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ON THE EXPECTED SAMPLE SIZES OF SOME
POWER ONE TESTS FOR NORMAL MEAN
- WITH UNKNOWN VARIANCE |

CHEN JIADING (k% %)*

Abstrécf

Suppose that 1, £y, -+ are i. i. d. random variables on a proba.blhty space (Q, &,
P,,) and w3 is normally distributed with mean @ and variance o2, both of which are
unknown. Given 8, and O<a<1, we propose a concrete stoppmg rule T w. 1. 1. the {Tas
n>1} such that

Poo(T<oo)<a for all <8y, o0,
Py (T'<oo)=1 for all 8>0,, c>0,

-1
lim (0—60)2 (132 1 ) EooT'=20P, o (T=o0),
646, 9 00 ¢

where lngz=In(ln x) .

§ 1. Introduction and Summary

‘We suppose that o4, @, --- are i. i. d. ranciom‘ variables on a probability space-

(@, #, Py,) and z; is normally disiributed with mean ¢ and variance ¢°, both of

ﬁrhich are unknown. Given 6o and O'<a<1 by a size o test of power' one of the.

bhypothesis Ho: §<f, against Hy: 6§>6, we mean a stopping rule T w. r. t. the
S0qUence o4, Ty, *-- such that

Poo(T<oo)<a forall H<by o0,

oo Py, (T<0)=1 for all 0>6’o, o>0.

We stop sampling at stage T and reject Ho (We do not. reJect Ho as long as we-

1.1y

continue sampling).
Among such rules we wish 0 find one which in some sense minimizes Ho, T’ as:

6| . A ‘
As shown in [1] and [2], for any ﬁxed o, the fo]lowing inequality‘

11m((9 00)2<1n2 - 00) EGUT>2O' 2Py (T =00) . @.2)

always holds for any stoppmg rule T w. r. t. the @y, @,--+. Here Insa=In(lng). [2]
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:also suggested some concrete rule 7y (depending on o) which achieves “the lower
bound”:

| 1\t o
liim(ﬂ - 00)2 (lﬂg - ) E90T0?20-2P907 (T0= OO) ©
6i6, Co ‘

70,
It is patural to ask whether similar results hold or not when o is unknown,
[8] proved the answer of this problem ig, aﬁirmahve The results obtained may be

described as follows. Without loss of generahty, Wwe Suppose 60-—
1) Leb b, = ~/2n(lnantolnsnto(ing 'n)( c>"—2—>,

Ti=inf {n:n>m, S,/v,=>b,},

-where m=>2,

S Zm;, .fc,.——;S‘, Vn=4f- _1_1 E(a;,-wﬂ)

i=1

For-a€ (0,1), if m is so selected that Po‘,(Ti—- o0) <o for all 0'>0 then'
lim 0* (Ina ) HooTs=20°Po, (Ts=o0) |

610
for all o>0.
2) Let g(r) be a density function on (0, o) satifying-
o
g(f‘) == 1 1 TT8 for all I E (O, To),
GO g

where o€ (0, 6~°), §>>0, and being bounded on (ro, o). Set -
Zo= (] Ry,

Wheije R,.(f) —;U,,(rr) JTa(0), Unlr) __.J':% o1, Tn.r) du, T / ( —12 p and
flu, y,.r)= —‘—%— u9+ryu+1nu—-%-,q-2. Let

s ——mf{n n=m, Z,.>l} | (0<q<1).

Then Poo (T3<00) < Ppo (Tg<oo)<a for. all §<<0; 0>0; Py (Th<oo)=1 for all
§>0, a~>0; 1}?& g (1112 9) E,Ti= 20"“‘P0,,(T* oo) for all >0 and

1
1;;133 (Ina]

BT 2/ln (1+——) :
for all >0, o>0.

