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ON THE DIOPHANTINE EQUATION X —g

=] 'i:

(mod 1) AND' ITS APPLICATIONS
SouN QI (FhERH* WAN DaQNe (7 X &) * Ma DEGANG (BigEah*
 Abstract |
: The number A(dy, -+, ,.)of solutioﬁs of the eciuatiori - o
gl_ O(mod 1), 0<m,<d, (=1, 2, i, “n), o

where all the d}s are positive mtegers, is of mgmﬁcance in the asmmatlon of the number;

» N (dl, <4 ,.) of solutlons in a ﬁmte ﬁeld F, of the equatlon , »
| Z‘,aix,~—0 meF(z—12 -,n>, -

.,‘1—1:,

" where all the a}s belong to Fy, the multlphca.tlon group of F“' 2 In ths paper, applymg l

the inclusion-exclusion principle, a general formula to compute 4(dy -+, d,) is obtained.
For some gpecial cages more convenient formulas for A(dy, -, d.)are also given, for

example, if d,|d, 1, i=1, «--, n—1, then
A(dlr e ) = (dn-l 1) (dl 1) (dn—:a“l) (di 1) +-
+ (=D (d:—1) (d1—1) + (=1)™(dr— 1)-
For a polynomial equation of the type

a0 + @25 4+ F a2l =0,

where d,;EF; and d,>0(4=1, 2, -+, n), a lot of study has been made™ ¥, Let N be
the number of solutions (ws, *++, @) in Fy of the equation (1), where ;€ F,, =1,

.-, n. By using exponential (character) sums it can be proved that

N - <A, -, ) (1-7)d.

Here A(dy, -+, d,) is the number of the.solutions of the Diophantine equation

éﬁ=0 (mod 1),
&= d;

where 0<z;<d;, d;>1, 4=1, ---, n. For the Special cage d=d;="--+=d,, it was proved

thatt

A(d, -+, d) = A(Ol)w Lr@-nm=t- (-1,

but for the general dy, -+, d,, there is no formula for A(dy, -, dn). In this paper
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we shall g'we a general formula for 4(dy, ¢+, d,), Whioh in several special cages, is

also very convenient for calculating.- In- other words, we are now giving a. more
convenient estimate of the number N of solutions of the equation (1).

| Theorem 1. Let B(dy, -+, d,) be the number of the solutions (zy, -, @,) n Fp

of the equation : SRR ST

Bgmews o
where 0<m;<d;, »d;>yl, i;1, oo, n Let A<dh ey dy) be as noted above. Thm
B(dy, -+, &) = [ds, - W ded, W@
o - e : N ——i——éﬂ_—.—. —1)» .
A(dy, -+, d,) 2( 1)} quag_qm G (D (5)

Pa'oof e . .
(1) It can be easﬂy seen that

[dy,=rsdpd dy~1 ds—1 dy— wid T
B(diy e d>=——-———!'-——— E 2 ses 2 2 (4=1 d,‘)

dy, o+, dn] @S S0 im0 ai=o

SR T S (a a‘); |

[dh °"% dn] G=1 =0 #n=0 i=1

S T e S

[dy, ==, du] &S17 s 5o
= [d, -+, 4] -+ -

The last equah’ey ‘holds because of the fact that

a1 oy ag, ;{di) d Ia) &

2° XP( d) 0, dita. |

(ii) Let P={(w1,' e, @) 2”} @ 0 (mod 1), 0<m:<dy, 4= 1 },
¢=1

‘P; = {(501, ey 56,.)'(&?1, mn) EP d}, O}) .7 1 2

M

then we have
|P| =B(dy, - du);

| P;] *‘B(dl, sy Gy By ey der e BRSO

and -

TS . - ) —
Ay JIPlg
Applying the 1nclus:10m—exciusmn pnnclpla, we get.

A@~dy4PLﬂﬂ 2<pk S |PAP.N-NP]

14%1 Ly <wk<n .

-ll

ﬁ(lwk 3, By v a4 (-1

) 1<£,<i,< <tk<n

- 5’3 (- 1)n-k > J_;_Elik__;;.( .
L i< ig<n [dﬁ:, P d,,k]

The Theorem is proved “ R

Without toss of- generalltyJ we aggume: that d1<d2< “dy, and A(d;, oo dy) 1t

the same ag in Theorem 1.
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- Theorem 2.
¢. 1) If there ewists some 4 such that 1<w<n cmd (&, d1 d;_ld;u ol) =1. Thcm
A(dy, +-, dn) =05 o : : . , R
. 2) For the case n=2 we have A(di, dg) d— 1 fwhcme (s, dg) d
 8) If di|diyy, 5=1, ++-, n—1, then

A(dy -y d) = (dag =D oo+ (@2 =1) = (dya =1+ (dg—1) 4o

: (= 1)"-1@2 1) (d—1) +(-1)" (07/1—1),
&) Ifn 3, (dl, d2) — =1, (&, ds) =ts, (ds, ds) —1ts,. then
4 (dl, dz, dg) = (2,—1) (ta—1).

