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THE FIRST BOUNDARY VALUE PROBLEM FOR
SOLUTI@NS OF DEGENERATE QUASILINEAR
PARABOLIC EQUATIONS"®

Dong GuaNgcHANG (F X ) **

Abstract.

‘In This paper, the author proves the existence and uniqueness of nonnegative
solution for the first boundary va.lue problem of uniform degenerated parabolic equation -
2‘;—2 LA by L)+ 2 Buo, 4 0) Dok 0, 4, 00 (51 €0, T,
%] im0 =%(%), T€Q,
Ulseon=1(s, 1), O0<I<T
(TJZT |al?<3 4 a0,<Alal’, VaER?, 0<d<oo, v(uW) >0, Yu>0 and v(u)~0 as u->0)
under some very weak restricﬁons, ie. Ay, t, 1), B;(z, t, 1), Oz, t; 1), 2 aaA i,

B, , aB¢ . ¢
E——~e£2x[0 TIXR, 1B[<A [0]<4, <4, 202 € 0?3 v(r)GC'[O ), v(0) =

0 1<J o (r) <m, (@) eO"(Q), b, t) 0T (agx [o, T]), 0<B<L, tho(s) =1 (s, 0).
o'v(s)ds

Introductioh

In this paper we shall prove the exisbence and uniqueness theorems for 2 mixed
Qauchy-Dirichret problem of a general n—dlmenswnal degenerate quasilinear
parabohc equation. It is a generahzamon of the porous medium equation

- o w=AW") (m>1). |

. The early results in this direction for one space variable appeared in [1, 2, 3],
for n-dimension in [4, 5]. The result in this paper is an, extension of the results
given in [4, 5], for less restricted coeffoients®.
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2 lb (a; £, u)| /v(u)2<const In [5], the author discusses the ex1stence and umqueness of general]zed
solutions for the first boundary value problem of the equation . ‘ ‘ ‘
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In § 1 we state the hypytheses about the equation and boundary conditions for
the existence of classical soluﬁons, and in § 2 we introduce the generalized B, class
a8 it was done in [6]. We give the preliminary lemmag on the generalized B, clasy
in § 3 ‘and we obtain the Holder eshmates for classical soluhons in § 4. Fma,lly, we

give the definition of weak solu’mons and prove their exigbence and uniqueness in
§ 5. . ,

§1

Let R” be an Euclidean n—space and Q an open and bounded domain of R* and
92 be the boundary of Q. Let @y be the (n+1)-dimensional domain Q X (0, T and
I'=0Qx [0, TIU Q% {t=0}. In Qr we consider the quasﬂmea,r parabolic equation

u @ N u
=@ b ) 2 =)+ (@ 1, 0) 2k o(a, 5, W, @D

where u is a scalar function of o, t(z= (mi, @s, *+, @,)) and dummy summations are
for 4, j=1, 2, -, n. The equation (1.1) will be deé’eneré,‘oe when %=0 by the
conditions below. We will find a solution of eqnatmn 1. 1) on QT sahsfymg the
following conditions . : e
- u(a, 0) uo(w), - BEQ, : 1.2y

u(a, t) (s, t), mE@Q O<t<T _ (1.8)
where s is the parameter of Q. RN

Suppose that Q and the coefficients of the equation (1.1) and boundary values

(1.2), (1.8) satisfy the following condltlons

(1) a; (@, t, ')‘), b (w, t, 1), c(a": 12 T))

continuous when (, ¢) €@y and’ l<r| <oo.
(ii) For any EERY, |r|<oo,

‘-—'»uﬂ)lf[k%(m,tr><A»<|rl>|§tﬂ @

where 4 is a constant and v(s) is a funetlon which has the follomng propemes
(a) »(r) €0[0, ), |

8@; and — 364 (fb, j=1, 2, -, n) are
Oy Lo

v(0)=0andv(r)>0'ifa‘>0. o (@.5)

(b) Let o(r) ==f v(s)ds. There exists >0 and m>>1 such that for 0<r<3 we
o cohe . - : s
have o . | . S o )
1< 20 o, ’ . 1.6
p(r) @9

Ghange the deﬁm‘ﬂon of »(r) for r>8 to bo r(x)=v(3) ('r>8) and change the
constant A properly, we see that (1.5) and (1.6) hold fer r€ (0, o), and 1.4
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holds for any bounded r and (=, ¢) € Q@r.

= oo, b D<A, @DEDIrI<eo. @D
(iv) There exists @o>0.and 6,& (0, 1) such that for any n—dimensional ball
K (p) with its center on 92 and radius p, we have L . f
: mes{K (p) N Q}<(1—6fo)mesK (p) (1.8)
if p<<ay, where mes { } is the measure of a set in R".
(v) For the existence of classical solutions, we assume that uo(w) and (s, t)
satisfy Holder condition and we(x) >0, ¢i(s, £)>0, us(s) =¢(s, 0).
Let .
as( )= {<8 e }Z:is’.;.
0, Z 8
where s is a small positive number. '
Oongsider the approximate equation of (1.1) Lo
ws=(a5(@, &, W)s,) e+ bi(@, T, Wtke,+0¢(w, ¢, WU, 1.0’
where ‘
‘ 1 @G=p,
0 (35). |
Wo assume that a classical solution of (1.1)’, (1.2) and (1.8) exists and then
try to get its e—priori estimates. A | N

a; (“.7:’ t, u’) =y (m: i u’) + 043, (u’> , Q= {

Using the tra.nsforma,tlon u=e¢"v, where A is a nounegatlve cons’oan'b (1 1
becomes

e 7o) \ 5 +b; +(c )m

Take A= 2/1 we see that v cannot have nonposmve minimum msnde Qr, hence
9>0 and »>0 ingide Q. Take A= —2A we see that v canno’b have positive minimum
inside @, hence 5

'v>mm{1%fuo(w), mf ll'(s, f)},
u>e‘2”min{igf wo(2), 69)1(1[105] ¢(s, HY=M,.
Similarly , S P »
o 'u<e'wmax{sgpuo(w), aQSX’!g.(;[')T]lﬁ(S, Di=M.
Hence
O<M 1<M<M

Take <My, (1.1)" reduces to (1 1), hence v is the solution of (1.1), (1.2) and
@.8). A |
Using the transformatlon u=e"v agam, we ohange the equatlon (1.1) 1nto ‘the
form

%“_.%{ (“‘i(“’iﬁ “3*%—;)'1'1.’4(?0;% "%)"37/...{."'.‘.0‘(991 uwuw o 1.9)
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" with the condition ‘
B:(a, ¢, u)]<11 IMI<A —24<5 (=, 4, <0 (1.10)
when M1<u<M o

Let w=¢p(u) = J: v (s)ds and ity inverse be

u=0(w). .
In virfue of the condition (1 6) We can prove that for O<w1<w2<<p(8), |
1/mes< () /0 (a05) <m0, ~ (1.12)

or
1/m<y (us) /v (u2) < [0 () /()T
In fact, the condition (1.6) implies
1/ (mw) <&’ (w) /@ (w) <1/w if 0<w<p(?). ~ - (1.18)
For 0<w;<wy<@(9), integrating (1.18) from w, 0 wa, we have

