Chin. dnn. of Math.
7B (3) 1986

PERFECT PARTITIONS
Wang EranNg (1;25%‘)*__ A

Absti‘acf:

In this paper, the author gives a necessary and sufficient condition on the parfs of a
paltltlon a for a fo be perfect and a necessary and suﬁﬁment condltlon on 7 for which there
exists a non—tnwal pelfect n——paltmon Be51des, the author glves some recurrence. formulas .
and computmg methods for the number Per (n) of perfect n—pa,rtlmons and hsts the values o
of Per(n) up to 100 and for some other cases ofm. - B : ' '

A partition of n i3 said 0 be perfect when it contains Just one partition of every
number up to #™. For any number n, the n-parbition (1 1 -, 1) is always perfect;

and for any odd number n=2k+1, the n—partition (1,2; 2) is always perfect too.
k
These two kinds of perfect partitions are called . trivial perfeot parhhons For

arb1trary n, a non-trivial perfect n—partition does not always exist. For example,
When n=4, 6 or 10 there is no non-trivial perfect n—pariition. In this paper we
discuss conditions for the existence of a non~trivial perfect n~partition, obtain ‘some
recurrence formulas for the number of perfect n—partitions. Per(n), and give some
methods for caloulating Per(n).

Theorem 1. The n—partition a=(ay, @y, =+, @) B perfeet iff

@1=1, &;=a;_y or a3 taa+-+a3+1, 1<i<s. @

Proof Induction on s. There is nothing to say for s=1. When s=2, (@, a,) is
perfect iff a;=1, @y=1 or 2, ie., @a=a; or ¢;+1. By induction, (a1, @, cry Q)
(m<s) is perfect iff g R AP

- a1=1, ¢4=a;_y or @yt aattap g +1, 1<t<m. :

Suppose that a4, ag, - ; a satisfy condltlon (1). Then (a1. a3, -, @) (A<i<<
s—1) are all perfect. If g,— =1, then a=(1, 1, :--,-1) is perfect obviously. If a,>1, we
may suppose 1<a, <@ y=+=a,=a (r<<s— 1), 8 y1=@3+ag+:--+a+1. For any
number m nob exceeding n, we write -

m=ka-+mq (O<fmo<a 0<k<s —r).

When me=0, (g, ---,a) is the unique m~subpartition of a. If me>0, any. mg-
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partition cannot have a,.; as a part. Hence the unique mysubpartition ,8 of (ay, -+,
a,) is also the unique me-subpartition of &, and the subpartition
® 2 0
7
is the unique m—subpartition of a. Therefore « is perfect. _

Suppose a= (a4, -+, a,) i8 perfect. Then a; =1. Assume gy =-+- =a,=1<ay.1, ¥<5.
Since @y11<@p4a<''<ay and o has ('v+1)—subparti’oio'n 8,51 must be equal fo
v+1=as+---+a,+1. Agsume that a1~1 @Gy=a;_1 OT @y+ast-++ap_ 1—!—1 for all
1<t<u,and @, ay.y. Then a.,+1< @4+ag++-+a,+1, for other\mse, o cannot have any
subpartition of number ay+as+ - A ay+1. If au+1<a1+a,2+ a,u, then (a,‘ﬂ) and
- the a,,+1—subpar’s1t10n of (ay, +++, @,) are two dlstmm‘, au+1—subpart1t10ns. of the perfect
partitlon. o, thig is 1mp0951bie. Therefore, du+1=wi+~"+au.+1. The theorem is
proved.

Corollary 1. If a—(al, @a, ***, Gs) B8 perfect, then (ai, as, -+, czt) are all perfect
Jor 1<<i<<s. - -

Gorollary 2. The onl/y non—trivial, perfaat pa'r't'bt'bon inito dwstwnct parts are (1, 2,
28, e, 29) =2 3.

" Hence when 'and only when n=2""1—1 (k=2, 8, :-), there exists non-trivial
perfect partition of » into distinch parts. ' '

Theorem 2. . A necessary - and sufficient conedition under which there emsts a
non~trivial perfect pariition of n (n>8) is that n+1 4s not @ prime.

- Proof If a=(ay, *+, a;) is & non—trivial perfect m—partition, then for some r,
1<r<s, ay+as+-+*+a,+1=a, 1 =---=a, Therefore - - |

L oa=(Er)atFa,—1=(s—r+1)g—

» " o nbl=(s—r+1)a,
and .- B '
S : ; il Lln,
Hence n-+1 is not a prime.