P'roof S
(1) Without loss of genera,hty, we assume (di, a’Jﬂ d.) =1, so we have [dy,
da, e, ] =di[ds, -, du]. S
Hence

A(dy, +--, dy) =é (_l)ﬂ—k ; 2 dh d;k +/ 1)»
’ k=1

14 <iz<w <¢k<n [01/4,, 'd;k:l A

— (e [ (et 3 g caye ) ]

2<ty<n Qg 1<ig<n

_ a—2 : d‘ildh. . 4\n=8 dldild‘h
+[( 1) 1<’S§3<n'[d{v d;I] +< 1> 1<i,§<;'l,<@ 'diA[dﬁ; d"] ] -

[ 1yn-3. : i, s,
+[( 1) 1§i1<%22<"x<71« [dn) dh) di:]
. n—4 didiad dﬂa . ee
+< 1) 1<1.<09<u<n [dw,) dba} dh] di +
o . diyoesdy, ., dad,e- dw (1w
+[ 1'<41<¢,<g<i,,_1<n [d;,_, eee ,d;,,] * di[dn di,;] ]+< 1)

— (1)t (=)0 =0,
(ii) Using formula (5), we obtain"

dsd.
A(dy, dg) = - (A +1) +—"2—+1=d-1,
(ds 2) ( »)+ [, da]

(iii) A(dy, o+, da) = 2( 1)""‘ - .;._fl___.lflia.__l_.(_l)n.

1<‘1< I 12 ) [‘Z{,, eee d"g:l

“=§_.‘(~—-1)"-’° > Bade (g

1<61< " <§pln b
. _ '§< 1)"—k .. E d“..»d‘k +(_1>”__1‘
k=1 1< <m<fpan—1 d& .

3D S dedy, (<D

1< <w<ipy @n-—1

A(dy, ++vy do) = 2( LD Goy gyt

l<y<m<fz<sn=1 d(,,
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Ay oty dpes) +A(dy, o, d) = é (=1)* D dyedy (D

1<ty <<dgg<n—1

k—2=t %

1<t <m<ip<n—1

2( o0 3 dy,- e di + (= 1)
= =) (@ 1).

Hence o
: n—1
A((Zl, ee, CZ,,)'—‘ ];l::l (d«,“‘l)'—A(dl, °eey Oz,.-1>§‘ ‘ B R
From 2) we have I T _
. A(di, dg)zdl—'l. . . : B ‘ 'fL{
Then . " ‘
n—1
Aldy, vy &) = [T @=1) =4 (ds, -, dpo)
. v.n—.l n—2 . P
= I:g (dr"l) - H (dc“'1>+A<d1: ory dplg)eee
=1
=H@-1)- II (@—=1) 4+ +< 1)"-1@,—1)(«31 1)
- (=Drd—1). S .
This proves 8). : ‘ o . 4 T '

iv) When n=38, (d, d,,) =1, (di, ds) =t1, (da, ds) =ts, Wo have
[dl’ dz:l =d1d3’ [le d&] = dlda; [dm ds] = d;d3}

- va

d1dad, d1dod, d1dad
1, ds, 0] = [[dy, ds), ds] = [dady, dy] =—-2ds __ ahods  _ daddy
[i) 2 3] [[ 1y 2] 3] [1 2 3] (didg, ds) (di, d3> (dg, dg) titg

Therefore

- d1d d1d, dad,
Ad}d’d =(—1)8-13 1 (—1)8-2 1t 10 ollg
(dy, da, dg) = (—1) (=1 @, ol % T T ds]»)

d10ad,
+ ___1 3-8 . 1altg + __1
| (=1 T do ag TCD

dAsd,
1= (@ttitts) [ds, s, do]

=1—t1—t2 +t1t2 = (tj_—' 1) (tz"’l)- »
The proof is complete.

Let IV be the number of solutions (w1, --

*y @) in Fgn of equation (1), obviously
we have the following ’

Corollary 1. If there ewisis some b, ISe<<m, - such that (d, disoody_ydigyeed,) =1
then ' : ‘ »
qun—l. ‘ . V ' |
1, «or, n—1), then S
. n—1 n—2 ‘ 1y »
|¥~g- 1<(I___1 @1~ <di—1>+---+<-1>"<d1—1>)(17)%

Corollary 8. A(d d) —-———((d D= (=1)» D)),

Corollary 2. Ifd|diy, (i=

®
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Proof '
Theorézﬁ 2 givesus
n

Ad, D) = (@~ 1)" - (d 1)"’2+"-+( 1" (d 1))

AL g gy (-1,

this is a Tesult of [2] - A. i
GOIOII&I’Y 4. Assume that '(dj_, dg) =1, (di, ds) =1, (dg, d‘a);é’tz;;‘ then the

number of solutions (1, s, w3) im Fon of the Diophantine equation

aso +a;2m2=+a/3a;d’—0 aEFy, dilg—1, i=1, 2, 3,

satisfies :

Bk =D (L-g)e
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