(s )< B (w05) /B (w05) w0,

: Wa/ Wi << (Ua/Ur) "< (wa/w1)™.
Using the mequa,lltles (1.18) and (1.14) we can obtain (1.12) without any
difficulty. We may suppose ’oha,t (1 12) ig sainsﬁed for O<w1<'w9\<p(M ) if we change
the constant m properly. .
From (1 6) we have

frg/ri<J v(s)ds/J v(s)ds<(¢g/¢1)"' o

(1.14)

or

and
1/m<a”zv(a”2)J v(s)ds/[ 7 1v(a~1)J’ v(s)ds] <m (rr1<rr2),

henee we have L - . '
1/m<v(rg)/v(r1) <m(a~3/'r1 w1 (py<ry). - (1.15)

§2H

Let (o #*) €Qrand K (0) be a ball of R” with its center ab #° and radius p. For
0<i<7,denote that

4= G EE N l0(e, D58,

L ‘Bkvﬂ@) = {“’EK(P> n ‘Q |w(a, t) <k},

w ) =p(ule, D) =[5

and u(m, £) isa solutmn of the equamon (1.9).
Lemma 1. Suppose that the coefficients of the equation (1. 9) satisfy the condwt@om
1.4, (1.5),(1.6) and (1.10). Let u(w, £) be & classical solution of the squation (1.9)

(2.1)

where -
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satisfying 0<u(w, t) <M and {(x) be a cut—off funct'bon in K (p), We have
(i) if k> max w(w, ), then

veK(p) N9 ) ‘
LAt @], )gﬂm(w-k)dw}+%expt-r@'<k>t1j% L GIvul*ds
<yj o ex-p[—ygb'(lc)t]j RLARCED T (2.2)
(i) if lc< 11:{%1)1%69 w(w, t), then ’ ' :

2 iy 1), Chl—w) da}+L expL—y0 ()1] [, Clvwl2ds

<repl—@®A[[,  IVF@-Batmes BB ), @9
where = =~(n, 4, m, M), V s the gradient opemtor with a‘espect io @ cmd |
' | 1(S) = j & (b-+17) de, %:(s) =j ds'(zc — ). (2.4)

Proof Lebt w*=max{0, w}. Multiplying the equation (1.9) by (o) (w—k)*
and integrating over Q and taking notice of (1.10), we obtain

_2. 2 _ J ow 671,
ot j Ak.pmz (0 —k) do+ Pay (@, t, w)—— do

Ay o(F) 0wy 350, ,
_ g, 25 % . _ou_
< szg(w T dm-l—JAk gz(w ic)bg(a%t u) L do. (2.5)
Now set ’ ,
he(, 1, $) - j b(w, , @(k+r))®'(lc+r)fvd7 (2.6)
|h¢|</1j @ (b+-)vdv = Amk(s) o (2.7)
In virtue of (1.4), (1.10) and (2.8), the mequahty, (2.5) yields
o ( 2 —F 2 a
—é?J'Ak,p(n Py (w lo)dw—{—J’A e C[Vfw[ cla; |
<2Aj 9L Vo] (o mm+j Re 3“”782”’ k) s
3 r vk 2b;(w, t, S(k+2)) .
Lkm L, Ao b D @ (k+fv)fcdfn]dm. (2.8)

Integrating the second term on the right side by part and using (1.10), (2.7) we
find " :

2 - o
—577—-[ Axa(t) Cri(w= k> dm__*_ J A, o) ¢ ‘ v I 2 d?
<2, ALVL||Vo|(w—F) do+24 [, tvtimw—hs

—I—AJ ngk(w—k) dw.
Ak,p(f)
By Schwarz inequality, (1.12) and
xk‘(s) /82 = J: &' (k+7)vdw/s><mP' (k) J:'v dv/s?=md" (k) /2,
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itfollé)vwst_hat_ S T TR
—% A, (1) ngk(’l”*k)dm—}—_l—,]’ CQIVw[Qd:o' |
<7 U IVZ|2(w~ lc)zdm—k@’(lc)J Z"xk(w—k)dw]

which 1mp11es (2.2). The inequality (2. 8) can be proved in the same way, in which
we use the inequality

x’“gc,/kw) /(Ic w)z , -—-—-——@g;@)’r) 'r:d'r:/(lc fw)2

___1
—mj (1—'5'/}75)%":l 'ﬁd17<m Jo. ( Ic m—ry m dfv/(k —w)=m?
and the term ¢ (@, #, u) yields an additional term mes Bk, o). ,
We shall call the family of all the functions Satlsfymg (2 2) and 2. 3) the
generalized ,‘Bg (QT, M, m, 7) clags (of. [6]) -

In this section we shall discuss the properties of the géhefaIiZed B, class. We
apply the method used in [4] with some lemmas. :
Lemma 8.1. For any u€Wi(Q), we have

[ 1wl ao<0(mes 40) %L@ V|2 d, 3.1)

where Ao={w € 2|u(2) >0} and O =0(n). .
~ Lemma3.2. Fo'r any uEW (K (p)), m>1, we hwue

(A— k) mes 427 <Bp"/meS(K(p)\Ak,p)J qu!da;, (3;.9;)

where A>k, B=R(n) and Ay,,—{&E€K (o) |u(@)>k}.

These two leminas can be found in [6].

The functions y,(s) and 7(s) given in (2.4) for nondegenerate equations have
properties, x;(s) ~s* and 7,(s) ~s?. Now they do not have these properties here due to
the degeneration. However, we have the following lemma.

Lemma 3.3. (i) For w>k=>p/2>0, H<u—Fk, 0</3<1 we have

H2/(2m) <an(H) /D' () <mH?, 3 (3.8)
xu(H) /xu(BH) <14+m?(1—B2) /B2 - (3.4)

(i6) For k>H>0, 0<B8<1, we have : - . .
H?/(2m) <% (H) /@’(L)<m2H2 o (3.5)
xk(H)/xk(BH)<1+maX{4m3(1 B)’“ 2m2(1— ,32)//32} (3.6)

Proof The inequalities (3.8) are obvious 1f we take notloe of the expressmn
(2.4) of 2, (s) and the condition (1.12).
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Now we prove (3.4). In fach
13 (H) /1(BH) ~1= j s@’(k+s)/@’(lc+,8H)ds / s’ (k+ BH) ds.
By inequality (1. 12), it follows that
cBH
(B /1 (BED) —1<m?[ sds / [sds—mrc—g /82,

which is required.