If n+1l=ak, 1<a<n+1. Sm('e n+1>4, we may assume: a>2 Then
@ e, 1, @y a) ' '

ig & non-trivial perfect partition.of n. -~ |

Corollary 8. If n>3 s an odd nwmbefr, then thare ewists mon-trivial perfect
n—partition. - T : ‘

- Corollary 4. - There ewists a perfect n—partition in which the greatest part is a
iff @ &s a proper factor of n+-1.

Corollary 6. When n is even, the greatest part of any perfeot n-partztwn maust
be 0dd, and its multiplicity™ iseven. When n is-odd, if the greatest part of a perfect
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n—partition ¢s odd, then its multiplicity must be odd also.

Denote by Per(n) the number of perfect n—partitions. We deduee a Tecurrence
formula for Per(n). . '

Theorem 3. . . |
Por(n)=, 2, For( R - {Per(a—l) +Per (241 ;-1)}
a|n+1 s ) R P R » @
+1+ Per (\/n-l—l -1), ' @

where Per (0) =1 "and Per(va+1—1)=0 if ~/n+1 is not an integer.
Proof From Theorem 1 and Theorem 2, every perfect partltlon of n can be
expressed ag ' '
- (ay, *-, ay, @y °2y a),
b
where k>0, @ i3 a proper factor of n—l—l and a=a;+a;++-+a+1. Moreover,
(ay, *+-,a,) i8 a perfect pari;ltron of as+ a2—|— +cz,-—a —1. On the other hand, if @ 1s

proper factor of n+1 and (ay, +*-, @) i8 a perfect partition of a—1, then (g, -

ey a'r;
a, -+, @) is a perfect n—partition with greatest part a. Hence the number of perfect
—

(=)

n—parbitions with greatest part ais equal $0 the number of perfect (cz 1) —partlhons
Per (a—1). Since the greatest part of any perfect n—parbition mush be a proper faclor
of n+1, we get the recurrence formula. 2. _ :

For any factor a (1<a<n+1) of n+1, the ferm Per(a 1) in (2) can also be
expressed by those Per (b— 1), where b is a proper factor of ¢, and so.on. Because for
any prime g, Per(q 1) =1, we see that Per(fn,) depends only on the decomposition
form of n-+1, and is mdependen’oon the size of n, That is:

- Theorem 4. If n=plpl--pi, m=gi g g, 'whefre D1yt Py Q1 v, @ are,
distinet primes respectively, then Per(n-l) =Per (m 1) _ . |

In the following, we dlscuss how %o calculate the number Per (n) by use of the
factor decomposition of n+1. ‘

Therem 8. For any prime q, Per(¢"—1) = =21,

Proof We use induction on k. If for any k, 0<h<k, Per(g*—1) =2+1 then

Per(g"—1) =1-+Per(q¢—1) +Per(¢® 1) +o +Per(q’°"1 1)

S ‘ =1+1+24-e 42672 =2F"1

Leb ¢4, Gy > G be dls’ﬁmct primes. Sinoce ]?er(q1 1) =1 and every proper factor
bof g1ga*+* gy 18 of the form Gt *¢i,(h<<?), and the number of {proper faoﬁors which

~are products of k primes is 07, we have the fo]lomng theorem

Theorem 6 If Gu, *++, qr are desmmt primes, then -

% ¢ R
Per(qiqa---qt~1) = RZ(])O} Per(gy--qz—1) = n2>'n O"‘*O"’-‘- O o -

T=2
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Corollary 6. If g4, «-+, g are distinct primes, then
- Por (g1qas--¢z—1) = (t+1)Per(gigar-+qe_1—1)

s .
+ ]§10¥:1 Per(qiga---qn—1).
Proof From Theorem 6 | A , :
‘ : Per (g1g2 q, 1) g 0'7" Per (giqg q;.—l) ,

Per. (gigﬂ"'%-i_l) =~'§ vOt—l Per (9’1{[3‘_."th 1).

‘Hence S o
Per (g1ga-++qs—1) —Por(g1gs - gs-1—1) |
. L =2 .
=O£_‘1 Pe]_‘ (gigg‘ . ‘Qt-:l" 1)+ 2 (O?_ 0?—1) Per (q1q2. ..gfl-l)
’ =t ?ei(éigz t—i'—l) + ; Oh‘l Per (qiqz qh 1)
Thus. -

. : . b :'t..:z' oL I ‘
Per(gy--qi—1) = (#+1)Per(gy-++gsa—1) + Z*U{,‘:} Per(gs---gy—1).