Al’shoug]i:’ﬁhese two stopping rules Ty and Tj have theoretical optimality ag
6] 0 (comparing with (1.2)), we meet great difficulty in using them in practice.
The difficulty of using 7'y lies in how to find 0111: m satisfying Po,(Ti<0)<a for
‘pregiven o€ (0, 1). Since the expression of Z, is very eomplex, it is also hard to
use 1. T

To avoid these trouble, in the present paper we suggest the. following power one
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test, which is a natural generalization of the result in [2]. . .
Let m be an integer number (m=>2). §;=0s=---=0,=0, (6, being given) and

6,.;1~—=90+(§ﬁ"-—60>1{s,,—n90>ﬁ G0} (n>m), (1.8)

where Sn=§m¢, 'v,.=~/7t—]—'—1— i(m;—:?n)é R E,,=-7—];- 8s o= ~/21nf n+8Inin, Insn=
1 - 1
In(Inn), Ingn=In(Inyn), #*=max (0, z) and I (4) is indicator function of 4. Set

T2=inf{n:n>m+1, 5"‘_[ (9;—00)m¢—l En} @:-63) >c@§w}, : (1.4)
$=m+1 2 f=m+1 :
where ¢>0. Our main result is '
‘Theorem A.
| ‘ Lo
m— 2 )
Peg(T2<oo)<(m>  forall 9<0y, 5>0; (1.5)
Py (Ty<c0)=1 forall 6>8,, >0; (1.6)
-3 ‘ . ) Lo S
B L S =y B SN R
Jor all c>0.
Thus for given ac (0, 1), we easily find m and ¢>>0 such that
- - m—1
m—1 N T
(m—1+2c ) ¢

A {1.7)shows that T is asymptotically optimal as 6 | .
‘What we do below is to prove Theorem A.
At firgt, it is simple to prove (1.5). Seb

1 & S 1 &

W,=exp {- 53 2 (w.--ﬂi)g}/exp{——g-&-; g(w;fﬁo)z}-.
By [2], under Py, (6<<0o), (W,,n>1) is a supermartingale. Noting 7’y =inf {n:n>m
—+1, W.>exp{evi/0®}, we have, for <<8,, Poe(Ts< ) = Hge{ Poy(Ts<< o0 [v2)}<Hge

m-—1
P e Loy Ml g 2y mod - -1 - z .
f(exp{-owfn/ag})-—:J e ™1 u‘zl 16.2(2' 2 I’(ﬂz—}-» du= —-ﬂ—-—l—-> .Thig

0 m—1+2c¢
proves (1.5). .

As for (1.6) and (1:7), we will pfove them in § 2 and § 8.
We suppose 6o=0 (if 8,0, replace o; and § by o;—0o and 6 —0, reépeotively).

§ 2. Some Lemmas

- Suppose Go=0. Then T, defined by (1.4) becomes
T, —inf {n:n>m, S(0—101) >t } ‘ @.1)
o 1
Using the method in [2], but more somplicated computation being needed, we
gan obtain the expression
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: EevT2=9TﬁEé}<% (0q+1‘9)2)+9-2'2E0; % [en% —-]'—aﬁ]s) - _A »(2.2)5'

and estimate the order of magnitude of two terms on the right. 31de of (2.2).

We always use the notatmns q)(m) = \[12_%__ exp( % ) a,nd @(m) “ (t) dt

Lemma 1 Forr wll n>m cmd 6>0
E@v("ﬂei-@)g—— B, {1 -0 (_“_?__N/____i)

+(an’vn‘ \/-6’)?(@,«0” \/—9)} 1 ¢, @<aﬁ'vﬁ \/—.9)
(2.8)

7 4.,. ;’74A'
Eeo<6ﬂ+1—6>*< e 2.4

'wherre 0p1 s defmed bfy (1 3) o . :
" Proo f (2. 8) can be proved by ca,lcuhhng In order to prove (2 4), we need tow

use inequality

L 4 A L
94@ (a,,'v \/ ) 0 )< 160' +16a (6>’0),
Whleh is not hard fo prove. So . " S

Bew Brz— 0= Bucf( SM‘“@) L/t HTCS, <f anwn)}
S (e "”)W@(M)]A’.

v i 4 4 ':
< 3%7 e 160' +§8% _ 19¢ +fr8@n0‘

.C‘oroﬂal;j 1. 2 Hoy (9,,+1——6)4 is Bounded in 0>0
Lemma 2 Lot ¥,= 2( b —lak) (n>1), and h()) =t-+p() /@(t) Then

. f {¥,<°°) Y r,— G’l)m)dPoa—<O'h<-——){1+ ’g H,, (9%+1_ 9) } @
Lm;wi Y1,dPe=0(D) (640). ' (2.6)

quof We directly obtain (2.6) from (2.5) and Corollary 1. Soét suffices to-
prove (2.5). It is obmous thwt

' {Tg“—.—-n; {Tg>n 1, Guwn— _1 0,2,—.}—.“1’,;_1.2_@@-,2"}. .