The first inequality in (8.5) is easily obtained by means of (2. 4) and (1.12).
As for the second ‘part of (3.5) ‘

H 41
%o (H) /D (k) =jo @' (h—s) /@'<k)sds<m[0 k) (h—5))" s ds
since the integrand is monotonic with regpect to k, we have
H -1
FW(H) /D () <m J’O (H/(H—s))" s ds<m®H>.
Now we pass t0 (3.6). Like the proof of (3.4), we observe
H BH
() /;?k(;SH)A—VI#LH o' (k=)@ (= BH) s / L s&' (b—s) /@ (b— BH)ds
| , _ . e |
<m? J (k—s) i gds /J (k—s)™
BH
If k/2<H<k, then
H 1_ 1_ 1
7n(H) /% (BH) -—1_<m2j’BH (H=s)T " sds /J (QH)"’ * sds<dmP(1—RB)7,
and if H<Fk/2, then -
~ -~ » H l—i - (BH l-i
(D /B (B ~1<m?| . (b= H)™™ s / {7 1 sas<zme (1- 7 /8.
Since k>H, these ineqﬁaliﬁes imply (3.6). The proof is complete.
' For any fixed p€ (0, 1], we shall consider the domain '
Qo ={(z, t) ‘ lm_wol<!°) to—a7792<°‘<to}) (37)

where 'n=@'(ps'>, a i8 a constant defined in Lemma 3.4 and & is any constant in
(0, */5]. Denote that

ya—=mes{K (1)} | (3.8)
p=max{w(z, t)}, p=min{w(s, H},o=p—4, (3.9
Qon2 o QonQ :
- 1 — — - - —
00=2""" pg=0op, pa=(1+200)p/8, p1=(2+00)p/3, (3.10)

= (), = () /m. BN 5D
' In thig section we shall suppose thatb : " ‘
: S w208, (3.12) -
and so by the cond_ﬁnon . 12) ‘ "
E<m<n=0'(c"), if p*<k<p.
In the following lemmas we shall not gpecify the dependence of consfants on
the parameters of B, class.
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Lemma 3.4. There ewist constants B, a, b€ (0, 1) such that

Gye
’ k>max{u/2, 13'1?:( w(w, t)}, H=u—k>0,
, mes Ay, z, (1°—aép*) <1/2x.0%, (3.18)
then for t € [t°—alp?, t°] D o o : _
a1 )\ s ()]t e

(1) of o ,
k<m1n {w(z, $)}, H=k—u=>p°, mes Bk,m(t"-ankp“’) <1/2x.p%, - (8.15).

then for t€ [t"—cm;apk, ] S
 meKG\Brmn@1beit.  (3.16)

Praof For 0<o<1 Iet - ,
1,  |a—2°|<p—0p,
{(z; p, p—op) =3 (p=lo—2"])/(0p),  p=op<lo—2"| <p, (8.17)
0, lo—a°| >p.

We prove the first part of the lemma. Integra,mng the mequahty (2.2) with {(@)=
{(®; p1, p1—0p1) With respect to ¢ from #°—ai&p? to ¢, we obtain

expl~7® (B4 |, Cn(w—k)do
<expl- 7@'<k><t°-a§p2>1 [, Cnw-bs

Ap, B (10—afp?)
wépﬁﬂﬁ/(api)zx.,pi}

By the cond;’olon (3 18), it follows tha,t for 1 € [#°—aép® ) 7,

,L . Coaw(w—k) dm<exp [7@’ (]o) agp"] [ (H) 1/2%,,p1+27a§H2/0‘ x,.plj
On the other hand

o Pr=Bds=, o (w—)ds>(8H)mes dusn px_apx@

Ayipms Py-oB ()

Hence, for t € [1°—afp?, ] .
mes Apypm,5,—C ,31 (ﬂ <exp [Q”}@’(lﬂ) $0%1 [an (H) / 23 (BH ) 1/ 2"%/'—33L
| 20707 H? /1 (BH ) rupt] -
In virtue of (3.8) and (3.4), it follows that
08 sy oo <D [y D (B) 07 {(1-+m* (1— %) /%) 2+ dary/ (mB0*) sl
We may select 8=8(m) € (0, 1) such that
| (A+m*(1—B7)/8%) /2<8/4.

No’ﬁmg that p=>2p°, k>p° and £ =m™>®'(u), we may take a, bs and oy (depend only
on n, m, v, T') so small that

(1+-m*(1— £ /") explay® () £p%) /2< (1= ) (1 — oo,
then take a 90 small again that
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expay®’(k)£p*] [(1+m*(1-B*) /8% / 2+4ary/ (m,B2 1<@—by) (1,_ Go)"
Thus, for ¢ € [1°—ap?, 1% ' |

mes 'Ak’i‘ﬁH s PL—00Ps (t> < (1 - bl) (1'_ 0'0) ”xn;g ’
mes (K (p1) — Apssm,p (£)) >mes(K (p1—0op1) — Awism,pu-oim ()
=>(1—00)"#apt— (1= 1) (1—00)"2up?=b1(1—00) "%
as cla1med if we leb b =0;(1—0o)". The second part of the lemma can be proved in

and

the same way.
Lemma 8.5. Suppose that Q, <Qr. For any 6’1>O ‘there ewists s= 3(01) >0 such
that

(i) #f \ S I ‘
. k= /2, H=p—k>0, mesAy (°—afp?) <snnpi/2 - (8.18)
then : )
. f mes 4, 5 p(H)d<OER" (3.19)
0—g¢p? iy . .
(i) of ' _ ,
max ‘mes B_ +m (t) >x,.01/2 (3.20)
tE[t0—anp®,t9—afp?] w
then ' ‘
<22pe o (8.21)
or ) '
‘ (e . -
[ Bu.n®at<tm,,pi 322
0= 0Nk 5130° -

fwhefre ks [J/+co/2 s My =D (ks) /M. :
Pfroof We prove the first part of the 1emma By the oondmmns (8.18) and
Lemma 3.4, it follows that ‘

mes[ K (1) \ Awisz, p.(8)]1=bxp} for t € [$°—aép?, 1°]. (3.23)
Take r¢such that .
1 B > 2—-fo

- and denote k;=u— H /2!, one obtaing that for +€ [t°—ap?, %],

mes[K (1) 4y, 5,(2)13bsap, 1 170, (3.29)
Using Lemma 3.2, we have
o ~ ~
(bipa— ki)mes’ ™ Ay, 5, (£) < Bpt/mes[K (p1)\ Ap,5(8)] J Dty | Vo] da,
where : ' ,
H'D 4 (t> = A?ﬂz;?x (t) \Akzﬂ »P1 (t) . :
In virtue of (38.24), it follows that for ¢ € [°—aép?, 1°],
I i 1 1
H /2% mes Ay, 5(8)<(8/bsn ™) p1 d Dyt |V |2 dar) * (mesDi (1)) *.

