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" Tn this paper, the ‘authér -investigates opmmal control problems of continuous time: - -
' linear syﬁtem with hybrld quadratlc critéria such as J (W) = E(Q m(t;): T (%)) +I (Ru,(t)_" -

u(t))dt Closed—loop results are obtained i in which the optlma,l control can be expressed by
' means of state valtes measured only at these d1screte—t1me points. Formulas are gwen “for
C determnat1on of feedback operators ’ ' ' '

. The linear-quadratic optimal control of continuous-time type or discrefe-time
type has ‘a- well-known theory™* and extensive applications.” Hére we. consider a.
continuous-time systerm ‘to which $here ‘are requirements for optimization of its
state at several discrete time points as well as its total energy of control, and for
restriction of state measurement whmh can "be done only at these discrete time.
points. e ‘ N ' ‘
. Such a class of problems involves hybrid criteria consisting of both the d1sore’ne-.
state terms and the integral conirol ferm, and requu‘es a closed-loop op’ﬁlma,l control
expressed merely by means of those non-advanced s’sate values measured a’s the=
discrete time points.- ' AL L S

Along this line, three types of problems will be mvesmgated for a lmear-
distributed parameter system. -All “results are -a,pplwable t0 the finite dlmenmonal.
case. B

Assume that the state and control value spaces, X and U respectively, are real
Hilbert spaces. #;>>0 is finite. Denote % ~I7 (0, ¢; U). The linear system which we.
consider is

o(t) =T (£) mo+j:1'(t—o—) Bu(o)do, $€[0,4], (1.1)

where T'(3) (4=0) is a Og-semigroup of linear operators in Z(X), its generator is:
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A: 9(4) (CX)—>ZX; BeZ (U -X); intial state zo€X is arbltrarlly ﬁxed and

%€ %. The integral involved is a Bochner mtegra,l a:( ) €0([0, #]; X) _

- We make a convention that T'(£) and its ad]omt opera.tor T (t) are 1dent10a]ly

zero when $<0. ’ L o o Cuhemrat
Problem (I) Find an opinmal oontrol u(t) and its feedbaok expressmn by

Teal-time state meagurement (%) of systern a. 1 with’ quadra,tlc entenon

inf{J(u)=z<Q@(t,>_, m(t¢)>+j’°<{%q(t),u(t))dt}. o  (1.2§

Here, 0=to<<t1<:--<liy=tp.. ‘ ¢ , :
Problem (II) Find a feedhack expressmn of the ophma,l coniirol u(t) of
system (1.1) with qua.dra,tm criterion (1. 2), by means of state measurement (%)
at dlserete time, t<t<t‘+1 _ i q .
Problem (III) Find an optlma.l com%rol u(t) of system (1 1) vmh more
creneral hybnd quadratm orﬂserlon

mt{ 7 - 2<Q¢w(t:), w<t¢>>+j [<Qw(t>, w<t>>+<Ru<t>, u(t»}dt} (L.3)

and its feedback expressmn by means of state measurement m(te) ai dlscrete time,
5 <E<Dgyq. LR - T

In (1.2) and (1.8), Q:(¢=1, --- N) and @ are assumed fo be; nonnegative self-
' -adjoirit operators in ¥ (X), R€ L (U) coercively positive so that R™* exists and
bounded. In this paper, all the integrals of opera,tor—va,lued functions will be
Bochner mtegra.ls in gfrong sense. ) . o

OIOSed—loop solution of the problems mentloned above W1l1 be obtamed via
different approaches. Aeoordmg o their respeehve inherences, the foed—back
operators of Problems (I) and (II) will be de'hermmed by explicit recursion
formulae, while the feedbaok operator functlon of Problem (I1II) will be
_ chara,ctenzed by solu’slon of a system of Fredholm lmea,r 1n1iegra,1 equa,tlons

* §2. Closed-Loop Solution of Problem (I

Adoptmg the argumen’s snmla,tr o’ [3], we obta,m ﬁrst 'bhe emstenee, umqueness
and open-loop relation of the op’ﬁlmal control of Problem @.