Hence
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[\ @a—owyap.,
{T3=n} '

. . . ] i 0,. . 1 2__ ; |
-J'{Tpn-—l 85>0 } gn[ :D,? ? 7_—(0'1),, _Y,,_i-)-dng
m,,afe +-(cu,,,—Y,._1)

‘E-J‘(T> -0 G >O) g Eec[1<%>7v) (m -

dPgq
1 .

—*2~3»+79;‘(ov§i-' n-l:) N

- [ Py>n-1) I(6:>0) necr [ Poo (21) h(ﬂ_g—&) ]

L dPgs

1=—2‘95+?: (0‘01’”—‘ n-_%).

®Bince & (#) is increasing, we have

o 2 : V
J Ty=n) (¥z,—007)dPo,

<ah(§)jm>n_nz(a >0-6, I(a:,,/——t? o (crv,,, n_l))dPe.,

= ah(—g—)J 6n0Pos- Therefore J (YT, c'v,,,,) (ZP,,.,
{Ty=n}

[v2 J {Tg<oo}

<oh <g )LT,;} 6, dPg.,<crh( 6 )L;@} [1+ 2 Brs1—0) ]dPW.

Thus 2. 5) is proved. -
Lemma 8. For oll §>0 and >0, E9¢T2<oc and. (2.2) holds.

{On the other hand

Hence

Fuoni=021 (3 (524?—'9):‘2)34’?'}2‘5:‘5260 (3(tem ‘-_;e;);;

Tt is obvious that

- (Tg<°°) 1

B 3 612 ~§-a))<f B z( akm; ;iak) dPe,+Ee,éowm)

1

B(36-07)- 3 Zie- >ﬂdPW—[ DCR ~0)ap,.]

3
Al
i

>n} 1

T
1=

=,;21L> (9,.+1—9) dP,(,v
<, IU ; (9 ~9)2dP +n°P, (w>n)]
’ . ”=1 {|9n+1—9!>17} n+l oo M 6o\ 'V}

<"7.—2 2E9‘7<9ﬁ+i—-9)"‘+7}2E” 'Vz (??>0).

'Thus it follows from (2. 7) and (2. 8) “that.

Proof Set m=min (7', I). Since (2 Gu(2s—8), Fo, >m, Poa-) is a martingale
T j ‘ :
{(Where F,=0{w,, oee, mn}), we ha;VG"Ega (121 01,;(05;‘-0) ) =..-Ee¢ [One (@n—0)]=0. On
the other hand ' ‘ IR B T A
1 a_J 2 L
230 __ak)+2(ak ~6) (2(6% M))mﬂ -

2.7

(2.8)
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Eeq'n\ (1 7]2/02) -1 {62 2 Eea (gn-{-l—' 6)

+ 2 j | 2(9,@,6 ~La) dPW—l—ZG‘”co-}

02 (T;<co} 1

Lettmg Z—>oo we obtain Eo,,Tg—hm Boeri<o0 by lemma 1 and lemma 2. Letting:

l—>oo in (2. 7) and noting
A 1
llmj‘mﬂ } 21 (65 ek) 4P =0,

. -

we obtain (2.2). - A
Lemma 4. Let n1= 71;(1112 7 ] (6>0). Then o

21’3’,,(0”.,.1—0)2—0(1112 ) (0¢O) e

Prroof We obtam from (2 3)