Integrating this inequality from £ —agp® 1o ¢° and applying Schwarz inequality, one
obtains
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/e[l mes dyp@df]
—ofp! ‘ ' ; S e
B 7Y ~ Ve |3dw di- [ Dih)ds. 3.25
<(8/bx %)% j s L;,zlml w|?de di- J s DDE. (3.25)
Integrating the inequality (2.2) with {(#) = {(w o, p1), Wo find
1 ’ 2 ‘ .
L» iaexp[ +® (Io)t]J | Vw|2dodt

kal( )

<oy (B @ —ae1 {], vy 10 BB+ 007 L~ ol ) (/20w
<exp[—y®'(k) (¢°—afp®) 1 x, (H /2) +9ay (1— po/p) 26 H?/2¥] se,0".
By the estimate (3.8), it follows that

Jovar L V0 i<z 0z [y (P)atp?) [2m~+0ay (1~ po/p) IEH? /2"
‘ weoBy

to—oépt

Substituting it and (3. 23) into (3.25). we have

£ 0 '
<J _mes A,ﬁm,is1 (t)dt ) <01Ep”+2j mes D,(#)dt,
to—atp® Co P—afp® -
where 0y =C4(n, m, M, v, T). Summing it from 7, %o s with respect to I, we find
5 o 2
(s—ro+1)] J M8 Ap, ()i | <Oikaf?o™™*.
to—a¢p®
Take s such that o
i -
:  (Oyaa/ (s—mo+1)) 2 <0505 /02,
we obtain (3.19). o
The proof of the second part of the lemma is similar. If' (3.21) fails, then
w>23“‘2p We sha,ll show that (8.28) 'holds at this time. By the hypothesis (3 20)
and the second part of Lemma 3. 4 113 follows that for ¢ € [t"-—amp » %1,
Select o such that2™">(1—A) /2, hence we have
mes [K (pl)\BkuP: (t)] >b%np1 1f l>¢0; t e [to- a’ﬂp to])
where k= 1+c/24 It is similar 0 (3.25) that for s=I>r,

2 /221+2J” o meg Bzﬁ,,,u () dé ]

t""“"?ksu

<Gt
where D,(#) = By, @)\Bkw,p: (). We get
[ j ) mes By 5, (Dt | <Oty o5 [+ mes Diwas.

B0 g,00° —0M50P"

mes D,(£) dt - J’ [Vfwlzdm oEt (3 26)

(AT T L J Bnpﬁl(t)

* The rest of the proof is analogous to the previous proof for (3 19).
Lemma 3 9. ;S’uppose that L v
 wy=oso{w; f,,}<L S (3.27)
‘where §1>0 and I",=I"CQ),. '

(A) If K (5y) satisfies
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mesRGNEGINDIZbA, - (3.29)
where by is a positive constant, then for any 0,0 there ewists s=s(f1) >0 such that we
have one of the following ' ;

& o =o0sc{w, @, N Qr}<<2*2p* ' (8.29)
or S T S S
J' res A ; (t) dt<6’1§p""‘2 (3.30)
pooger - AT 2 R o
or . '
o - —
' Lo“‘ - mes B, o (Dd<Om,.p " . - . (3.81)
' "ams-u/’ 251 ! . ’
where k=14 w/2!, & is any number in (0, &].
® If

19— aép*<0,
then instead of (3.80) and (3.81), we set respectively

. (i) mes Aﬂ_E 31(0) 0,

J mes A e . (t)dt<91t°/3§,‘ : "(é.'?)O)’
w2
(iii)’ mes Bﬁ+§,m (0)=0,

ﬁ, mes B . _(Hdi<Ous%i, (3.31)"

SE Pt

R 2S+l
A(Mbd we have the same conclusion.

Proof Take r¢=>2 such that

A 27=1-8, 2>4L,
If 0>2"*20%, then - o o

. =21 =4 L >4wy i s>, _
Hence, the range of w(w, ¢) on I', superimposes at most on one of the intervals
[, p+o/4] and [p— /4, ul. we shéll show ﬁhaﬁ (8.80) ig true if it superimposes
on [1, u+w/4] and ’ﬁhafﬁ (8. 31)19 true in another case. ‘
NOW let the first case come up. At this #ime take k= —w/2". Tt i clear that

k=>max{u/2, max w(®, 1)}, mes(K (p)\ 4u,s () =bspt

for t € [t°—afp?, 1.
The proof of (3.80) i similar to that of (3.18).
If °—aép?<0, we have : ‘ ; '
L | mesd, , (0)=0, (8.82)
because the range of w(s, ¢) on I', does not superimpose on [w—w/4, ] in this case.

By means of the method used in Lemma 3.4 and Lemma 3.5, we can cobtain (3.30)".
The rest of the lemma ig similar to Lemma 3.5.




288 - : * .. CHIN. ANN. OF MATH. - .. Vol. 78er. B

. Lemma 8.6. For any 62>0 there ewists 91>0 such that

(i) If
k>max {u/2, max w(=, 1)}, H=wu—k>0, J V _ mes Ak,m(t)dt<91§p”""
2 (3.33)
then foa' tE [®—ap?/4, 1°] :
mes 4, A (%) <92p2 | (3.84)

Moreo'vefr, &f mes Ay,z, (£°— afpﬁ) 0, then (3. 34) holds in [t°—a§p t°].
i If -
) « -
Ic<mmw(a;, 1), H =k— ;,o>p . Lﬂ o, es By (H)di<0m, gz pi*, (3.85)
. —an K —5 P . - 2
then for t € [t"—ank_% p’/4, 13,
mes B, 5 _ () <8up}. (3.36)
| Tk
Moreover, if mes By, (t°f-cmk__% p*) =0, then (8.86) holds in [#°—an,_np® 1°]. .
. 2
Proof We prove the second part of the lemma ag an example. Infegrating
(2.8) with {ts) ={(@; p1, pa) With respect to  from = to ¢ for £*=>¢ >"r>t°—-ap297k_% ,
we find ’

exp[— 7 (k)15 /2)mes B, 5 (3

| <exp[—y®'(k)7] [xk(H)mes Bk,,,,(q:)-l— 7[H2/(p1 p2)2+1] ‘r mes Bk,,,l(t)dt}
o o (8.837)

Since .
oy, H pt . _
J” e mes By,; (8) dt <6m__ 5 ptHe,
t0-0n ;_Ho* ' =z
- there exighs 7€ [t°—.afr}k_§ P ®—an, pp°/4] such that
mes By, (v) <4/(8a)61p1.
' Subsmtutmg it into (3.87), we obtam that 'for i€ [t°—a/ 4n # 0% t°]
mes B, ; , () <<exp [7@’(10)@,0 N, 1 H] |
{xk(H)/xn(H/2)4/(3@)+7nk H/xk(ﬂ/2) (932(1 —po) 2+P2/P)}91P1
By Lemma 3. 3 one has
Therefore there exists f; so small such that (3.36) holds. ' A
- If mes By, p,(I°—am,_gp*) =0, it suffices to take 'v=t°—~ank_§ p® in the above-
2

- mentioned argument.
Lemma 3.9. There ewists 6.>0 such that

(i) If
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k>max {y/2, max w(w, t) by H=p—k>0, ; max fmes]A,, 5 (8) <6?2p2, (3.88)
E[t9—afp?, 10
then for ¢ € [1°—afp?/4, t°],
: . mes 4 5  (£)=0. (3.89)
o P
Moreover, if mes Ay,5,(1° —afp®) =0, then (3.89) holds for € [°—alp?, °].
| (i) If
k<m1n w(w, t), H=k—p>p°, max mes Bu,z (1) <Ospl, (8.40)
tE[t* —ange?,t°]
then for t€ [t°—m7kp9/ 4, ¢, .
} mes B, _ g, (%) =0. - 3.4
Moreover, if mes By,s, (#°—amp®) =0, then (3.41) holds for tC [#°— amup®, 7.
Proof Woe still prove only the second part of the lemma. Let '
- kn=k—H/2+H /2", t;,=1"—1/dan,p* — 3/2"2an,0?, :
pr=ps+ (pa—ps) /2", un =max Dt}JGSBm.pb(t): - (3.42)
L(®) =L(; ooy prea), Tn(8) =oxp [~ () (= 17+ amp?)]
xJB (=) do.
. Since k=>k/2, by Lemma 3 3 it follows bthat
%o, (Jon— w) <m*®’ (ky) (kh*’w>2<2’m4"7k (lﬂh""w>
- Hence when i°— a7;,0°<<¢<<#°, we have