Let n=q1 2G5ttty b=k 2k>0; qi, -+, ¢ are chs’amet primes. A.ny proper
factor of m can be expreSSed a8 gi gl "q@, :Where B, Gay *oe, G 19 a permu’oatmn of 1,
2y voey by by by > k>0, <<k (5=1, 2, -, £). ' We say that this factor is of the
form (hi, ha, +++; by). Assume S - . o

Pry=eee =R >Ry gy = —h¢,> >hgﬂ+1— s >y = =hsy
B iy by <<kiys, p=1, 2, K
Then the number of thosa faotors of n, which are of ’ﬁhe form (h,_, hz, h’t), i
Oiz—u O;Z—wu-x '

Je—% —%-1®

‘We denote this number by O,’c‘;,’::,?; Furﬁher, we write (hq, :- , ht)<(k1, - k;) if
f<ley (@=1, 2, . t)_a.nd_'~ (hl, ..,’» h:)%(lﬂi, o kt) Then o ha.ve - . o
" Theorem ¥. S : Lo

Per(q*gf--+g¥—1)
m 3L OMk Per (@egh )
(R ﬂt)<(k1,"',70t)
— h -'h Tigy =R Rogga =B
.—"‘(ﬁ ; hu < e oToz) O u “O ii hi: thill""‘;'fu—xe? B
. £12 S haar (277 14" 5. .

where > is taken through all (huy, ~-<, hu)<(hy_1, 1, ===, hy_11, t)< <

A o~y <0 o) _
(P, oy Poag) < (o, = o) ), ha=00r 1, Bug=i+e _h,n—o P st b ss =2

From these formulas we can. see ‘that the number Per (n) depends on the number
of proper factors of n41 and the numbers of proper factors of the proper factors of
n-+1, efo. We say that m is a subfaotor of n if for some numbers my, -, mp (p=0),
m<my< o <mp<lm, ’ -

' m|my|mal - |m,|n.
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If there are two different series my, -++, m, (p>0) and m}, -, mj, (p">0) such
that = o
B mmy|- |mpln, m<my<le<m,<n,
m\ml | | m|n, m<mi< L ml,<n,
then m should be counted twice as we enumerate the number of proper subfactors of
n. We can oalculate Per(n) by oalcula‘bmg the number of non-unity proper
Subfaotors of n41. ' ‘
' Theorem 8. Per(n) 48 egual to the nwmber of non—unity proper subfaotoa"s of
n+1 plus _ '
l’froo f From Theorem 3
' ' Per(n)= 3! Per(a—1)+1,

I<g<ntl
ajn+1l

Per(a 1= Eb] Per (b—1)+1.
bie

esecas soe

If we regard the term 1 in the expression of Per(¢—1) as the non-unity proper
factor a of n+1, regard the term 1 in the expression of Per(b—1) as the non-unity
proper factor b of a, eto, then we can get the reéuit"’from Theor_em 3 by 4induoi;ibn
on n. . ' ' g , |
Using these methods we calculate the Per(n) up to 100 and for some other n
with n+1 expressible as products of a small number of primes. The values of these
Per (n) are listed in the followmg tables.

Table of values of Per(m)

n Per(n) n Per(n) n Per(n) n Per (n) n Per(n)
1 1 21 3 41 13 61 3 81 3
2 1 22 1 42 1 62 3 82 1
3 2 28 20 43 8 63 32 83 44
4 1 24 2 44 8 64 3 84 3
5 3 25 3 45 3 65 3 85 3
6 1 26 4 46 1 66 1 86 3
7 4 27 8 47 48 67 8 87 20
8 2 28 1 48 2 68 3 88 1
9 3 20 13 49 8 69 13 89 44

10 1 30 1 50 . 3 7 1 90 3
i1 8 31 16 51 8 71 76 91 . 8
12 1 32 3 52 1 72 1 92 3
13 3 33 3 53 20 73 3 93 3
14 3 34 3 54 3 74 8 94 3
15 8 35 26 55 20 75 8 95 112
16 1 36 1 56 3 76 3 96 1
17 8 37 3 57 3 s 13 97 8
18 1 38 3 58 1 78 1 98 8
19 8 39 20 59 44 79 48 99 - 26
20 3 40 1 60 1 80 8 100 1
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Table of values of Per(gi:--gf*—1)
n+1 Per(n) n+1l Per(n) n+1 ' - Per(n) n+1 Per(n)
q 1 ¢t 8 g 15 @ 32
D) 20 qias 48 qig. 112
¢ 2 9ig3 26 %igt 76 aid} 208
%1% 3 23005 44 digegs | 132 aiangs 368
91929591 75 ai939s 176 a3t 252
¢ 4 43029591 808 4ia3as 604
gige '8 0192059495 541 43920594 1076
019203 13 . #aBa3 818
Rddasqs | 1460
979999495 2612
G19205949596 4683
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