— der ¥ a’n '\/-— \/——
Eec‘r<>9nfl-1v 0) <_ T J' [1 @ ( \/q;:- )]d’Gn—i(u)
L J“ an N U anx/— LY AP
- +9
| +— = 1 ( 1 - ) 1(w)
where &, (u) is x? 2_distribution funetion with de'gree of fresdom n.
At first, we proceed to estimate T o
a ~./— ~/_ 0 |
NS ~o ( By Jaa@. . @10
Tt is easy b0 see that there is d>0 satisfying a, ~/n 0/0<d for all n<im; and
small enough 6. Set b,=4d*(n—1)/ (Inf n); then u>4w,,n(n 1) 6’2/ (ln3 n)o? if u=b,,.
and a.n/8, /~/n—1— N 0/0‘>w,.d/1n3n>0 Hence

L” [1- @(“ﬂf— ~n 0)}@9,,-1(@

n
(o
~pf el '+e:—e‘f
s e ()
<)
N .j‘:; exp{ 1[1+———(21n9n+21n3n)] } n—l 1du
<aff*( zlnﬁfilnﬁn)?l (W)
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On the other hand
f’” [1-2 (“" Vu ;”:_'9 )]dG‘,,.'i(u) '

x/n 1
<J1 n 1 ):)_1%7»;_1__1 ¢ du
n—1 . -
- bn® - o LY
N

Therefore the in tegral in (2.10)is o(m>. We now prooeed to estimate the |

mtegml

oo an
0 &/n—1
It is obvious that

J:: Zﬂ—l exp{ o3 (‘iv};/"*; \/ZG )g}denq(u) »

()] L oo Lo

P (2] 2 () (o et ZInen

v u exp {-—-—:2[—( f’};/_zi —\/.Z:b_‘_g)g’}d(?,i;i(u). I (211)

< :"_ 1[2

o a
=12
<,V?‘f'1[
1
=O —— -
((lnn)V1n2n> (n—)oo)
When n is large enough we have b <n/e Hence :
G (209 '\/’M _ n 9 }

" 0/ -
<J.0 Cz/% dG»-l (’U:)

L3
2

_;—1_1" (12_1)) (fz) '

2
no

_ G
\/ n—1
=0 (———-—-———— )
(Inn)~/Inan ‘ .
In virtue of the discussien above, there is M >0 such that

M
o \Un —6)3< )
o (0'-+1 < n (Inn)~/Ingn

+6*

for all small enough # and e<n<<mj.
Therefore

_ 1 . ) l ‘ P
p3 } Ber (Boss=0)*< g v o(ins %) (@0
So, (2.9) is true. , .

‘Lemma5. Lot 6>0, 5>0, 4>1 and ny— [27&.020"21312«%—). Then

)3 om0V aPrmo(d) @40).  @.12)

ng+1J {|18p+1—0|>50)
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Proof
2 ('9,..[.1—-9)2@'.?9,

na+ij(+18,.ﬂ-9 |>86)}

1 8 ,
<‘S§g§n§1 Eeo- (0,”.1—‘0)4

8292 n2+1 Ee”(’ . —-ne ) rgl Ew[ ( e \/— : )]
@( Ay — \/—— g )

’\—». : <1 230'+6 -

%2 i W 3 im j {v”<\/—1'+_n's}

g -
+ﬁ— % Pyo (v,>~/1+7 o-)
VAN
AL+I+ I (Here 7€ (0,223 = L) |
We now proceed o prove that I, IT and IIT are o(1) as 8 | 0.
At first

4o 1 ‘o""; 1
sv 1 8o 1
0()

. . : natl n2 ,‘ 9 ’
Secondly, set - L 5 e |
fDrl- +co;—rm;‘+1 -—Y 1, 2 "
Y= “GD Jw=Yi-l (=120, @19

[t is well-known that 24, 2a, *-- i mdependen‘ﬁ sequenoe Wl‘ﬁh common dlstrlbuﬁon

and Hoy21=0, Howi<oco. Sinoce 'u,,=—— 2 Y?, we obta.m '

2 oo

II= E P.,.,(fv,,,> (1+71)0'9) = Z P?1 ( 1 2 z¢>n)

n—1
Since — 2 2 is oompleﬁely convergent to zero, we have 2 Pm( _j; - > z¢>n)< o

n=2 1 1
which 1mplles IIT=0(1) as 6 J, 0. - : A
At last we consider II. We first pomt out that for a.ny fixed

| sE(O 1- ‘/7“+1<1+ y),

a0/ TF “/_ 9. *60\/‘- | (2.14)

for all small enough # and n>n2

In fact, since b is increasing When t ig large enough and

o lnt
' — o
11m N/Ez_ / [(1+7)) A+ 1) 1112 ng] m_ﬁ‘)‘:
we have
0 \/”/ [t (7\.+1)1n2n]7>1/(1 s) © "(2.15)

‘for all small enongh and n>ng:
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Since (2.—1) Inyn>8Ingn for large n, it follows from (2.15) that
~(1+m) Clnan+8Ingn) —/n 0/c<—e~/n 8/c.
Thus (2.14) is proved.

