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ON THE DIOPHANTINE EQUATION zf:s} a
S 2 (4 H)°
,Abs_tract_ :

In this paper, the author proves the following result: _
Let B, (V) denote the number of natural numbers n<N for which quatipn

n1_a
[ :Z"i n
is insolable in positive mtegers T (z—O 1, - k) Then

o #(7) < exp{—0 (log Ny “7+1}
. where the implied constant depends on a and k. ‘

§ L. Introduction

The main result in thls paper is the followmg '
Theorem 1. Let H,,(N) denote the number of natural numbers n< N for which
cquation ' P

[

@;

-

i a o ~ @
R 0. R0y S |
s tnsoluble in positive mtegers @, (4= 0 1,: seoy K)o Then '

Ho,u(W) < Nexp{—C (log V)’ ) _'} - 2
where the 'bmpl’bed constant depends on @ and k.

" (2) is better than the result.of Viola™, where the index 1— k—lk T ig repleeed
by 1— %— When k=2, (2) is just the same early result. ,ef‘.Vaughen[?J.‘,SQ Wwe may.

agsume £ i an integer >2.

§ 2. Lemma

The ordered k-+1-tuple (g/i, Ya, y;ﬁ.,.i) is called an a,dmlssnble L+1—

: L+l
faetorlzatlon of v whenever H y; 0, Yi posmve mteger and gy square free
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Lemma 1. Let integers v;=>v=>(k—1)8. Let (41, Y2, **5 Yuer) and (¥1, Yhy o

b

L ey k—1)

Yr41) be admissible k+1-factorization of v. If y<S vF, >0 F
VT, Y SOFFT and there ewists' a naturral. numbern satisfying
' yn=— (Y1 +ya+ - +Yu-1)

, , (mod v1),
! = (y1+y,2+”' +yk—1>

Proof From (3) we have
?/k(y1+?/2+" +?/7c—1) yto(yl“‘ys‘*‘ +?/k—1) (mod ’01) ‘

yk(y1+?lz+ +?/zc 1) <ot %(70 1)< (k 1)

<(Ic—-1)v_1?fv 16=—y~(k—1)v_?_<v<_v1,l -
AT L
(4) becomes S S N
| | U (Wb Fohor) =B (Gt va oo )
If y/i e yiys, then '

' I
{ykyl ykyli | Y. ?/é?{'s"'@/z@u

= Y >,v2 ”

Bui on the otherhand, from (5)
[yt —viys| = | v (Yatys+-- +Z/k-1) .f’/k (yotys+eo +vio) |
<max (yh(Ya+ys+ +vn-1), (¥ +yptoe +yk-1) )
<Smax (?/22/3 Y1k Y5 “yk-iil/k) ’

It is a contradle’mon

Now we dssume that Vel =Y, Yo = oo, Yoo =Yilso1 ($<h= 1)‘.‘

yk-ﬂ:»: Since -

L .

!/s>(*@;j?jjz‘/—:) = (uyz™) "
v Bt 2 S“—c“ -

| If 4l s, Shen

T T g
2t Y1l +1Ys o Uil

&)

@

(3

Let
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v=-0 Xy %

But on the otherhand, from (5)
|Z/k?/s @/k.%l = lyk(y.+1+ys+a+ +f’/k-1) yk(y’+1+ys+2+ ‘+yk 1) |
<max<?/;c(?/s>+1+?/s+2+ oy, yk(!/s+1.+.%+z_+ s+ 1k-1))
<max (@/s+1y$+2‘ ’ ‘yk—'iy;a;‘ ’éJ;+1Z/§+2‘ : ‘?/;o-iyk) v
wyk 1-s Uk ,r11-s\ YsYe
<m‘aux(——ys Y > — 7 Y S

s

It is a contradiction ' again. Henoe we have
yk@/l—(!/’kyi, ?Jlo?lz 'ykillz, ) Yifhem1=Yiu-1. v

i e. A : o
AT S ©)

From (6) and R o
Yita  Yifir1 = Y10z Yilke1 (=)
we have . ' - S
YY1 =Y Yks1e
Since Vi1 and iy aTe square free it follows that .
%=k ym—ym | | )
Thus by (6) and (7)
?/1—@/1) Yo="Yo, **, ?1k+1'=1/k+1~

The proof of Lemma 1 ig complete.
Lemma 2 (Brun-Titchmarsh). If ¢<a% 0<a<1, (g, 1) =1, then

(@ ¢, D<o T

-Lemma 3 (Bombieri) For any A>0, there is B>0 such that

ly
. . s g, )= <w(logw) ™4,
> maxmax |w(y; ¢, 1) - ?(q) v(logw)~

qéw‘}(losw)" y<z (g,H=1

Lemma 4%, Let dk(”)'— 2 1. Then

B1By " TE=N

2 dk(ﬂ) <<<10g m)k’ - I : }
n<z P(n) ;