7,09 <2m47},oj (h—w)*Cde. (3.43)

In virtue of Lemma 8.1, it follows thatBkh'%( ; o
LO<omul{[, BVl B (= |, (@)

where C=C(n, m). The inequality (2.3) implies that -
TL(0+1/2 6xpL— 70 (k) (= P+ ome] [, |Vl da

B

_ <7’[H2/(Ph_9h+1)2+1]ﬂn- ) ‘ - : (3 .45)
For any fixed ¢ € [#;,4, t°], there are three cases:
(a) If I}.(¢) >0, we obtain from(3 45) that

o [T 03002y oxDLr® ()] L oy 30+ 1
K3 Op

<2vexp(y01) LH?*/ (on~— prs1)*+1] pis,
where 0;=0; (n, m, 7, T)When p<<1, e<<eo<<1/2. Substiting it into (3.44) we find

L(5) <Omur™** [(24yexp (v02) +1) H?/ (pa—pn1)* +247exp(v0y), (3.46)
(b) If I,()<0 and there exists v [fs, £] such that I} (z) =0, then we may
select 7 such that Ij(s)<0 for s€(w, t] and so I,(¢) <Iu(7). Iz(z) has the
estimate (3.46) and so does I, (). - o
() If I,<0 for any 7 C [, £], it follows from (8.45) that
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).'Ph(t

1/ (2A)J exp [—7®' (k) (1— t°+aﬂkp2)]J | V| 2¢2 dos 0t
<SI(t) +7 (= 751») CH?/ (on— Ph+1) + 1] pin ’

or

([, 010l daadoxp (O o) +7 (=) LY (or—prs)*+ T .-

Integratmg (8.44) from %, to ¢ and uSmg the previous mequahty one ﬁnds
J I, (v) d7<0?71albh [24 9XP<7’01)Ih<ﬁh> , :
+ (24yexp (yOy) +1) H>(¢+ 1) pa/ (ou— Pn+1)2+2/17'exp (701) (b—1s) sl
In viratue of the decrease of I;(7) in [#,#] and the inequality (3.43), it follows that
fOI‘ te [th+1; to:l: . )
2
I () <Omul™" [4m*4 exp(yO0) B/ (tra—1t)
+ (24y exp(701) +1) H?/ (on— prss) *+ 24y exp(70y). (8.47)
Thus, no matbber which cage it ig, one has (8.47) for ¢ € [fuey, ¢°].
On the other hand, applying Lemma 3.8 and the inequality (1.12), we have
L) >9XP(—701)5515 (l’m— Fy1) mes By, , prpa(f)

=exp (—=704) *—— M(kn— 7'77»4-1) 68 B,,,, pns (1)
Comblmng thig with (8.47), we ﬁnd that

l-bn+1<4m0 exp(704) ,u,_H' 22D At Aexp (vO 1) N/ (brpr— )

“+ (247 exp(70y) +1)/ (pn—prs)*+ 24y exp(y0:) /H].
By the definition (8.42) of ¢, and p;, it follows thab

Py 1 <Ca2% +1/P y
- where 0s=05 (n, m, 7, M, T). Setting y,= us/p", we oblain

| 2, (8.48)
. ra<022% g7
- The hypothesis (8.40) implies that
| . Yo<bs.
‘We shall prove by induction that ‘ "
U272 (h=0, 1, 2, --). (8.49)

In fach

Unra<0a2 g7 <0428 (8,27 < 0L 2o,
If we take @ satisfying A |
9;'2?<2f2"/ O,,
the induction argument will be valid. Thus (8.49) holds for any natural number
h. Setting A—>oco0 in (8.49), we obtain (3.41). .
if mes By, ,(t° — ayp®) =0, it suffices o take #=t°—amp® (A=0, 1,-2, ---) in the
previous argument. : '
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Lemma 3.8. Suppose that Q,<<Qp. Then there emists s>0- such that
(1) of |

) 70>[b/2 H=p— 70>O mes Ak,p,(t° —aép® )<1/2x,.p1, (3.50)
then for 1€ [t°— L age, 107 |,

- mes A,z () =0. | (3.51)
(i) of ' _ \ ;
| B, ., (1)<1/2%p1, :

von - vewmmpoain 0 Py <12ty (3.52)
. < 28’”’p5 : -~ (3.B3)
or _ . '
o ose {w; Q}<(1-1/2osc{w; Q,}, - (8.54)
where ' ! ‘
q @ ={(=, t)leK(p/@, 1°—a(p/4)*<t<i°}. (3.55)

- Proof We ﬁrst determine the constant §, by Lemma 3.7 and then 6, by
Lemma 3.6 and finally s by Lemma 3.5. One can derive (3.51) from these lemmas

without difficulty. As for the second part of the lemma, in the same way one can
obtain
2s+2
or
' mes B, _o__ (1)=0 for ¢€ [{°—amy,, (p/4)2 £°],
2s+3 '
WhQI‘G My =1/m®' (ks), ky=p+e/2°. For the second possibility, it is clear that
oso{w; Qui<p— (fit+o/2%)<(1—1/ 2%,
4 .
which is required. ‘

Lemma 3.8'. Supposs that 80 satisfies the condition (1.9) and w(w, t) belongs to
Q2 (). If Qp NI+ &, tlwn Jor any 0<e<<ey there emists const ant s such that
oso {w; @, NQr}<2+5* : (3.56)
4
or ' '

oso{u; @, N Qey< (1-1/2"%)oso{w; QN Qu}- (3.57)
Proof @,NI'+ and the condition (1.9) imply that
4

mes [K (p)\ (K (p1) NQ)]1>bip! or ° — afp*<0.
Applying Lemma 8.5/, 3.6 and 3.7 we can obtain what we want.

§4

In order to find Holder estimate for w(a, t), we still need the following lemma.
Lemma 4.1. For po<1, suppose that Qoo <Qr. Lot u(w, t) be a classical solution

of the equation (1.9) én Q,, satisfying 0<u(w, 1) <M. If ,
‘ wo=>0p%, wo=>200%, - o B CY
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We can obtain Holder interior esfimate for w(a, t) now.

