Chin. Amn. of Math,
7B (3) 1986

ON THE PRODUCT MARTINGALE MEASURE
AND MULTIPLE STOCHASTIC INTEGRAL

Huawe ZHIYUAN (;% Eim)*

Abstract

A theorem of Fubini type which reduces a multiple stochastic integral on an abstract
product space to iterated stochastic integrals is proved under the condition that at least one
of those Doléans measures of the component martingale measures should be admissible. -

In a recent paper™, we defined the stoohasﬁe integral of a predictable random
- function with respect o a martmgale measure on a general topological measurable
space. Since the definition is suitable for both one dimensional and multld_lmensmna,l
caged, one can agk the questlon about the relation between a product space and ifs
component spaces. In thig connection wo shall prove a theorem of Fubini type whmh
reduces a multiple stochastic 1ntegra1 Yo iterated stochastic integrals.

In this paper, we shall use all notations in [1] without ‘explanation,

Let (2, #, P) be a complete probability space, Uy and U, be two topological
spaces with their Borel c—algebras %4, %_’2; dlgebras Ay, Uy and ‘thveir sublattices &4,
&> respectively. Letb {% cE ‘Kl} and {37 2, ¢E Car be two independent families of
sub-o—algebras of & each Sahsfymg the conditions listed in [1]. Let U=U;xUa, .
B=B1%X Bay A=W, XUy and €=F,x €s bo the product space, produot o-algebra, .
algebra and produot lattice respectively. SRR

Define f%—Aﬁ'%\/ﬁ" for ¢c €€, and F 2= ?ﬁl\/é’”for ¢ € ¥a. If p; is a square
integrable martingale measure with respect to {ﬁ' ¢, € %} (denoted by u, € M*(U)),
4=1, 2), then it is also such a measure With respect fo {F%, c€ 3 (i=1, 2),

We ﬁrst define Foxa=F L ﬂ 72 for 61 € %4 and 03 € €5, and then extend it to
C=C1 X Cs. Tt is easy to verify that {Z,, ¢c€ ¥ } satisfies the conditions (F. D~
(F. 8) in [1]. Moreover, .%, and &, are cond1’s1onally mdependent for given Fop
for alle, '€ Z. : ; :

By eh0031ng 1(A41 X Ag) t(Ai) X t(Ag) for 4, € 2[1, Ay E Jg) and

t(kg (A’fXA’z"))= ()4 x 45)-
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for AT€ ¥y, A3€ W, (k=1, 2, .-+, n), it is easy to see that the conditions (i)~ (iii)
listed in [1] are satisfied. '

Since w1 and we are supposed to be mdependent We can deﬁne M(Aleg) =
w1 (Ay) s (4s) for A €Y, AQEQIQ, ‘and-extend it to U= %Iix %[2 preSerwng ite
additivity. It's a square’ integrable martingale measure on the. product space
U =U:|_><U9 with regpect to {F,, ¢€€}. According to [1], we can construct a
Doléans measure {u) on the predictable o-algebra, & which is generated by all the
sets of the form AX A4, where ACA=U;x Yy and A€ F,4y. Consequently, the
double stochastic integral of predictable random function™ A€ H2=I*(UxQ, #,,
<,w>) with respect to x4 is well defined. : - :

On the other hand, we consider the predmtable o-—algebra ?; in the spa.ce UixQ
and the space HE=L*({UXQ, P,,; {mp). If the iterated stochastic integrals

J d.u'zj k(uiy 71'2) wal‘bi ) .
are We]l deﬁned for all 4, € 2171 and 4, €U,, what are the relationg between the double
stoehashe integral and those 1terated stochastio mtegra187 In answering th1s question,

we have the following theorem: :
, Theorem If w=py X g, where 17 EM 2(U;) (=1, 2) cmd ey Bs wdmwsswbl* if
h(ui, Us, w) € Hj and Jor every uy €U, h(eyua, ») € Hy; and of for every A3 €%y, the
random function A(As, +, +) defined by ‘ '
}"(A:b wﬂ) ‘U)) J h(ui’ U, w)dl'l'l
belongs to H2,, then we ha've ‘ L o o o
- L . h(ui, Us, w)dpw= J d/sz. Ry, s, wYdpy - ()

forr e'very A€V, and A, EN,. ‘ , ' g a

We shall use two lemmas which are easy to prove. : :