Theorem 1. . For each. given xo€ X; there ewists @ unigque. optemal .control. of
Pa"oblem (I). u(e) is the opt@ma,l contrrol ef cmd only ’bf

u’@) _—R_iB*IcZT*(tTG“kax’(#k): tE [ti—l: tt): ""=1 N} S (2'1>

where x(+) is the corresponding state trajectory. - - S
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Proof Denote I’;u——J T(t; O')BM(O‘)(ZO‘, i=1, o N. F;Ei’(%; X). Sub-
stitute o (t;) = T (t;)wo—i—l",u mto (1 2), then - o
J(u) <@u: u>w+2 2<F *Q'T (t )[Bo, U/> w+2 <Q|T(t¢) Zo, T(ti) !D0> (2 -2)‘

- Here @=RI¢+ 21“,;@2,;1"i is coerowely posnwe on %. Therefore, the proble‘m‘ of

mm1m1z1ng J(w) has a umque solution u( +) characterized by
| | u( )—'—cl5 121’*@1’(&)% | - (2.3)

No.bmg that [I' y] (t) XEO,t‘]B*T*<t t)% 1S [0; tf]: V('!E X: ¢=1: M) -N: We obtain.
that (2.8) is equivalent to (2.1). o S ' :

"We make use of the method of Dynamie Prbngmg« to find closed-loop:
- solution of Problem (I). Denote %;=L1?(ti_s, ty; U), 4=1, -+, N. Ac‘dording to the
~ optimality principle, the following relation is trus: R
2700 B Qe o>+ ] Bus(®), u1<t>>dt+ inf [<Qaw(ta), o()>
J CRus(t), ua(£) i+ +1nf (<QNx<tN), w<tﬂ>>

[T R, u i) ]} e

Moreover, w is optimal solution of the lefi-side of (2.4) if and- only if {u; = |[t‘_1 o
=1, ;N } is an optimal solution of the right-side of (2.4). B

- Based on (2.4), we can prove the Glosed—loop result of Problem @.

Theorem 2. For each given zo€ X, u(- ) is the optimal contfrol of Problem (I
if and’ only if it is the state feedback as follows, ' |

—R-iB*Pl(ﬂw(t), 1€ [0, 1),
@)= B € -
| ‘R_iB*P N(’D“’(@: 1S [tN-—i; tN]: , - |
where w( ) is the coq"frespo-ndmg state and P, (- ) are determined by the followmg
Py(@)=T"(t;—1) ’\@[I-I- \/Q.N AN(f') '\/ QN] - ’\/QN T(tf"t): t E [y, #],

(2.6)y
P;(t) T*(h—t) N Qi+ Pipa(t) [T+~ Qri'Ps-x-i(ts) Ay (8) Q4+P1+1(ti> e
" \/Q;+P,+1(t;)T(t¢-t), i€ [t;-l, t;], 7/ 1 N 1 : (26);

where A;() = f T (t;— a)BR"iB*T*(t-a)dcr tE Tt tﬂ, = 1 -, N, and, -
mf T () =<Ps(0) 70, z0>. ' @D

i’woof In view of (2.4), we first deal with the opﬁmal control subproblem of
system (1.1) on the time interval [ty_s, #] with criterion as follows
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w(t) T(t tN-1>a7(tN-1) +j T(- o) BUN(O') do‘, $€ [ty-1, 1, 2. 8)

0t {Ts(om; 0(tr-o) =<Quatn), 2()>+ [ < Rus(®), w(@) > dt}. 2.9)
From the standard résult™, this optimal control is given by ' "
'uN(t) == —"R‘iB*PN(t)a;(t), te (tN 1 tf], B (2 10)

‘where Py(-) is the unique strongly conh_nuous and self—a,djomt solution of the
following operator Riccati integral equation™
P =T (=T (=) |
'3 » . LT . - .
—L T*(c—1) Py (¢) BRB"Py (o) T (6 —)do, € [ix_utl. (2.11)

Moreover, similar to Theorem 3.2 of [4], the solution of (2.11) is given by (2.6).
Be31des, mf J N(uN, a;(tN_l)) <PN(tN_1)m(tN_1) s w(tN-l», and we know PN(tN_l)
=0.

Induo’ﬁlvely we deal with a sequence of optimal oontrol subproblems of system
{(1.1) on [%.4,%] with the following criterion

it {7 0(60) =@t Pra )20, m<t¢>>+j <Bu(d), m(ﬂ)dt}

(2.12)

F=N-1, - 1. By the same reason as before, recursively, we obtain the
-conclusions of this theorem. ’

Remark. As w(te) — u(t;—O) R"*B*an;(t), in th1s case, the optimal control
‘function w(e -) is piecewise strongly continuous with at most finite number of
-discontinuous pomts at £y, «--, ty_1, and is bounded on [0, #].