Theorem 4.1. Suppose that the ooeﬁicq)ents of the " equation (1.9) satisfy the
conditions (1.4), (1.5), (1.6) and (1 10). Let u(w, t) be a classical solution of the
equation (1.9) swt@sfo ing 0<u(w, t) <M. Fo*r tmy (z°, 1°) € Qz, denote that po—i

min {1, [mM" ”‘@’(M)]“i d(w"), [mt°/(w@ (1))]2}, fwhem d(m°)s dist{a°, 8.(2}
Then, for any (=, t) €Q.,, we have ' -
|w (@, 1) —w(@®, t°) | <Ops?[|o— xol g0 |@/m) (oa>0), C T (4.10)
twhere 0, a depend o'n)ly onn, m, 8, A, M and T, cmd -
= (o, Dl lo—a" | <po, #*—a/m (Dei<t<t?}.

Proof Lét v
. O=max{(2**m®)™, 4p(M)/po}, C(4.11)
T =64m 0" ' L (4.12)
where the constant s is defined by Lemma 3 ;8 and take ¢ 80 small that
0<e<1/2, (1/7)s>1—2 B e+, o 4.18)

Denote that
pr=po/%" (1=0, 1, 2, ),

Q1=sz={(m: t) | |w_mo I <pu to—aél(PZSDPlz<t<to}:
,u,t———*-mqax {w(w, 1)}, ﬁl=n%in {w(w, 1)}, (4.14)

1= pu— [l Z*=Dlll>§? {0 m=>20p;}.

By (4.11) we have : .
_ wo<Cph. - : - (4.15)
Tf I*=0, one immediately obtains (4.10) by Lemma 4.1.
Now suppose thab I*>0. We shall argue by induction : :
o<Op it 1<V, | C(4.16)
Assume that (4.16) is true for 1(<1¥). If u,<<20}, it is easy to show that @ <<
pbz<0pz +1. S0 let ;> 2p; , We can apply the results in § 8. Consider the following two
cases:

(1) If

max  mes B () <1/2%,.p3';, (4.17)

te[to—anp?s to—aspd]

-1 . '
where 7=®' (pf), {=1/m*P'(w), pu=2+a0)/8p, 0'0-2 ", by Lemma 3.8, it
follows that

u+°g.

' . ' Al Ag—l '
<2y <2208 <278 /mP AT (64m30" ™) o2, <Optan (4.18)
Or ~ A A B
oso{w: Q_%_} <(@—-1/25*%)0se{w, Q,} <(1/7)*Cpi<Cp;1. (4.19)

By the selection (4.12) of = and the condition }<I* which means m<20p%, we
can show that Q1= Q,/e. In fact, in virtue of (1.12), we have
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: A L
af (o 4)?/ (aB' (g42) phes) 72/ (16m°) (2055 |
1 AL . ’
> /(82m3 0 Y >2, (4.20)
which implies Qu1@,, . Therefore, (4.16) holds by induction in this case.
(i) If (4. 17) fails, then there exists I € [¢°—angi, ° ——a;f o7] such that

mes A, w () <1/2pl (4.21)
Divide the interval [, t°] into N equal par’os such thab |
1/2a€ 3= (0 =) /N <ak b @)
where o _
' A -1 Al—L
N<2a®' (45 pt/ () <2m®(20pt /o) ™ < 4m® ¢ i =_1%-.

Let t,,=;+£_1‘v_1(t°—a (p=1, 2, ++, N) and typa=i° By (4.21), we apply

Lemma 3.8 to the inferval [%i, o] and then obtain
mes A” 2(;; "o (t2)=0,

where ps=0op, Eo=2—% and we omit the subseript I.
Thus '
‘ mes Alo""z_’:ﬁ'm (tg) <meg AM—‘Q%:T’PB (tg) —i—%,,(p'{—p'g*) <1/2%np;.
Arguing by induction, we obtain
" mesA () <1/2n.0%

U5 ET0N 1)

and

mes 4 (=0 for 1€ 1o—bet, 0], (4.28)

v 2(5+1)N+1 Pe
Combing with (4.20), we have
oso{w; Qi< (1—1/26+9%+)os0{w; Q}<v~*Opf <Cpii1. (4.24)
So far we have shown that (4.16) holds for 1<I*. We have wi<Op in particular
and u>20p% by the definition of I*. Applying Lemma 4.1 we obtain (4.10) for
(@, ) € Q. : :
“When (=, t) EQ;\Q;H (l<l*), applying (4.16) and (1 12), we have

(lo—= °f® +|t tOD >m1n{pl+1, (@D’ (pfe1) piv1]® }
>min{1, [w/m@’(M)]z}p;+1>mln{1 [a/m@’(M)]z}— (co/O)

or .
(e, ) — (e, ©°)| < [w*m/ (@@ ())]F O(lo—2° |+ |t=t° ).
Hence we obtain (4.10) for (v,£) € Q\Qux (O<IY).
Theorem 4.2. - Suppose that (1. 4), (1.5), (1.6), A1.7) and (1.8) are satisfied.
Let u(w, t) be a classical solution of the equation (1.1) satisfying 0<u<M and belong

to Os"“/g(F) Then, for any (&°, t°) €Qr and (w, ©) EQp,nQr(po"—Go; on {(w, 18

lz—a° | <po, t—q—%— @'(1) p0<t<t°}>, we have
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|, = w(a*, )| <Ollo—a° |+ |4—t°| %],
where a, O depend only on n, m, T, A, € &, M, |u|gsesn(I) and the constants Go, o
of the condition (1.8).
' Proof Let po=ao and 0, =, & are defined in (4.11), (4.12), (4.18) respectively
and, moreover, e<e;. Assume that (2°, t°) € Qp. If Q,,CQs, then (4.25) is just the
result of Theorem 4.1. Now let Q,, N I"# ¢. Then there existy l[o=>1 such that
Qu-1NI'# ¢, QNI =¢.
By Lemma 3. 8’ it follows that
ose{w, QN Q,T}<ép, if I<ly—1

and hence '
oso{w, QN Qr} <0p,”_1<07 05, =Cpt. = (4.26)
Using &, p,, instead of G, p, respectively in the proof of Theorem 4.1, we can obtain
(4.25). The validity of (4.25) for (y°, t°) €Qr, is proved by a limit process. The
proof is thus complete.

In virtue of the inequalities (1.12), (1.18) and (1.14), it is easy to find

1@ (wy) =P (wy) | <O|wi—ws|™, | (4.27)
where O0=0(m, M). We can immediately establish Hélder estimate for u(w, ¢) from
that for w(a, ¢).

§5

We give the definition of weak solution as follows.

Definition. A function u(w, t) defined on @p is said to be a weak solution of
(1.1), (1.2) and (1.8) if u is real, nonnegative and u(w, t) €O(Qr), satisfying (1.2)
and (1.8) in the usual sense and satisfying (1.1) in the generalized sense as follows.