Lemmal, IfucM®h&H ;‘,i,A €A and € is a .9’}( A)—mewsumble mndom fvarrwbls

such that $h € HE, then , : p
[Lepan- sj hdp. |

‘ Proof F}rst We oonsnder the smlple cage. where §——14, AE? #(Aye It is easy to
' See that ‘

J 14 }I/d[b=.[ IAXAhd["':HAxAI kd[l: IAJ hdﬂ:
Then, by passage %o 11m1t wWe can show this is true for all Z, m)—measurable random
variables & such that (A€ HE. - S .f ISR AN . .
We say that a o—finite signed measure A on 9’ is admissible if there exists a

¥ Ree the definition stated just before.Lemma 2,
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o-finite measure m on % such that ALmx P on &. Denote by &, the completion
of o—algebra & with respect to all admissible measures. Then, we have ‘
Lemma 2. A set:N in P, has measure zero for all admissible measures if and
only of for each u€ U. the u-section of N has probability zero. :
The proof of Theorem Clearly, all functions satisfying the conditions stated in
the theorem constitute a linear space . Suppose that h(ui, Uy, W) =1p «p,xa, Where
By, Ba€ Uy and A€ Fyp,x5,y. We have s n V

J e Loocaonadis = Lus(4sBs X 4252
and . M :
J IBLxB,xA dﬂu lBaxAl-"J.(AlB-i)
by Lemma 1 since 1B,>< 118 Fi A,B,)-mea,sura,ble It fo]lows that |

J dﬂ»sj IB,xB.xA CZ,U&-J IB,xAﬁi(AiBi)dﬂz o
=1, (A:LB:O Hoa (-AzBs) IAM(AiBl X Ang)

since 11 (A1B1) i F X4,p,-measurable (algo by Lemma 1) Therefore, the forniula
(*) is eStabIlshed for h= lleB;X A " )

Now suppose a sequence {h,,} in % such that 0<<h, ThE % for which the theorem
is true. By dominated convergence theorem, we have

hmjv (ha—B)? @<y =0 | (L)

n—es

and
tim| (e sy =0 @

N~>00

for every u, €U,. It follows that for every A; €Uy, us € Us, the sequence

Do (A, s, ) EL ha iy
convérges to
A’(Ai, Ug, w) EJA b dpey

in the sense of ‘
lim B (A (41) —A(41))*=0. ' @)

Now that the equation (*) holds for every h,, ie.
[ mdn={ M(4dp (42€%, A€, n>D), @)
in view of (1) and continuity of the stochastic integral operator I,, we have
: _ . 7o ‘ _
nh—f:l AxXAxhn dlb Jixxix hdp, (ln L )‘ (5>

Oonsequently, the right side of (4) constitute a convergence sequence in L*. Since
the stochastic integral operator I,, is an isometry between M?* (Us) and Hj,, it
follows that {\,(4)} converges to some A(4y) in H,.
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On the other hand, in view of (2) and thé continuity of operator I 4y WO See
that {A,(41)} converges to A(4y) in I for every uy, €U, Hence, there exists a sub-
sequence {A,, (4s)}which almost. surely oonverges o A(4;) for each. UQGUQ Consider
the set o
‘ _ 8= {(Ms, w) A(Ay, us, w) %%(Aiy Us, 'w)} . '
Since A(4y, +,+) and (4, ¢, *) belong to HZ, it follows that § € P Moreover,
for every UQEUQ, the Sectlon Sus is a P-null set;, sos- {wy)(S) =0 by Lemma 2. In
other words o o

K(A1)=X(A1) d.e. Wz
Hence, by passage to limit (along the subsaquenee {n,,}) in (4), we have

J hdu=J }"(AJ.)d:u’ﬁ J %(Ai)duz J b hdm,
Ayxds As.

that means % also sabisfies (x). Usmg the monotone class theorem we conolude that
for all functions in . the theorem is true. This completes the proof.
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