Theorem 3. The optimal state trajeciory (+) of problem (I) is given by

Co(D) =G 9)a(s) =G, O)m, OISy, (2.13)

where G (1,s) is the mild evolution operator determined by the mild solution of g _

[A'—BR’iB*P(t)]zv(t), here P(t) =Pi(t), t € [tis, t;), b=1, «e-, N—1, P() =Py(%),
€ [fy-1 ). And the feedback opamtors sho'am by (2.6) satisfy

Pi(t) ZT*<tk t)QkG(tk) t) tE [t6-1: ti)ﬁ 9;_1 N (2 14)

Pq*oof By (2. 6), the feedbaok operator funotion P ( ) is piecewise sirongly
-confinuous and its norm ig unlformly bounded on [0, #]. Thus we have
—BR™B*P(-) €L~(0, t;; & (X ). Aocordmg to [2] Theorem 2.33 and Deﬁmtmn
'2.32, mild evolution operator G'(%, s) with 4-BR™*B*P (i) as its generator famlly is
mniquely determined by the operator integral equation
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Gty 8) =T (=) j Z’T(t—'-cr)BR'iB,*P (@)@ (o, s)do

: =T(tr+s)—fG(ﬁ;éa)BR""B*P(o‘-)T(o--—s)do-,. 0<s<t<<ty, - (2.15)

and from (2.5) it follows that the optimal state trajectory must be given by (2.13).
Bes1des, similar to the proof of [3], Lemma 4, we get R

' P N(t> T‘(tN"’t)QNG (tx, t); te [tN—i; tN]
Inducmvely, for j= 1 , N—1, we get ‘

P =T (=) [Qe+ Pz ()1G G, 1) = 2 T*'<@—“Vt>¢z@&*<tk,»t), $€ [hos, 6.
Thus (2 14) holds N

P §3 Closed—Loop Solutlon of Problem I

Now that Problem (II) restric‘as us fo’ éxpi'QSS the 6ptim51 control by meah§ of
the feedback of non-advanced state values measured ab dlscrete—tlme pomts, we takez
another point of view fo find its closed——loop solution: -

Lot 8= min {t;—#_,}. In this section we make a hypothesas

1<é<N
: RO _J T (s)BR‘iB*T*(s) ds is coerelvely posmve R 3.1y
Lemma 1. For each given xo€ X, the Sfollowing relation is true, ,
\ -..«,mef(u)-‘ mi; X{mf{J(u) &) =@ «+-, 2(@Ex) =2xt}. - | (8.2)
TRIC uea

Moreover, u is opﬁmal soluhon of the left-side of (3 2) if and only if w , with
‘correspondmg {2 (ty w) {'z, 1 ;N }is optz_mal soluﬁlon of the right-side of (3 2)
* This lemma can be proved by the argument of opposite’ mequa,lmes ’
For a,ny glven st of points {®s, w; ay} in X, we denote - ) '
U Ty, o, ) —mf{.f(u) |&(t) =o 5=0, 1; -+, N}.  (3.8)

 Lemma2. Fop any’ given et of pomfs {wi, ., mN}CX, the minéimization
pfroblem (1.1)—(8:8) has a unique solution: ‘ T S
u(t) =R B*T*(t.s—t)w [ T(t—~t;_1)a;,,_1], te[t,;_bt),@ 1, o, N (3:4)
‘where .
Wi—L T (- cr)BR‘iB*T*(ti #)do, ¢=;; -, N, (8.5)

""Zf@;l, o, mN> 2 [<Qm, m\>+<w-1(a;, T(t;-tc-ams-i) ES T <ti-%—1>w* 2

Pfroof The hypothesw (3 1) 1mp11es that W” ex1sts and 1s bounded fz,——'L ey

’ .N Denote '
yg——m, T<t - tw—:L)mt—i; '2‘1"_‘ 1:"‘\: N.. B ' : (3‘7)'

We see, for any given set {wy, +-, sy} X,
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j(mis °tcy wl\) 2<Q'bmw m¢>

+§ ;?w:g;{«[t (Ru,(t), u,(t))oit U T (t ‘—c“)B.u%(a).dc‘r y;j-
o (3.9

‘Bocause we have the foﬁowing inequality for any u; € Y, éétisfying the coﬁétramt
. t‘ ) v - :
’ J; T(t;.—'O')Bui<0'>d0‘=y§,
T <P, w