For all p€0>1(Q) NO* (QT) with @|i—r=@|s0x0,29=0, the following identity
holds

Jpwdwl";o_,‘_fo {uﬂpt"-Aﬁ(w) i, u)%,«»,-"‘ [.A,;(CIJ, t, u’) -—-B;(CU, Zy u)]‘?w,

Aii (31 t} 4’(3: t))

4 [G(w; t, u)“"B(m; (2 u)]gp}dw dt_Jng;O:TJ

s cos(I, @) cos (N, m,) £)dsdt =0, 6.
where N is the outer normal of 82 and |

Aij(w, 8, )= J a:i(w, t, s)ds, A;(w, t,0) J 6% (w ¢, 8)ds,

Bi(s, ¢, r) j bi(w, 1, 5)ds, B(a, 1, 1) J abi (2, t, 5)ds. (5.2)
Theorem 5.1. Suppose that (i), (11), (iit), (iv) of § 1 are satisfied, and
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BEC(@120), w(®)20, 105, 0, uo(8) = s, 0), (=) €0°@),

G(s, ) €0” (8£2>< [0,77) (0<B<1).
Then there ewists weak, solution u of (1.1), (1.2) and (1.3) and u ‘satisfies Holder
condition on Qg.
Proof For k=1, 2 , lob ‘ o o
Ton(e) = {uo(w), when uo(m)>1/L s, ) = {¢(s, £), when (s, £)>1/k,
1/k, when uo(2) <1/k, 1/k, Wher_l (s, )<1/ 2
(5.3)
Lot uon(w), (s, ) be the oonvolutlon of Wor, Py With molifier such that
Uow () =in(s, 0),
| | o () —ou(2) | <V(1/k)/k [ (s, ) — :p,,(s D<v@/B)/k  (5.4)
‘We have
| | Uow, Y EOH‘?“,.M%(@) >1/k: (s, £)=1/k., (5.5)
Lot @iss(, ¢, 1), bi(w, £, k), ¢.(, t, r) be the convolution of a;(w, t, r)=ay (=,
t, ) /v(r), bi(s, t, ), o(a, £, r) with molifier.
~ Let o 4
rv(r) /j:v<s>ds=a(¢),'
we have s C
v(r) =j0 v(s)ds —“—%Q exp Uo o(s) -‘i—s]
It follows from (1.6) that _
I<a(r)<m, a(r)€0(0, ).
Let a:(r) be the smooth approximation of «(s) such that
ee(r) —a(r) | <6/[(10g4”)2+1] (5-6)
(5.6) can be achieved as follows. ‘ : SR '
Let a(logrr) ,8(3), then B(s) E0(— o0, ). V&>0, we can find é‘k,s(lc =1,2, «)
such that
1B(s) —B(s) | <e/(B*+1), V|s|<k, |s'—s| <8,
Let o (s) be a smooth decreasing function of s& [0, o) such thab
o(k=1)=8,. (k 1,2, --).
Let B.(s) be the convolution of B(s) with molifier of variable radius o(s), then
B (s) €0%(~o0, o0) and

B = fm@@ Bs~w)exp| a’g:)g ~1] /K (8),
Where .
K(s> Jl'rl«r(s) g 8)2 -—1] dz.

When k—1<|s| <k, we have
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£@=O1=|[ 86— -EOlexp[ Er—1]ras/K ()| |
< mex [BE)-BEIS max [8(5)—B(s) ] <e/(k+1)

ls—srj<o(s) I8l <k,|s'—s] <0k,e
<D,
(6.6) follows by taking a.(r) =B.(¢"). 7
Lot . . :
3 r d
ve(r) -——L v(s)ds ‘-9%}— epri o, (s) -—f—]

Tt is eagily seen that - 7 o
ve(r) €0[0, ), v.(0) =0, 1<frvs(fr)/fr ve(s)ds<m,

¢ /m<v,(r)/v(r)<me?. (5.7)

“{is(m} t r).zaiis (w)' 17 0”) 1’;(4’)-
Solve the first boundary value problem -

Lot

Uy = (@ijtho,) o, + Dictly + 0, - (6.8
0] o= 4 (), o 3.9
U|soxco,ry = (s, 1), - - (5.10)
By maximum principle we have
AT E<u<M,

where M = max{sup uo(a;), S 1!1(8 t)}. Hence problem (5.8)—(5.10) is non-
degenerate, ity solution uy, .ex1s’os, and u € 0**(Qr) NO(Qr). By Theorems 4.1 and
4.2, we have ukseo“'% (@r), where a and Juy| o (Q)vare independent of % and s.

We also have Upe € O 1(Qy), where J©[ gisen is independent of &. uks‘ is cornpaét in
O(Qr), hence we can selech a partial sequence {uy.} such that wy,—u, (i—>00)
V (@, t) € Qr. uy satisfies (5.9) and (5.10) in the usual sense, and satisfies (6.1) by
vow(2), u(s, £) instead of uy(w), (s, ). Moreover e~24% /f <u, <M » & and [u]q,, o (@r)
) 2
are independent of k. {w} is compact in O(@r). Hence we can select a partial
sequence of {u} (still denote it by {w}) such that w—su, u(z, {) €Qr. w satisfies
(1.2), (1.3), (5.1) and Touk] (@z). This completes the proof of the theorem.
Turn to consider the uniqueness problem of the weak solution. If there exists

another weak solution u(z, £) €0(Qr) satlsfymg 1.2), (1.8) and (5.1). From (5 1).
we have ‘

j (v~ ) [p;+af? (w, t)?’mc;'{”b‘@(d’) £) @a,+ 0 (2, 1) pldo di

+ | , (@) ~0(@) 10z, 0~ . a3 §-Lcos(H, )

Dxco TJ

xcos(HNV, m,)ds dt=0 , - (5.11)
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Vo €0°1(Qe) NC (@) withgiz=¢lax0m=0,

af;}“)(zv, t) = [Au'(w; t uk) —A—q‘,j(w, t, ﬁ)]/(uk—fﬁ) |

where

=le¢,~(w, 1, Ouy+ (L—0)i)do, (5.12)
bm——j (L +5,)(@, 1, Gt (A—0)D)E, D= (5.18)

Let , be the smooth appproximation of % such that u<ub<u+ . Let

a/gc,s) =j “&is(m: t, owk'*‘ (1"'6)1’29)‘%0; bik's)= ey e =-ee,
Solve the ﬁrst boundary value problem
s+ a5° Pow,+ b, +c® g = U(‘vy £), {5 14)

QDIt—-T"'¢lQQX[0,TJ—0

where U(w, ) is any smooth function in @r. Since a““'s) B, @O 0> (Qr) N -

o'% (Qr) if 2Q € 0¥, in this case we also have ¢ €0**(Qr) ﬂO1 z (QT)

Taking ¢ to be the solution p** of (5.14) into (5.11) and applying (5.14) we
~ have

j [u(a, £) —ii (z, 1T (=, t)dmdt=JQ | (u-u,awadeQ (i~ )
. Lo — af2?] Pay+ [0 = BT+ [0 O — o™ g}

~ [, tn—u)e(, Oda+| =9l £)-22_ cos(N, 2.)
% cos (N, o;)dsdt, : ' (5.15)
The terms on the right-hand side of (5.15) can be estimated by the following
three lemmas. |

Lemma 5.1.
| %] <ewsupU(w, Hl. - . (5.16)

Proof (5. 16) follows easily by applying maximum principle.
Lemma 5.2. If 02 €0?, we have

(Lo am<k - (.17)
Proof Leb p®®=e¢2*. (5. 14) becomes
L) =+ 0> P, 0 Yot (6B = 24)p=Ue (5.18)

Smoe Qe 0?, V(w", t°) €02 x [0, T, we can take z° such that
' {o||o—5°| <B}NQ2={a°}, B=|a" —z°|.

