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UNUNIQUENESS OF SOME HOLOMORPHIC
| - FUNCTIONS® - =~

DEng GUANTIE. (SF@4)*

Abstract

In the present paper, we show that there exists a bounded, holomorphlc functlon o
f(2)=£0 in the domain{e==z+iy. |y| <a}such that f(z)has a Dlrlchlet expansmn 2, d"e-"n'
in the halfplane x>z, if and only if & log r— 2 2 hasa ﬁmte upperbound on [1 -+

Up<r Up

o), where a is a positive constant, wf( <+oo)is the abscissa of convergence of Z dnein*

n=1"

and the infinite sequence{u,} satisfies lim (Uns1—Un)>0. We also point out some necessary
o o ;

conditiens and sufficient ones Such that a bounded holomorphic function in an angular{or
half-band)domain is identically zero if an infinite sequence of its derivatives and itself
vanish at some point of the domain. Here some results are generalizations of those in [4].

. P. Malha,vmm trangforms many problems(for example: Moment problems
quasianalyticity problems, asymptotic expansion problems of analytic functions,
ofc.) into corresponding Waitson’s problems ‘and " éstablishes the well-known
Malliavin’s theorem (M—theorem) of uniqueness - for: funotions meromorphlo in th
halfplane. Yu Jia-Youg™™ extends the M—theorem %o the case of zeros and poles of
higher orders. Fuchs™ gives another proof of M-theorem. A’ consequences of the
M~theorem, we have the following reshlts:

Theorem 1. Suppose that 0<ui<u2<u3<~~ hm (g1 —2s) >0. Then there

ewists a@ functwn VO %O which is holomorphw and bounded fm{z —a+iy: {yl <oa}
(a>0)and which has a Dirichlet expansion '

f(Z) = ngldne‘”"’j‘v (o>w;), A S (1.1
W and only if R . |
e g - 2 D)che )
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where z;4+-00 is the abscissa of convergence.

Prroof We first suppose that a—-§, u,,+1 u,.>h>0 (n 1, 2, ) w=>h, whereh

is a constant It f (z) £0 is holomorphm and bounded m{z a;-l-wy {y[ <atand
satisfies (1.1), we can also supposg_ ihat @< .—-—q;;(othervnse, ‘we eonsider the function |
f(z—(—wo +%—>,Where mo>a;,. isa qonstant), then ;ther'e éxisﬁs a constant M >0 such
that | |
1f@I<M, |y|<3,
|due™ 2D | <M, n=1, 2, -

There exists, for any positive integer p, a positive mﬁeger m such that u,,._1<p<um.
Hence, if >>0; we have (sef 4o=0, de=0) S

lfGz)— 2 Byt~ | = _2 dgon* <M _29‘1/’"‘"6"‘"'
<SMe?® 29 "<M(1 e‘l)

n=m

if <0, |y|<Z ,Wehave

|f(Z)— 2 dﬁe u””l <M+M 2 e“un/h !ziu.;[

unsp
| <M Ze U/ *”‘1’<M (1- "1)"16“""
Therefore (set O=M (1-e™) ’.i)
| 07 () — T 0| < Iy | <Z, p=1, 3, - ).
Since O~ f(2) #0, in virtue of a result of Malliavin®.2-21%) W’atson’ § problem W‘(l,
k(r)) admlts & DON-ZeTO solutmn(where k(r)=1log r—2 2 —, (r>wy); k(r)=0,
0<fr<u.1), i. e., there exists a function g(2)==0, which is holomorphlc in the half-
‘plane #>>0 and satisfies|g(z) | <e™HO(r=|z|, z>0). If Io(r) has no finite upper bound

on(0, +o0), then there would be a sequence {R,} of positive real numbers such thab
lim R,=-4o0, tlim ]c(R,b) + o0,

N~»fo0 n~>+oo

But for any positive n, the funo’omn On (z) g(z)e™*®) ig holomorphic in the holf-
plane >0 and satisfies

|gn(Bae®) [ <1, |6 <‘§‘>
lim| g, (o+iy) | <L, |y| <R

By the Maximum Modulus Principle
lga(2) <1, |2| <Ry, >0

and therefore | o
90 (2) | <™ E, 2| <Ry, >0,
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Taking n—»+ oo, we see that g(2)=0 in the half-plane >0, which is in contradiction
- with the hypothesis that 9(2)#0. Therefore(1.2) holds. e
ConverSely, if (1. 2) holds then there existy a posfmve constant 01 such tha
Iv(fr) <01(4r>0) Seb
| | U(fr) {21:..2« Un. U '9'>>."u1, __
0, = O0<r<u,
.