' = J‘ <P I:'L&,, (t) R_iB*T* (tg - t) W Yil, Un (t) R-iB*T* (t; -— t) W;1y¢> dt

R, e, v, i1, N, (3.9
'hhe m1n1m1zaﬁ1on problem (1.1)—(3.8) has a unique solution given by (3 4), .and
«(8.6) holds. : P
Lemma 8: For J (&, -+, ox): X >R given by (8.6), the foZZowq}ng, problem
inf j(wl, - zz;N) s (8.10)

(@1, ,z‘p)cX
fha,s a umque opt@mal solution gw'uen by o A _
ms~ﬂ_1W 1T(l‘«—tc-1) fvc-;t, 'b=~‘1; , N: . -  , . (3-1‘1)
awhere opefrastoa"s I; are defined to-be : S VA | .
QN"'WN; , . e
II,= Q;+W;1+T*(t;+1~t¢) H ;+1T(t;+1 t;), = N 1, -, 1, (8.12)
and: ope'mtors H; are defined to be ' e
o BimWr-WilLows, a=N, N=1 2,1 (8.18)
Proof Hypothesm (3. 1) 1mplles W; oerelvely pos1t1ve IT N>W 150 that H ¥
“is invertible. H = WN - (WNQNWN—I—WN) 1>0 And We ob’na,m by induction that
II; is mvertlble and H,>0, ’b N— 1 1 Thus IL and H ¢ in (3 12) and (3.13)
are well-defined. .
The solumon of the problem (3 10) must make the ﬁrsﬁ—order Freohet der1—
‘Va‘ﬁlves of the qua.dratlo functional (3 6) Vanlsh i e
ini'l‘Wt 1[“’: T(tt“tt-i) %-1] T*(t¢+1—-t)W,,H[m;_,_l-T(t;_,_i-—t)m;] =0,
7 4=1,", N—1; o ‘
QNmN"l'WN [wN"“T(t'N"tN—i)wN—JJ 0. (3.14)
From (3 14) we find the optimal solufion of (3 10) reourswely determmed by
(8.11) with the given initial state wo. . o

- Farthermore, the second-order Fréchet derivatives. of 'bhe quadratic funotlonal
(3.6) form a non-negative self-adjoint operator in & (X™¥) as follows:
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V= [—Dg‘m,j] i;:l=1.---.N » )
Qu+Wit+T*(a—t) W'l (ta—ty) —T* (G — ) W3

=W (i, - t1) QW HT* (23— to) Ws'T (83— 65)
. = . O - WEIT (ts - tg)
0 0
0 S , 0 0
—T“(tg—tz)ng b 0 ] v 0
- QW+ T* (¢~ t;,) W (ta—1t3) | --- 0o 0
0 e | —WFT Gx—ty_1) | Qu+W7*
=0. : o e (8.15)

Therefore, the set {mi, ---, xy} detérmined by (3.11) is exacily the minimum
solution of (8.10). | : o
Thus we obtain the closed-loop result of Problem (IT) described below.

Theorem 4. Under the hypothesis (8.1), u(+) is the optimal control of Problem:
(II) if and only if it is the state feedback given by _ -
w(t) == R7BT (b~ ) T (h— 4@ (s, 1€ [y, 1), 6=1, -+, N, (3.16)
where w(+) is the cowespondmg state trajectory, o pefmtors H; are-given by ‘
Hy=Qu(WQu+I)™2,
H=[Qi+T*(tip1 — ) HiyxT (biyr— 1)1
W QAW T (41— 1) H 3T (6 ~t)+I1]7Y =1, »o., N=1. (8.17)
Proof The results of Lemma 1 to Lemma 8 imply thai fﬁhe -optimal control
u(-) of Problem (II) (its existence and unigueness have beén proved by Theorem
1) is given by (3 16) and vice versa. By (3. 12) and (3. 13), we have
(WNQNWN+ W)t =Qu WyQu+1I)7, |
H;= Wg [WchWH‘ W«+W5T* (ts—!-l_ t¢> H wal (tﬂ-l &) Wc] -
[QH‘T* (Bipr— t«) H,.,T (fm+1"t¢>3 -
[WQ+WI" (b1~ t) H ¢+1T (bga—t) +I173, 1<@<N 1.
Remark. In case the hypothems (3. 1) does not hold, results 1n § 4 are avaxla,ble,