Let .

’ @I’=1—Rq[,]w—5°\2+(t—-t°)2]'7,

where q is a constant to be determined. We have
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‘..97(%=~qR«um'—5°12+(t-t°>21"<%?“)'[(q=2>as’;’5’ R :3>2

_a“(l_c,sj_(i_to)_bgk,s)(m‘_m‘)]_!_,[c(k.t) 21_[]@‘ (519)
Take g=k/v(1/k). Applying (8.7) and (1.15) we have
mey __ (B30 2, —5]) RB?
L P TR s e S Gt (L= )i )8 CETITIE

S0K J v (Gt (1— 0)u)/p(1/lc) 9> UK v(e'““’/(Zlc))/v(l/k)

(6-241'/2> m—1

Taking K large enough, from (5.19) and the above inequality, we have

L)<= O] 1o =t ]7-AW/2=~Q1q<1—W)—Aw"/2

<-min(0, ¢, 4/2) =<—A4/2,

hence
L 3
_ =2 :
+¢+ KT <K1 sgrp[l] (w, )[)

cannot take nonpositive minimum in Qr, and the minimum of +¢+K,¥, in @y is
zero, and it only can fake at the point (a:", £°). Hence

P ’

[+ 55 +Ei gy ]wonr’)

where N ig the outer normal of 8Q. Henoe we have

asz _Op(k, &) _ i@["_
ie oN (a;°,t°)< Ky ON

<0,

(€0,19)

This proves the lemma.
Lemma 5.3. When 82 €0® and & small enough,we have
| j [Sp? + Spl* " do dt<K (B), ' (5.20)
8. e. the integral is bounded by a constant independent of s.
Proof From (5.14) we have
| @i+ &P Poye, | <0(8)21§D¢m‘ +K (2| pe,| +1), ,
where w(e) is a decreasing—to-zero function of its argument. This follows from that
U, Gy (@, t, #) and »,(r) are continuous functions of &. For fixed (2°, t°) €Qy, the
above relation can also be reduced to
lpi+a (2°, t°>§”w:w,l< [w(z—2°| + lt—t°]) +a’<6):|21%m|
+K (2| pa,| +1), (5.21)
where & pogseses the same property as w. This follows from a,;€C(Qr), u€0(Qy)

and uy EOW% (@r) uniformly with respect to k.
By rotating coordinate axis we can assume that aff’ (4°, ¢°) =0 when 4 #j.
Let {(2), 7(¢) be the cut-off functions such that
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¢ |°<"2”/}s‘,» n(t) ={1: 1= t°| <8/2,

Z(w)={1, |o—a°| <3/2, L el <y

10, lo=a°| >3,
From (5.21) we have ..

[, wSap@Ee ), t°>%,w,1zwdt

[7'(®) | <2/3.

-—"D Eaﬂ”(aﬁ, t°)cp,,,¢§277],,0 dz+3 a(")(w° t°)af?(«°, t°)

X 9o, [Pi10,008(N, @) = Pg0,008(N, )10 ds dt

J 92X[0, T

+ L2 o (a°, 1) — (4¢t¢m(CCE‘n+¢w§2ﬂ,)+22 a“"(w°: 1°)afy (°, f")

o

X (gu‘,‘%,,,gzﬁm = PoPae L o) 1de dt <2n*[@(20) +w(&)] Lr 2 i, Pdwdt

+KL, (3 gt +1) L do d. | S o (5.22)
Beoause of ¢(#, T) =0, we have .
j R dw>0,
-henoce the second term on the left of (5.22)is nonnegafsive Since -
uy(2°, 1°)=>e 247 /[, .
aP (2°, t°)>J v (Qug, (22, £° )+(1 &) up(2°, t°))d9>v(e 2“‘1'/(210))/(2m),
hence by (5.22) we have ‘ -

J,, @20t ) tnas <K (B to1+3aD @, 1907, )0k 1ndode
<E®BEE) o) +ed || <¢t+2zw>§2ndwdt+x<k 5 e)
j N {(=, t)Hw— l<8 1#— t°[<8}(2‘%,+1)dwdt+K(k)Ew”~>(m° %)

(k)(wo, to) J

50210, 1'

[ [%,a,, oos(N i) — Po,s; €08 (N, w;)](zn ds dt, (5.28)
Let the local coordinate of 82 be (s1, s, *++, Sp_1) and let ~ ' '
crf,ﬂ—cos(N ; m@) cOs(N @) [cos(N w,,)oos(s,, ;) —cos(N, m,)cos(s;, ca,)]

‘ 8003(1\7 m) __9cos(N, @)
) 0D ),

we have v
L o Pe [?rij#JOdS:(N ’ o) "99%%008(1\7 ’ @)] Cé ds = L o [Z Q’J:V.QD’NsLYVOI' ek ds
—[, @& (123 20 )0 oijzccs;] ds<i| w3t ds— gj S (@t da

[ bl 2prpnDdnses], S ot dat K (e, ®) [ 3 ¢t da.

29n 1zl lo—2°] <6} :

Substituting this inequality into (5.23) and taking
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L K (5) [3(28) + o0 (e0) + a7+ es] <1/2,
.~ we have : A -

J (gt +2¢MD dwdt
en {@ B le—21<F, lt=t°l <3}

<K( )J (2 %‘4—1)&:6 dt

02 1 (@, D)l l0=a%] <3, lt—1° <8 :
if e<<eo. Take suitable (2°, #°) neb such ’ohat the union of {(a; 3 Im o [<8/2
|#=1°| <8/2} covers Q, then the above expression ylelds :

L’ (p2+3 g2, ) dw di< K(k)j C+Ddedt - (5.20)
when e<Ceo. But we havé, - ‘ oo
[, Pordodi=— plpindi<e| (Fpi)awdt+K(e).  (5.25)

We obtain (5.20) when e<<so by (5.24) and taking e3= (2K (k¥))™*in (5.25). The
lemma is proved. | :
Theorem 5.2. Suppose that 8@ €O0? and that the hypothesis of Theorem 5.1 is
satisfied, then the weak solution of (1.1), (1.2) and (1.3) is unique.
Proof TUsing (5.8), (5.4), (5.15) and Lemma 2, we have

(u—fc)U do dt |<sup (UIJ [w—uy | do clt—f-s%phv(w, 0)| L} [on — Uo | dz
+K{SEP[2{@("S>~%?)I+Elb"” =5 + 6™ —cP|]

1

3
X JQ (2 gle,+2 @2+ p?)dw dt}

o, [ ]Aj;p(%awu__a))dgﬁjds

i
1
+LQX{W} <kk> Vé) ds

‘When ¢<<1/k we have
ﬁ”(‘% 9+¢(1‘“9>>d9/1»(1/k) <m

by (1.15). Substituting this expression into the above inequality and letling s—0
first, then k—> o0, we have

. (u—)Udw dt =0,
Smoe U ig arbitrary, we have

w(w, t) =u(w, t), V(=, t) €EQn.
This proves the theorem.
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