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SOME PROPERTIES OF THE L-VALUED LONG
JAMES BANACH SPACE J(, k)
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Abstract -

The main result of this paper is to show that the bidual J (m, 12)** of the long James
‘type l;-valued Banach space J(m, 1) can be identified with transfinite matrices of scalars
L, 01 € [0, w)]ae[o » With some conditions and the nonn of the element z** in J (77, Ip)**

Is :
oAl T | et Pesslrnen

Suppose 7 is an ordinal number. Let the set of ordinal numbers [0, ] have
the order topology. Let & be the first infinite ordinal mumber. Suppose the unit
veotor ¢; (¢ € [0, w)) in the Banach space I is the veotor that has 1 in its (4+1)th
#lot and zeros elsewhere,

The vector valued long James type Banach space J (7, ) -defined in [6]
-oonsigts of the vector valued functions F defined on [0, ] and valued in I, which
Satisfy the following conditions: '

(1) P(0)=0; ~
n 1/2

(1) |7]=sup (3 1F(a) — Plass) 1),
where the sup is'taken over all finite sequences ap<ay <<+ <a, in [0, n];

(iii) F is ¢ontinuous in the norm of the space ly. - .

In this paper we will investigate some properties of the dual J (m, 13)* and
Prove that the elements of the bidual J(x, l)* can be idenﬁﬁ'ed Wi’bh transfinite
,matrlces with some condmons |

In [6] we prove that [(gbm) i€ o, a))]aaE (o, 71) is a transﬁmte basm of J (n,
12), where :
o buin={ 27EC D
S ‘ 0,. if y& (a, n].
And for any FEJ(n, iz) we have : -
DV Ooyitars

20,7 $€W,w)
where Oui=Fop1,4—Fop. -,
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Let ug now consider the dual J (n, la)* of the Banach space J (, 1,).Suppose
. g@ﬂ(F) Fd’;
for any FEJ (1, l), € [0, 1], $€ [0, ). Since IF‘,,;|<[}FH, we have | 92, e[{<1.
Therefore ga,; is a linear bounded funcmonal on J (n, Zg), i. e.
((gar) €10, @) a€ [0, n1ET ()™
Proposition L. ((¢a,s, garr), 4€ [0, ®)), a€ [0, n) is not @ biorthogonal system..
The proof is easy, since - ’ :

1, 1ftz, =4 and aE(,B, 11,

1)
0, 1fw#30ra:€£(ﬁ,fr]] @

e (o) = {

Ve ¥ (w ,'\A, W
Prop051t10n 2

. [¢am+1; ¢mm+2, ]%[ga.nvx-rl} ga,n+2: 1..'_ P . ) .
for any a € [0 n) ancl for any nE [0, @), where the notation [zvi, 502, -] éndicates the

closure of linear span of the set {21, @, -} [Gawmits Jarmsns ]l ={pET(m, b):

<¢J g> 0 fO?‘ cmg/ QE [yasn+1, ga,nﬂ-ay :I} . : 4 .
P/roof Since 9a,i(cps,s) =0. for any 4, jE [o, w) When ,8>a in pa,r‘mcular we

have ga,i(ﬁba&,n) =0 for any 4 andj m[O ). S0, .
[ﬁba’m-!-i) ¢a,n+2, e ]—— [gam+17 ga,,n-!-z; e ]._L
Furthermore, Parn GE [¢a,n+1’ ¢a,n+2, «]. It follows from ga,;(gba,,,) 0 that

R . Darn € [Gaunt1, Jasnes; ° ~14.

Therefore BT

[Parnt1, Pa,niay 1= [ga,ns1s Jarntay -] 1. T
Proposition 8. For any 1€J (1, la)", ;Zl—- g S+ (Uayi—Uans,) Jari holds in

7 4€10, w)
the topology [J (n, b)*, J (n, Zz>] in the Banach space J (n, To)* where -
U {Z(qﬁg_i L), 6f & is @ non-limgs ordinaly” - -
ot hm l((ﬁ,,,,), ’bf a s @ limit oq'dmal

ac [o, 'n) fbe (o, a))
Ptroof Let ZGJ (17, lg)* We prove that hm Z(qﬁ,g,,) exwts for any hmlt ord_ma.]f

o E [O, m) and any ¢ € [O ®). Supposa i does nob exwt ’I‘hen there are real numbers
a<b and ordinals Bo<B: < +<a wﬁ:h Z(¢ﬁ,§,,)<w Z(gb,;,,ﬂ ) >b. For any m’ﬁeger n

;gl (qsﬁu':x,i - ¢B:j,¢)
V(Ppusny —Ps,ss ) >b—a. Therefore - ‘ .
16— a) <UF] Bori— i) < 22,

So || = oo, a contradiction.