1 24
Gz)—1II|- '-‘“- o,
"‘=1 1+

ﬁ

‘Then we see from Theorem 4. 5 III in[2] (p. 126) (and from Chap. 7.4 (4.8; 8’) in
181 (p. 469) that G(2) is a meromorphlo function in the z—plane and sabisfies . '
o lG(z) | =>exp(— Oga:-i—a;U(r)), zEW
and that gamma funcmon I'(2) satisfies

y )*, >0,

where Oa and O; are poéiﬁve constant. Set O ~01;}— Os+0,, then the funclion
9(2)=(1+2)"°(G())I'(z+1)e”* is meromorphic in the z—plane and gatisfies

Sob [9() | <@+g?) =%, 2€W.
©

- fa(2) =j g(2‘1(d,.+u,,+i>+'z',t)e"”dt; n=1, 2, e,
Fo(2) += rwg(rz}t) o~¥* dt.
Then f (2)is holbmorphie in { 2=yt |y| <—a—v-} and sabisfies
1fa(®) |<exp< 2 G n)a), lv1<G, n=1,2, - (1.8)
| lfn(z>l<w, Iyl<— - B ¢ Y
AFor any u > >0, we have |
Lim (u+@t)e‘“‘“+“) du, Ig/! <—-

[2]—ee J u??

By the residue theorem we have -
folz) = 2 ti;ge"‘”’+fﬁ(z) |y|< X =1, 2, -,
where dy, ig the residue of g(z)qt Uz, k=1,2 . By(. 3) ,if >0, | yl < , we have
| 11133 f #(2) =0.

Hence e Lo R
oo
fo@) = Zdue™ 5 0>0, |y| <.
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. - . Gos - - . . : - .

This implies that g dye~"* ig holomorphic in the half-plane >>0. We establish the
theorem, if we put ‘ |

. . oo
S dye™¥, 2>0,
16 F )

' fO(z)) 2<<0, |y| <—'
u,.(n==1 2,44), f1(2) = f( ) Since

Tim 10gr—2u§r-&17"-)<+oo

For the oase a%-‘%—, let )=

Fepefeoo

helds if and only if

h_E(-z-“Llogq- 23

Lo iad tg<r Ugy
We see that the théorem also holds in the general case.
Let {u,.} and {v,} be two complexmentary mcreSmg sequences of posutlve mtegers

([2], p. B4), We see that S -—+ E = ——log r+0(1), r->c0. Therefore,

ty<r Up Vp<r Vg a<r
as a consequence of Theorem 1, we have the following corollary:
Corollary 1. There ewists a function f(z) 50 such that f(z)is holomorphic and
boundea in{z=w+iy, |arg z{<a}U{O} (0<a<m:) and that f(0) = (0)=0 if and

only 'bf

Lo

Jog (3 (12 )mr) < reer

Remark. Goroﬂéry lisa gene.rllzatlon of the resulb III in [4].

If we add a half-band %o each side of the angular domain {z=a-+iy, |arg z|<a}
(0<a<<w), and write logow=2 and log,o=1log (logy-12), & being a positive integer
and » being sufficiently large, we have the following theorem: V

Theorem 2. Suppose O<c5<:n7 If there exist an integer 13>2 and @ rewl number
b>1 such that

(3

va<r Vg

—2(1— i:ﬂ-)log r+logar—--+bdlog,r )< + o0, (2.1)
then there exist a function f(2) %0 and a constant a;>0 such that f(z) is holomorphio
and bounded in the domain Gy= U D(z, a; ), where Hyo={z=r¢", |0|<a, r=>0},
D(z, a;) = {z’ Iz —z| <as} and satisfies |

| f(0)=f=(0)=0.

Conversely, if there exists an integer p>2 such that

: 11m<2 »

Vp<r Il)ﬂ

—2(1—--——)10ga”+10g2¢+ +1ogp) — o, (2.9)

then there exists no such function f(2)=0 with the above properties.
Remark. 1) The latter part of Theorem 2, if =0, is the one of the result I
in [4]. B

e e e
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.. Remaak. 2) We gsee from Corollary 1_3113? if the condition (2.2) is replaced

Iim (2 M
r>too va<r Vg
then Theorem 2 also holds.

Before proving Theorem 2, we first compare it Wlth Gorollary 1. Suppose that

w>a>>0, 0>0, p=>2 and 70>0 (log,,'ro>0) sabisfy

. f2(1f'%_> 1°g’r >= +oo,

2<1_;> 10g,,~_10g2,~_ ' —logprr -0<2 X} __<2<1———>logrr+0 r>70.