On the other hand setting f(z) = \/ 77(2 lnz o438 lng m) va_ Vo 6'/ o, it is
easy to see f(ng)—— oo as 6 0. Hence f(ny) < —1 when 8 is small enough. It can be
shown that f’(a;) <0 when § is small enough and z>ns. Therefore

NIFna.—~n 8/o<-1 S (2.18)

for all small 0 and n>n,.

By (2. 14) and (2 16), (25(\/ + NG, — «/—6/0)<gv( 86\/—) and

[}

_F < a,,'v,,—-\/_rn,_ﬂ
= 5 2 Jw,,dma}@ < )dP”

g+l

SLA PIAN; e Jye - 3=
<F' 'il GXP{—-Q%_—S- %W%}n} | |

Ng+
2 g zr,;a :
<grem{-Shnm}-(1-F")mm0) 050,

- This finishes the proof of Lemma 5.

ool

Lemma 6. Lot 2, w,, --- be fmdependent mndom fmzmables qu,th commaon
distribution N (8, 02). Then for any integer 4>0 and e € ( 3 -;}—:),
Py, {there exists n such that i<n<<2j Ings . .
and , ]s,.-n6|>~/2(1 s)n(lngn) U= o((lnq,)‘*s'i) .17

Proof P,, {there exists n such that $<<n<<2¢Iny i and |s,—nf | >~/2(A— &)n Inan
0} <Poy {there exists n such that §<<n <% In,é and Va<l—g}+Poy {02 >1—¢)
for all n€ [4, 25In,4) and there exists some n such that (<n<2ilnyi, |s,|>
V2(1—-¢)nln,n V,}<Pg { max [ —1 ] >e} + P01 {there exists some n such that

$<n<2iIng §
1<n<2jIny 6 and |[s,|=> 21— e)n In;n v,}. It is known that the last term in the
expression above is o((Iné)*2) (of. [2], p, 423).
On the other hand, usmg @. 13) and Kolmogorof‘f inequality, we obtain *
Po;( max 02— 1|>s) <P01 max

> Is) .-
f<n<2iIngs i<n<zilngt 2 % (- )“8) )

(@ 1) -2g-22; (In, q,) B2
=o((Ing)*-1),

BN

Thus the Lemma 6 is p’r-(z)ved.‘
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§3. Proof of Theorem A

Smce the conclusions (1 5) and (1 6) of Theorem A have been proved above,

it suﬁioes to prove @€.7n, i. e. 11m vy (lnz 0 EWTQ = 20' 2Poo (T'y = o0) for all
a>0. 'A ' o
: . Ty . . -
At first, we analyse He, (2(9,,+1—9)9); Let 8>0, ny= [9'2 <1n2 _1-) ' ] , A>1and
- T , [
= [2%0‘20‘2 In, %] . Then ‘

A R 3 _ R
Hoo (2(9@1— o) ) 2 LT (Opp1—0)2 APoy<Zs+ Sat+ Zg+ 4,
where :
2= ”go E90<9n+1" 9)2:

So= B [ 0.-6)2dP,.,

n=n1+1J {Te>n,}

== .& [ v _ N 2 .‘ .
o= "="22+1a {IBussy—81>50) (Bar1—6)® dPoo,
e i A (0n+1_9>2d-,?0a{ S

. n=ng+1 J {Ta>n, 18 psy—06| <36}
By Lemma.s4a.nd5 2= 0(1]12 0>a.nd Zg= (1n2 0>a,s 0} 0. It is easy %o see

that
24<.8 92 2 Pog' (T2>'n> <5292E90T2

n=1

We now proceed to estimate .