§ 4. CIOsed-Lobp_ S_ohitio_n of Problem (III)

* The feature of closed-loop solutiens of Problems (I) and (II), (2.5)—(2.6) and
(8.16)—(8.17), respectively, is the explicit expressions of their feedback operators.
P:(t) and H;. However, the feedback operator of Problem (IIT) will be chatacterized
by the solution of an operator linear integral equation inherently because of the:
appearance of state infegral term in the criteriom. ‘
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Theorem 5. For each given @o€ X, there ewists a unique optimal control sf
Problem (III). u(+) is the optimal control if and only ¢f .

u(t) = — B3B3} 1" (b= Qi (8 +j”‘T* (0—-1)Qu(e)dc ],

1€ -1 t), b= 1, N, (4.1)

fwhere x(+) is the com’espondmg state tr ayectorry ' |

P/roof Analogous to § 1 Theorem 1 and [3] Theorem 2. v ~

Theorem 6. For each given zoC€ X, u(s) s the o;ptwmwl cont'rol of Problem.
(III ) if and only of it is the state feedback given by .

u(t) = —RAB*P,()x(t), 1€ [hoy, t:), 6=1, ---, N, (4.2)

whers {P;() YL, is the unique strongly contimuous (md self—wdyomt solution of the
follawing operator Riccati integral equations

Py() =T (= 8)QxT (1) |

+ f’ (6 1) [Q— Py(0) BR-B Py (o)1 T (o= )do, € Lo, 1113
Pi#)=T" (=) [Q+ PisaW)ITCGemt)

+[ (0~ [@—Pi(0) BE- iB*Pi(cr)]T(cr—t)dcr,

$€ Thop, 8], 0=1, o, N=1. - 0T (4.8)
Let P(3) =Pi(t), t="[ti-s, ), =1, -+, N. The optimal state strajectory is given by
2(t) =G, o(s) =GE, 0) @, O<s<i<ty, .. (4.4)

where G-(t, s) is the mild evolution cperator generated by A-BRZB*P(#).

Proof Here P(%), t€ [0, t], given by (4.8) is piecewise strongly continuous:
and its norm is uniformly bounded. These results can be proved similarly to § 1,
Theorems 2 and 3. | - T |

We must find out the discrete point state feedback requlred by t]:ns Problem:
(I1I). ‘ v
Lemma 4. u(- ) is the opt@mal contq"ol of Problem (III ) %f and only if

u(t) = _R-iB*Fi(t)w(tc-:l); tE [tt-i: ti)) "1’ N, (4.5)
where x(1;) s the cowespondmg state wlue at t;, tmd ‘

- F ;(t) ;T*(tk—t)QkG<tk: ti—i)

J T* (o —t>QG(O‘, ts-i)dcf, € [tiey, 1], 0=1, eoo, N (4.8)

Proof By vSubstituhng (4.‘4) into (4.1), the optimal‘éontrol‘u(f)' of Problem:

(III) must satisfy (4.5). On the other hand, if We begin.with o, the controk
function determined by (4.5) and (4. 6) is unique.

- Lemma 5. The sequenc e of opemtoa" functrz,ons {F(-)} defined by (4.6) is
été~ongly ocontimuous solution of the foZZowmg system of operator Fredholm linear integral.
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;;.;gra\qw‘zzfja}ago.?xs, o o . v . - :
| F G) “‘ﬁ K(¢, ) BRB*F (o) doz‘—'——'-K'z(t,i t',;-.;l.); ”‘.teﬂl:f'd'—lx &1, w=1 N
Ex(t, o) =T*(t—8)QuT (ty— o) + j T*(n t)QT(n a)dn, (t a)e[tN-i, 1%
" . (4 8)w

K*@ 0‘) T* (b= 1) [Quot oo (817 (5 —0')
+J T* (n— t)QT(n—o-)dn, @ a) e [t'i-:l; h] - =;L N 1

Prroof Obvmusly, Fo(e) deﬁzled by (4 6); on [ti_l, ] is strongly continuous,
4=1, ---, N. As G (%, s) satisfies (2.15) similar to the case in § 1, from (4.4), (4.5)
and (4 6), we can establish the following relation of G( RS U -

¢ G(t, tN—l) = T (t— tN—l) J T(t S) B.R‘:LB*T* (tf— S) QNG (tf, t.N-l) CZS

N—i

t (J’m.in(tm)T@_ $) BR™IB*T™ (n—s)ds -)QG’ (n, 771«-1) dm, -

t}v-;
PE [fyos, tle o (.9
Now we verify dlrectly that Fy(+) defind by (4.6)x satisfies the mﬁegra,l squation
‘;(4 7)1\7 In fa,ot

J .KN(t O')BR-:IB*FN(O')CZO' . ;
= (tf—t) U j . T<tf d )BR—iB*T*(tf O')QNG(tf; tN—l) do‘

AT =0 | T—0)BE- 1B*j T(n-0)Q6 (o, ty-s)dndo

N’!