C <y 'Un
Oorollary 1 implies that there exists a function f(2)==0 such that J(z)-is holomorphie
and bounded in the domain {z= 2<ty. larg 2| <a} U {0} and satisfies f(0) == (0) =0.
Theorem 2 implies that if f(z)can be analy’ﬁloa,lly cou’umued o G U D(z, af),

where H ={z=re": |0|<a, fr>O D(z' |2 —2] <af} a;>0, then f(z) is unbounded
in G . )

In order o prove Theorem 2, we first introduce a definition: Let G be a seb of
z-plane and f(z)be defined in G. Then f(z) is said to be differentiable on @, if, ab
each point z, € G,

lim f () -f (zo)

2220, 2€G L— 2% .
exists, This limit is denoted by f’(2,). As usual, the differen’oia,bility of higher order
and infinite differentiahility on & can be sumlarly deﬁned The followmg Lemma 1
is a generlization of Lemma in[4].

Lemma 1. Let {M,}, n=0, 1, 2 --be a sequence of pos'z,twe real numbers. .
Suppose that Jor w(0<a<m:) O] $0 %8 im, _ﬁmteZy ds ﬁ'erentmble on G = {z =re:|f] <a,
r=>0} and satisfies

{PC) | <M, n=0,1,2, -, z€@. BRCEY
Then there ewists @ holomorphic funciion g(z) 20 in the hwlf-plmne >0 such that |
g(n) =(=1)"F™(0)* n=1, 2, (8.2)

[ g(n+b+iy) | <(M,_1+M, +M,.+1+M,,+2)O[2+W| Bg(w/a=a)yl

0<b<l, n=1, 2, .., (3.3)
where C 4s a positive constant. , '

Proof We see from the proof in [1] (p. 210) and [4] that there exists a
holomorphio function (2) =0 such that (8.2) holds and that

: Y| = 1 T e () o —i=bmiy l
gt btin)| = | [ £ — f Oy
exp(—alu|) (n) ) —1-b—iy ,
- |G [ G ~F @) erwa
holds for any positive inbeger n and b (0<b<1), where
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, te™), =0, y>0
j{y(t) ={f< >’ 1 95
f(te), t=0, y<0.
Integration by parts gives us

|9(n+b+ig) | = ;X<§<;“'y'> |G+ G O-FPO)-F

J FrP @ dt+ (b+iy—1) [ 2@ (—b—i) —f(0)

o+ (b+dy) (b+’:t+w‘y)Ji foa=D(g)gm2omw dt] ,
0<b<l, m=1, 2, oen
We can see that (8.8) isalso valid.
‘The following Lemma 1 can be considered as the converse of Lemma 1.
Lemma 2. Let{M,} (n=0,1,2,--+) be a sequence of positive numbers. Suppose
that for a (0<<a<<w) g(2) is holomorphic in the half-plane ©>>0 and satisfies

lg(n—{—b-}.-?}y)I<M,,exp(<%-—a)‘y|>, o<b<1, n=0,1,2, .  (4.1)

f(2) = j (; +wt+1> 3(%4—@'# )g(é—-—l—@t)l’ (l ~¢t)z%+“dt
is infinitely dzﬁerenmable in G={z=reé":|0| <a,r>0} and there exists posztwe constcmt
B such that : |
|f(2) | <BM,, |f™(2)|<Be"max(M,, M,,_i), 2€EQ, n=1, 2, <, (4.2)
f(O)%O, F®(0) = (n+1)"2wi(— 1) g (n)n, n=1, 2, <. (4.8)
Moreover, of g(z)=£0, then f(z)=:0. _
‘Proof Since ([8], p. 469. (4.3.8’))

Then

TG+ <ot Rexp(Frot2lyl), 2>0, (4.4
’sin:m(n+-21—+fz)g/)l>%l eXp(w[gj.\.),‘ n=0, 1, 2, +, (45)
|sin g (a-+iy) | > exp(wly])  (ly|>2), (4.6)

i} follows that there exists a positive constant By such that the holomorphic fune’mon

h(z) = (24+1) "% (—2)g(2)in the halfplane £>>0 satisfies

nti—%

jh(n-x— +w> 2@t Y B (1440) " Mae 2|, 030, B n=0, 1, 2,---).

