu’satmn we obtam ‘ '

2f5(“>+ (1 ro(a)) f1(a) — f4(“)

>2 £3(2) +2 (11 (0.1)£:(0. .7)—1;4(0 T

=0. 3660254+O 5586835—0. 8520418 0. 0726671
for a€ [0.7, 2], therefore, we have & (a)<0. o
ii) Since 15(0.5) =0.3673648, by computation we have

h@+FA-n@h@-LG) e

>2f5(o.7)+l(1—q~o(ol5))fi'<oﬁﬁ) —£:(0:5)

=0.8874624+0.5338299—0.9054016
=0.0158907
for € [0.5, 0.7]. So we have G’(a)<0 : -
iii) Since r,(0.455) =0.3712165, we obtain again by oomputatmn

2 f5(a) +—2*(1— r0(a))f1(a) “fé(“)

=27:(0. 5)41.(1—%(0 455)) f1(0. 455>—f4<o 455)

=0. 3898189+0 5289340—0. 9179516 0.000296369
for a € [0.455, 0.5], hence we have @ (a) <0. From this we conclude that G'(a) is
monotone decreasing for a & [O 455, 2]
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On the other hand, we wish to prove G'(a) is monotone-increasing for

&€ [0, 0:453].
From the expressmn of G(a) we have
& (@) = [ (tro(@)) (@) 24+ VT=a72) _ 2(L=ro())
4\/0"0(@) (3+a/2)L 8ars(a) +12ro(a) +a—4ri(a) "3+a/2

_ (5-3)d-r@) ]
2(3~+ i)\/i_——w/—? .
I) Smoe ro(O 114561) =0.4026323,
(1 70(0.1114561)) =0.4975508,
for o€ [0, 0.1114561],
l f1(0.114561) [1—r0(0.114561)] = 0.48288835,

~for a€ [0. 1114561 0.114561],
2[1—1r(0.1114561)]
340.1114561/2

2[1—1r,(0.114561)] .
3T0.11d5012  — 03909822, for o€ [0.1114561, 0.114561],

3 A—n(@)fi(a)<

=0.8907815, for a € [0, 0.1114561],
2fs (@ S

we have

14(8) — 5 (L= 10(a)) (@) ~25(a) > £,(0.114561) —0. 4975508 — 03909822
=1.0214946 —0.4975508 — 0.8909822 = 0.13929616 V »

for a€ [0, 0.114561], hence G’ (a)>0, whmh means that G'(a) is monotone
increasing for ¢ € [0, 0.114561]. - ‘
II) Smoe 10(0.16) =0.3981891,

f4(“)“—(1 ro(a)) f1(@) — 2f5(“)

af <o.1e)——<1—ro<o.16>>fi<o.16> - iﬁggﬁfgéf}z)

=1.0066471—0.5011301—0. 3936903 0.1118266 .
for a € [0.114561, 0.16], we obtain G (a) >0,
III) Since ro(0.45) =0.3716485,

fe(a) “*2“(1—?”0(“))]’1(@ —2f5(a)

> £4(0.45) -l(1—a~0(0.45))f1(0.45j _2f5'<o.16>

=0.91936—0.5284032—0. 3907862 0. 000170001
for € [o. 16 0.45], we obtain G (@) >0.
IV) Since r0(0.453) =0.8713892,
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£u(@) = (1 =ro(@)) f3(@) ~2fs(@)

> 7.(0.458) —%(1—¢0(0.453))f1(0.453)—2f5(0.45)

=0.9185147—0.5287214—0.88967563=0.0001180 :
for o€ [0.45, 0.458], we have G/(a)>0. And we conclude that G(a) is monotone
1noreamg for a € [0, 0.453].
In the light of above-mentioned resulis, we denve
G(a)<G(0.455) <0.4602786, for a< [0.455, 2],
G(a) <G(0.453) <0.4602787, for a € [0, 0.4563].
Hence we obtain |

>0.41032383, for a € [0.455, 2],

b >0.4108284, for a€ [0, 0.458]. .

And Wé See ea,sily' ‘

1—76(0.455) ( 24+ /1—0.453/2
Gla) < 9 =0. 2 . .
(“)\2\/%(0.455)( LT ) 0.4605122, for a€ [0.453, 0.455],

therefore we have

gg >0.4101492, for &€ [0.453, 0.456].

Thus we obtain

Zg >0.4101492,

which completes the proof of Theorem 1.
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