= (2n]e—0] ,,) Vin (Zn) Y2,

Aceordmg to the definition of Ua's; we have
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{l(gb, _1,0), if 7 is non—llmlt ordinal,
*" | lim lim U(¢ay), if r is limit ordinal,

B<r a<@

- = Uf'ol.' ' T
In particular, U,.4,; = 1(ni) =0.
We now prove that

lim U

B<r

Ev ( asi Ua-i-i,w)ga.l |

ac|0,7) i€0,w)

is w —oonvergent to l in the Banach space J (m, lz)* It follows from (1) that
wew ) u§ ®) (Uari=Uart, ) garis Pauiv -

7=w§w ce%) ( P U&a-i,i)ga,i(qsﬂ.j)
2 (Uem Ua+:l 9) U+ B41yi ™ YUnptdes

aE(b’ D

=Ugs1,i= 6<¢B,i) =<1, ¢‘B.5>
for any B€ [0, ), any j€ [0, ). Therefore

X : w*
2 : (Ua.i—anLi.i)ga,t*)l
a&[0,r) S€(0,N)

a8 N—w and r->y, and .
( ai a+1 Az)gan l

© aef0,mIe0,w)

holds in the ’aopology [V (n, 1a)*, J(n, l5)] in the Banach space J (rn, lg)'
Proposition 4. Suppese BE [0, 1] is @ limit ordinal number in the topological
space [0, n], {r.}r_y is a sequence of ordimal numbers in A[O,':n’] and 71<ra<r <1<
-1 B whenn—>oo. Let ' _ '
Vi={1€J (n, 1)*[]¥],,= I ,l[((¢u,¢)5€[Opw)]aefrf:n;p)] [0, as n—>co},
Va={l€J (9, 1)*|<l, fmp—0, as m—>co for all sequences ky<kg<+-o

and all o -
f’m E ((Sﬁm,i)’i E [O)C'))) 0‘6 [rkm) ’rkmﬂ)_}'

Then Vi=V,.
Proof We show that V.,V first. _
Suppose VsV 1. Then for any 1€ J (n, lp)* and 1€ V4 there is an ¢>0 such that
| [z =e =[], > >

Since |I|,,>¢ we can choose

91€ [($e) 1€ [0, @)a€ [rs, )] and sl <
such that (l giy>e. There is gbie span{[(¢.,,i)@ € [O w)]ae [rs, B)} such that
lg1— 1] <— and (I, ¢y>>¢. Let the biggest index of the finite combma‘mon of ¢y in

[rq, /8) be less than ry,. So
¢1€ [((¢ﬂ!4)® € [O (0)] ac [’riy ﬂ”k;)]:

say
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¢1 ,“Eg;"k,)‘ 6;%}0» "‘l'(ﬁmi

Since|l],,, >s, choose

$:€ ()€ [0,0)]a€ [riy O] a0 Ioa] <
such that <l, ga)>¢ and there ig
¢2ESPan{((¢a.t) 1€[0, ®)) a€ [ru, B)},

[ ga— 2| <.j;’ and <Z, qb2>> 8 Lgt the blgges;ﬁ mdex Qf the ﬁmte eombiz.lg,‘ﬁgn; of 4 d;g

in [r4, B) be less than ry,. So , - :
(]Sge [((¢a.i) %E [O ‘9)] 056 [’I’zg,, ‘]”k,)],

¢ = ; g tgoz.)vqsa.’i- -
ae TrgeThy) 1€[0,0)

Continuing by induction, choose

9m € [((¢a,0) 1€ [0, w))aE [’rk.,.’ B)] and Ilgmﬂ

such that I, gny>>e¢, and there is
b € span{ (($e,)i € [0, ®)) a€ [rr,, B},
[ gm — dul <-l anddl, ¢m>> e. Lot the biggest indéx of the finite cpmbination of ¢um

say

in [ry,,B) be less than T hmae So
¢m€ [((?Sa,i)@e [0 w>>a€ [qpkm)’rkmﬂ)]} .

say

. qu——- 2 2 tg":i)(j)a.f, !",‘o . .

BE[Fh Ty $€ F0,@)
Now we got ‘ T
4 ¢m€ [((‘;ba,e)’lfe [0 w))“E ['i’lo,., Tromﬂ)];
but <I, dnu>>¢. So 1¢Vs 0

Next show that V1iC&V ».
Supposa 1€V . Let : o ’
C fn€ [((¢a,i) 'bE [0 w))aE D'zomﬂ"romﬂ)]

and

"f‘mu<1) Illﬂfkm'_)O (m—>°°)'
We have B T P LT UL
- &y fuy <[ Uy Ifnl >0, 28 m—eo.
Sol€Va. N L

Suppose ((Ou,s) 1€ [0, »)) a€[0, n). are the coefficient functionals associated
with the transfinite basis ((¢a,:) 6 € [0, @) a€ [0, ) of J(n, la) as we mentioned
before stating Proposition 1. TR S