This implies that
1

fn(Z) ‘[ 'n+ + t) fiok it i

is (n+1) times differentable on {z:#|argz| <a, z# 0} and n times differentiable on G
and it satisfies ' |
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[f,?"(z)]<Ble“M,,[z_[ N 0<k<n+1 largz|<a, 240 (4.7)
and that, for any v”, o' (v >v">0),
Ilnnj h('v-{-'bt)z""‘“dw =0, zE€G@.
t]—>eo

It follows from the residue theorem and Oauohy G| theorem that, for any vl, Yo

<O<01< % <'—2.) and n=1, 2, «,

fa(2) = ro»g B (vo+-i8) 2% s =J+” B(0g458)2%+ i

- JACOIOE pi ), cq. )

We conclude from(4.8)—(4.6)that there exists a positive constant O, which ig
independ on v; and & such that

|Fol) | <Culal2]®, 7€ 6

Taking v;—>0, we obtain
| ’ Fo(2) | <O:M,, 2EG-
We see from (4.1), (4.7) and (4.8) that (4.2) and (4.8) are valid with f(2)f., ().
The proof of Theorem 2 SupPoSe that (2.1) holds. Then there exist two constants
0>0 and r, (log,ro >0) such that ‘

k(r)= sup (2 ! ——-—(1 d——)logr )

1>r>r vl <r’ Vn
<O+10gr—10g2r+ +1og,,_1lr+b log,,'r), r>ro
and([2] p. 122)
M (t) =sup(nt—nlog n) <Oe' (£=0).
n>1 . I
Therefore, we have I
j, M (b (q*)) —_<< Oe" J (r log r---log,_o" (log,,_ir)”) 1drr<-i-cv=:’
by by
It fellows from Theorem 5.8 in [1],(p. 205) that there ex1s’5s a holomorphm function
g(2) in the half-plane >0 such that

g('o,,) 0, [g(n+b+'by)|<n exp((—z———a)[gll) O<6<1, n=1, 2, see,

(g(b+fby)|<exp<(-§—a>lg/|>, 0<b<1. |
‘ We see from Lemma 2 that there exists a constant B and an infinitely diefferentiable
funotion F(2) %0 in {z: |argz| <a} such that for z:|argz| <e,
|[F@|<B, F(0)=F"» (0)=0, |F®(2) | <Bne"n=1, 2, -
: : ‘ . =2 Fy(,_
‘We conclude that, at each point z€ {z:|argz| <a}, fo(z) =) i——)gifz’i-)—(z-zo)” is
n=1 4
bolomorphic in {2:|2—4,|<<(2¢*) 7} and is equal to f(2)in
{2:|2—20| <(26%) 72} N {2: | arge{<a}
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and satisfies

1o | < Bn)H(om)(2e8) 2B 1= < (26)).

Thereforef(z) can be analytically continued" to a bounded, holomorphle fune‘blon
Sf(?) in the domain G, = U D(z, (2¢7*)7),

Conversely, if (2.2) holds and if there exists a function f(2)%0, which is
holomorphic and bounded in the domain Gy~ |J D(z, a;), where H,— {z=re*:|8)|
PEH, .

<a, r=>0}, a;>0, it follows, then, from (2.2), (2], p. 122) and Cauchy’s integral
formula that there exish constants M >0, B>0, Bl>0 C>0and h>0(h<min(1,a)),
ro(log,1o>0) such that
|f®@) | <n!Mh™"=M,, M,,.<B m*(|argz| <a, n=1, 2, 8,...),
M (t) =sup(ni—log M,..) >Be' (+>10),

E (r)= mf(

>

(1—a —Z—)log r’)>10g¢—10g2 r—-—log,r—0, r>r,

vh<r! ’U

where r—=v3—2(n =1, 2, -.). It follows from Lemma 1 that there existsa
helomorphic function ¢(z)=0 in the half—plane #>0 such that there exists a positive
constant Oy

g(”ﬂ) = (_,_1),0"‘)&'(0")(0) =0, n=1, 2, )

|9(nt-b+i9) | <Ou|2+iy | Massexp((F—a) 9] ), 0<b<1, n=0, 1, 2,1

We see that the holomorphic function 9(2) =071(4+2)3g(2+2) in the half-plane
x>0 satisfies

- g(@)=0 =n=1, 2,

lg(n—l-b-f-@y)|<Mﬂ+4exp<<—2—-—a)1y|) 0<b<1, n=0, 1, 2,-

But for any real number @, there exists 7,>>r, such that
ke (o)-—a,>10, > 1y,

E' .M(k (r) —a)——2->B j:a exp(k. (r) ~a)if§

>B eip(——a—-O) rm('rlog re--logy, 7)) ldr=4oo.
We conclude from Theorem 5.8 in [1] (p. 205) that g(z)=0,1i. e, g(z)= 0, which is

in contradiotion with 9(2)#0, and thig proves Theorem 2.

I would like to express my deepest gratitude to Prof, Yu Ohla,-Yung for his
patient guidance and helpful advice.
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