Lemma 5 (Montgomery). If o(p)(0<w(p)<p) mé@due classes (mod p) are
removed from the first N natwal'mmbers for each prime p<~ N, then the number
Z of natural numbers which remain satisfies | "

7< 4N

' IRON
mgm wim I1 p— w(p)

§ 3. Theorem' 2 and‘“ its Proof _

Le‘ﬁ ) T ._ e o . R K . 'v . ‘ |
. fuv, )= 2 |Hawl 1
T2 T+l SV
&, }fal
(l-l 2 -1)

i 1.
o §k4"+j§wk<§ Tode - 1 -
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fk<—_p+1, p—i—l) fp———l(mod cv),p>w(la 1)8
W, WPy @ a. R .

0, - otherwme
In this seotion, e g1ve ’ﬁhc average order of the factlon We iy 1. 6. the
following . .
Theorem 2. e

(log g)k<<2 wa. k(m << (log é‘)k

Proof By parmal summatlons it sufﬁces 10 prove that

§(logé) ’fﬂﬁgma,mm.«ﬁlpg@" % )
The upper bound. If p=—1 (mod a), p=a(k—1)%, then
Wy, 1(p) = 4,«13,—5: & l l"'(‘kﬂ,)‘ I < ;‘;; E__. p+1 1

(#=1,2,w,k)

= 2 B 2 2 dmr)-

,,.I TEL memseomn i
a

e (EERY e .rss(”;’l,,)."‘
Hence SnL L
Ewa.m)< 2. : 2 S 2 D)0 ¢ jars =230

. qPEL -7 r<@EFDLe
p=—f((moda) v pa r<(E+1)

< (FR)

Therefore, by Lemmas 2 and 4

2 dqa(r) T 5(10g)k-1 N

@q, K e
2 s k(D) 10g§r<(6+1}”‘ (D(r) ,

The lower bound

:L.

zma.k(p)> 2 fk<p+1, f) 2 R 2 Hln«;m)l

"‘<P<f . <p&f ﬂ’lwa“'wk+1=p—a-
p=—1(mod @) - p=-1(mod a) Py
N ) i ) . (4=1,2, ’k) .
o= X : 2 p3 l,“’(ﬂku) I
c i<p<f @y ol T4y T = p-;i
p=—£(mod a) oy g3

..-:"-.

= E o 2 lﬂ(ﬁkn)l

i<p<f r 1D+1 ﬂ?smu $k+}—
p=~1(moda) ;;u GE5,5, 1)

20

= 2 > | B | ;2 . 1

F14 g ppeegp=r ] ;
4_2?;.\ ey P —2~<p<§ R

U=1,2,k~1) p=—1(mod er)

- T;ﬂ fk;l (rr,‘ g ;51/4) {‘."’ (fjw-,w}-— %) —~ T (—g—, ar, — 1)},

hence -

Roaro>(143) e ot ©)
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- where
ls 13 b r;2:
1/4 —1)— = ar, -1
2 fk-l (')’, 5 ){(W (57 ar, ) (P(wr)) (W ( 2 s ) Q’(m‘)

The Cauohnyohwarz inequality ylelds :
' [
1BI<( ] fiuatr, €9 /00) 3 {(w(f, ar, —1) — L5

< o

P(ary

: li_é o
(=& o -5}

<(T§“4 ¢((¢) )1/2( 2 Plar) {(W@; ar, —1)f£§;>

zf

R

(599" <™

By Lemma 4

r<f @

and by Lemma 2 with a=%—

f
| [
Pes° 'W(g S, _1) q)() ( (g,s, —1) GD(s) ]<<log§

Lemma 8 gives, for any A>0,

. 1.&
2 W(f; S — ) zg (W<§7 - —'—)l<<§(10g§>-4
s<fH P 2 Z6)
From (10), (11), (12) and (18) we obtain
' !Rl <& (Tog€) 4,
For the main term in (9) we have
Ju—1(r, ) — 2 2 l/«'«ml
114 1/4 mlar TR =
..<_62_a'_ Par) re s; ol 2‘"“:?1 N P(ar)
' ___. I,U«mk)| 2 V,U«m’
Uy S —— ;m wkamlmﬁ"'“k) I IR - Sy 51“ P(e)AL1Ta* " Tk -1
(e—ml?é{am;?—l) : (93{;2““#11) )
_1 i el
T oppiaaboms P10 V-l et Plon
@

20213 Pr-1
RS LY T i o

Since

|| _ . 1 [ Meaw]| 51
Pl I:”’(w;?l let:v[x p—1 wk ,:;I‘},,g o’

(10)

(11

(12)

(13)

(1)
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1@y Ty S e
RSN
OB S

we have _ .
1/4 o
.fn-1(’l';§/») =1 1 ~ | Moo |
A Fin - @ " 0 ByTge Xy Fue @
< Pan -, oy € e
S o ¢“>§sm+1
v 1 ve
N - log ¢
h o DyBge e Dy_y i 2@14;2. °>'mk—1

>logé 3 U
31$2"'@k-1<——£;’;-e Lw1m2. D1

@‘>£ﬁll‘+1 .
(Where €is a poswlve number< i},)

. ———
£2 4811 <$¢<f sustss By Dgt e Bpeq

>>10g 3

4]&

k-1
(where & are. posﬂnVe satisfing 2 & < —;l—-—e)

> (log &)™

§§’ we, obtam .