Now we have
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Theorem 5. The bidual J (n, 1,)** can be (dantified with the Banach Space of all
iransfinite matrices of scalars'( (b.,-,¢)‘ 1€ [0, ®))a€ [0, n) such that for any v € [0, %]
the series . |

an,egba,&

aE[O,'y) ic[0,w)
is w* convergent and S T c
sup ﬂ 2 2 ba! isbﬂ’ i H J(m, 1a) ¥ % <00,

'YE[O”I] WE[O/Y) "E [0,w)

Th@s correspondence s gm)en by

7> ((#(0a,0) 1 € [0, @)), 0 € [0, 1),
for o™ €J (9, 12)*. The norm of a:** %8 egual to o

2 2 w**(Oa,w)an,sllm AT
'ye[O n] aae 0,7) se ) )

Furthermore, for any i € [O., fo), a€ [0,_ n),we hwve
2" (0a,0) [ <],
where Pa,i, Co,; are defined as before '
Proof Suppose [(b4,,)4 € [0, w)]aé [0, n) is a transfinite matrix such that for
any y € [0, ] the series

bdn ¢¢€h§

a€T0,7) €10

iy w* convergent and

!
k" )'EIOT) ; g 451,; Gei || J l **< l 00 -
1 a€ 0,7) i€ ) Il (ﬂQ 3)

Let a™€J (7), 1)* and let
ba,z¢m.i -—_.> w
el sefw e
So for any §€ [0, w) and any B € [0, n) We have N
ba,i ¢a-,i; OB,5>;'_>'—77><$**; OB-5>'

a€[0,7) €10,
By the biorthogonality : o ,
a&0m 4ef?> ’{(ﬁ“'” M> o

So {z"*,04,,>= b,g,, for any ge [0, @) and a,ny ,BE [O 7}) |
Conversely, suppose @ E J (97, Zg) * and P.,, is the pr@jecﬁion from .J (n, 1,) into
J (9, 1) defined by B -
2 ) Bvi¢¢p"
aE[O 'y) -5[0, ) S

where ¢ =m§m) ee; ari Pasie

norm

7gb~—> ¢ in the space J(n, L), since ~((¢b,:). 3 € [0, co)) aC [O, 77) is a
transfinite basis of J(, ls) (see[67). For the adJomt operator P, we have
norm

Pil=1 Z(¢a,i)On,1—>l

x€[0, 'y) $€ (0, u))
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i the spade J (n, )%, 1€ T (n, lo)*. So
CPya”, By=a™, Byl —> <™, .
Suppose now z** ig given in the space J (n, 1) ™. Then for any >0 there is an I&
J(m, )%, |t] =1 such that
<™, By =[] —=.
Then oL o ] ; :
lim | P3a™| |1 >lim <P7*a™, {>[a"] ~e.
So o :
lim | Py'a™| = [2™] —e.
Now we show that |P,|=1 for any y € [0, n]
For any ¢ €J (, l3) we have
IP,ol<IPl 1], 50 |P,I>1.
On the other hand, for any ¢ €J (7, ly), IIP qS[{ l¢]. In fact, if v is a partlhon
point of a partition;
a0<a1<. oe <7<. e <a;”
in [0, 0], then R

?n P (@) = Pop () 1= 3 | (o) — bl

If  is not a partition point of a partition, then

¢=21 “ Pyp(a) —P 7‘1’«(“6;1) "2<§ “9{’(‘3‘4) -95(0%-1) "2
(by the definitions of P, and ¢,,s). So |P,|=1, y€ [0, n]. Hence |P}*|=1, 7€
{0, n]. Therefore o ,
o™ —e<lim | Py < |7 1™ = =™
Solim | Py'a™| = 2" o -

Singce

|3 5 e (@ddedl =IPFCS S e Cudda]

a€10,7) ¢€10,w) - aél0,y+1) cl0

<| > .2 **(Oa,¢)¢a.iI13

®&€[0,y+1) ¢€[0,w)

we see that {|Py'a™|} is inoreasing. Therefore

llm!lP**w**ll* pl> > **(Oa,e)sﬁa,;ll

~Y€E[O0, n) a€[0,7) ¢€10,0).

So o™= sup | 3 S e*(Oudail-

vY€l0,7m a€[Dry) ¢€10,w)

Finally we show that
|™(Ca,) [ <[2™], 4€.[0, ), € [0, 7).

[Oanil = 3‘1113 10a,:(f) ] = 5;7;1; I fastri—Fanil
< sup IF1<<1 (since |fasisi—Fanil <|flsartar FET (0, 1))

Since
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and [Go,i(¢a,i) | =1, [¢ba,i] =1,we have
(@ (Ca,) | <[] | Cai| = |2*].
This completes the proof. - e - .
Remark 6. Theorem 5 remaing true for the space J (n, I,) (1<p<oo).

The author cordially thanks professor G. A. Edgar for hls valuable advice
while the author was visiting the Qhio State University. -
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