'+ft : J T*(n—1)QT (n—0)dyBRIB*T*(;— 0) Qv G (t;, tm)da _

R L T K S L YT

L =T 4)Qy {L T (tf—a)BR-iB*T*(tf—G)QNG(tf, tN_l)dg
. (15 ) AR
+.tﬂ_1 <Lw T (tf_0'>BR'1B*T*(57 a) do )QG(n, tN_i)dn}

+:IT‘*(?7 #)Q{[ - T(‘I?—O').BR iB*T*(tf—O')QNG(tf: ty-1) do

© e Uy

T r o) BB T (- 0)d) @A, tN_i)df}dw; |
o =T*(f/‘f—t)QN{T(tf hv_j_) G(tf, tN-—l)} SRR ‘ ';fl b B
L O )

B
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In this verification, we have used the interchange of the order. of integration and:
the relation (4.'9) . Henoe, (4.10) ‘indicates that Fy(+) satisfies the equation. (4.7)x.
When ¢=1, .-, N—1, according fo (4 6), F.(+) is given by

R = T*(m—-t)[w 3 T 006 G 8]6 1)

+I T* (o — t)QG(O': i—1) dG+T*(t‘—t)j Ui (0' ts)QGGT; t;)dO’G (tc: ;-1)

=T*(—1t) [Q4+Fs+1(t¢>]G(T3s, t4—1) o R IS ‘

+[T*(0-1Q6 @, tn)do, t€ s 13- (4.11)

By (4.8); and (4.11), replacing ty_y, ty and Qy respectively by i1, & and @+

Fi1() in (4.9) and (4.10), through an analogous verification, we can conclude-
that F;(+) satisfies the equation (4.7), ¢=1, -+, N—1.

Lemma 6. For i=1, ---, N, the strongly continuous solution of the operator-
integral equation (4.7); 48 unique.

Proof It is enough to show that the strongly continuous solution Fi(+) of the
following homogeneous equation is identically zero, 4=N, N—1, ---, 1,

Fi(3) +j: K.(3, 0)BRB*F(c)do =0, 1€ [, #]. (4.12)-
By (4.12), the function 5 (£) = R™B*F () satisfies the following equation
R4’4 (t) -+ J:' B‘K,; (t, O') B¢( (G) do = 0, ¢ 6 [t;_l, t;] o (4 . 13)’

We define a sequence of self-adjoint linear bounded operators on %; as follows:
Vi=RIg+M;QM+ M3[Qi+Fip1(8)1 Moy, ¢=1, ---;, N1,
Vy=RI,,+MyQMy+MixQyMiy, (4.14)
where M, € L (Uy; L? (b1, t: X)) and My, € L(U;; X) are defined as follows:

g )=, TG—0)Bp(c)do, t€ T+ 1;  Mugp=(, T(ti—0)Bp(o)do.
Then, considering the concrete forhaof the operator ¥, we know that the equatiom:
(4.18) is just

Vabi(+) =0, | (4.15):

However, it is easy to see that V', is coercively positive, so it is invertible, thus

Gi(+)=01in %, and in O([ti_y, #]; U) as it is strongly continuous. Then substitute-

this into (4.12), we obtain F(t) =0, t€ [ti_y, #]. Q. B. D..

Based on these lemmas, we obtfain finally the closed-loop result of Problem.
(I11). ,

Theorem 7. For each given xo€ X, u(+) is the optimal conitrol of Problem.

(I1I) if and only if 4t is the state feedback given by
u() =—RAB*'F;(H)w(tier), 1€ [hioy, &), 9=1, -+, N, (4.16)
where {Fy(+)}L1 is the unique strongly contimuous solution of the system of operaior
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wntegral equations (4.7). Lo o S - A
~ Proof 'This is the synthesm of the results obtamed in Lemma 4 to Lemma 6.
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