 Since ¢~ £ |
(1e-1.4) g ikzi—@"—il»sclog@“‘l E

(9), (14) and (16) givé
N Ewa,km»&(logf k=,

which proves the theorem.

§4 The Proof of Theorem 1

(15)

- (16)

- Letp=—1 (mod @) and (y1, ya, ***, Y1) be admlssnble Ic+1—fae‘norlza’mon of

ﬂ;ﬂ-. If a natural number n satisfieg
hin= = (-t pa Fes) (mod g),; -
then A
?Jkn“l' (Y1 +ya+- +% 1) .’5/029 .’Uo(“@/lys yk+1~1),
Yo+u1 Fyatoee o 1+yzm aYol1° " Yrs1,
B _YotYstdthatyn 1 1, 1
: " 77».?/0@/1 yn+1 To @y @y

Lo =NY1Ya** " Yxi1, 501 ='n?/'oys- d ‘yk+1, %y D1 =NYoY1 Y- ¥nlfur1, Tn="Yol1**

i. e. the equation
‘a1, _%_+ L
% Do . Ty -

“Yr-1Yn+1, _

1
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=0 &y E]

is soluble. Therefore by Lemma 1, there are at least wg,up Tesidue classes. (mod p)
such that, for any n belonging to one of them, equa’olon (1) is soluble It follows
from Lemma 5 that

4N
Bax(N)< 2 [ _@enn " an
- m&vN M(M) - pim g~ W0 -

Let g, uemy be for any mtéger m>0 the eompletely‘mulﬁphoatlon funotlon
generated by wg,xp. Then - o

E iy T1 Do, k(p). > 2 M(m) H wmk(p) 2 Bobm) @, To(m .

mav N plm P_‘Qa,k(p) m<VN P m<vVF m
Hence, in view of (17), Theorem 1 is prqved if we show that o
> Hom@okm s gy {o(logzv)* BT}, (18)
m<v¥ T m .

Since coa,k(m)<<m for any £>0, the Dlrlchlet Sel‘leS

i }l'(m)wa. k(m)

G k(8) —

converges for Re s>1. Also

2( Dg, k() )2 <00,

? p
hence for any s>0

z “"“”””H(““ S )“exp iE “;’ﬁf:” 4-0@}‘—:9@2 Leln, " (19)
P ‘ =" ;
It follows from Theotem 2 that o T : :

31 Poin > PARIIC IS f‘%»m“ (logw)*
?

pl-i-s = P1+s o

taking o =exp %— we obtain

3SR e (20)
p o
Next _
wm, k(m < B, k(p_ 9—en < Wg, k(p)
2 rg) <P 2L p1+8 < 7§) 2”<p2<2"'“ P ‘
S ~s(n+1) Dy, u(p) _ 1 —9-¢ S 9—sn D, () »
-3 ) 3, Lexn - 1-2) S 5 Len,

(2”
hence by Theorem 2
T Se < (1-27) 3 @,

Sence

\
2 (n+1) kz—an«s—k-l

n=0

we obtain

S @
D . o
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Moreover - ‘
2 - ' 2
Hoomy@ e bim) ~, Mm)yDa, k(m) ;= Mcm)wa. k(m)
_ m»<2\/‘1-\l m /mgﬁ mite F“'k(1+6) m>2N mite .
ﬂ‘ D, _ - &
>Fﬂpk<1 _‘_ > 2 <\/N) ‘ ("’;nll‘:_:«m) = nvk(1+e) b N 5/4F“'k (1.'*‘7)

I‘rom (19), (20), (21) and (22) we deduce that for any suﬁicuenﬂy small e,
D “(m)c;;:.k(m) > Oy exp (Cee™ k) O’,»,N 49@(048 k)v

m<vN

=(Cjexp (Ozs"‘) —0Osexp ( - —i— log N +0'4s”").

: i RS : ‘
Putting &= (40,) %7 (log N) *** we obtain.
; -——E— log N —Cse™*=0.
Hence the above choice for g gives, if N is large,

S, Hmtorm >0, exp{0s(log Ny Wl'} — 0> exp {02(1ogzv) “wT),

m<vN

and (18) is proved.
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