-y

, < E ——+0 n2Paa<T2>n1)

- m=En+l T

<72f 1n T;—+ zxfz(}?g ?>P9a (Ts>ns).

Since .
Llln 'E.——-O(lng 0)
and;__‘ e | A
,, A‘,ﬁ?ngPe,<T2>_n1><Po;<T2——-‘oo>, |
we obtain = - . 7
24207 P, (Ta=00) +In, %+ o(1n2 %-)
Therefore | o |

Ee(g ) 2) < 207 Poo (Ts = 0) Iny -+ 363 Boo (T2) +0 (1]12 .g.) 61 0).
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Combining this with Lemma 2 and. Lemma 8 yields
8- 82)E9¢T2<2M?P0a(T2—~ oo) In, ——+o(1n2 )+o<1).
So, ’ '

6l0 1

T i(1ns 5 ) BT 227 r Por(To=9).
Lettmg 3 i 0 and A | 1, we obtain '

D » Lo Rt S S S
I 0%(Ins ) BooTe<207Py, (Ta=o). (3.1)
el )

I‘o prove the reverse inequality, we SUPPOse ng<<my= [ ?gg ] and my=2m4In, m,,

where A€ (0, 1). Tt is not hard 1o see that {m1<T9\'m2}C {There exists n such that
m1<n<m2 and #,% 0} {There exists n such that mi\rw<m2 and s“>\/ @, F. Lot

it can be shown that ‘ : S .

Poo (my <Ty<ms) <,P90(%”’1§9_>w)+P90(33%i <, m1<'_r2<m2) .
5 3 N . L]

<1-@(a)+exp {9 M ¢ 669 J“Pou(m1<T2\’In2)

=1-0(a)+o(1) (fu 0. =
Since ¢>0 is arbitrary, we have
hm Paa(m1<Ta<m2) =0.

On the other hand
Poo (no<Ty<my) <1— B (a) +exp { 0 LCINE af } * Poo (g <T'y<m)

<1-&(a)+exp {—+a\/ }-Pw(w}o<T2<oo) -
Noﬁmg (4.2) and E9¢T2>m2Pg,,(T2>'m2) —"’mz {Poa(T2>no) Pao<ﬂo<T9<m1)
= Poo (my <T:<mg)}, we obtain

lim - 7,7, P, (7, = 00) - {1-@@ Fexp {%M\/T} P’o,,(n(;<T2<oo>}.
Ei0 2
Letting ng—>c0, we have
lim L 5,7, P, (T3 = 00) — {1— B(a)).
610 Mg
Since g is arbitrary and me~2ic2- 912 In, = (9 3 0), we have
ﬁm92(1n2 .1_) HouTo>206"Po, (Ts=o0). (3.8)
770 0
Letting A 11 in (4.8), we have |
lim 92(1112 l) BopTy>20"Py, (Ty=c0). (3.4)
70 0
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Combining (4.4) with (4.1) yields (1.7). Thus we conclude the proof of Theorem
A.

Remark 1° From Lemam 3 a.nd 2 kak — l&) >co2, it follows that

k=1 .
E9,T2>20‘200' for all >0, 0>0. : (8.5)
We point out that this mequahty is asymptotmally sharp as ¢—> 0. In ‘faot,
observing the proof of Lemma. 8, we obtain | '

Ee,,Tg\(l—nzf)“z)'i {6—2 -2 ZEW(H..H g)*

o f (m,, -iek dPa¢+20‘ o }

{Tl<°°}
So, from Lemma 2 it follows that - -

BooTo<@—2672)71072 (M+ 200'2),
where M is mdependent of ¢.. Therefore . -
Lim 6+ 0~ “Esz\ - '029‘2)'1

' Cv'-rea
Letting 7| 0, we have Lo :
B ) o E 2-10410-‘202E9¢T2<1,

C—voo

which and (4.5) imply A

BT e

Remark 22 (1.7) shows that T is asymptomcally optimal as 016 Tt is
natural to ask whether T's has asymptotmally 0p’ﬁ1mah1:y as a=Pye (Ta= oo) J0 or
equavalently ¢—>oco. It remains to be solved. : ‘
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