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GLOBAL EXISTENCE OF THE SOLUTIONS OF
NONLINEAR PARABOLIC EQUATIONS
~IN EXTERIOR DOMAINS

CreEN Yunmer (J&#4E) *

Abstract

Thls paper deals with the following IBV problem of nonlinear parabolic equations

w, =+ F (u, Dy, D), (t, m) € R*xQ,

{M(O z) =p(®), T€Q, - .

w|o0=0, ‘
where Q is the exterior domain of a compact sot in R" with smooth boundary and F satisfies
|F (&) | =o(]A|®), near A=0. It is proved that when n>3, under the suitable smoothness.
and corapatibility conditions, the above problem has a unique global smooth solution for
small initial data. Moraover, It 1s also proved that the solutlon has the decay property

: bu (@) || ) =0 A "’), as t—>+oo

§1. Introducﬁon

In the recent years, a great deal of attention has been paid fo the research om:
the global existence of the solution for nenlinear evolution equations. As far as we
are aware the initial boundary value problem in interior domains has been studied
in greater details, while that in exterior domains has not received the same amount-
of attention. Recently, Y. Tsutsumi® discussed the following ‘semilinear-

Schridinger equation ,
w+idu=iA|u|?u, (%, ©) EQ,
u(0, ) =p(=z), z€Q, - (@.1)y
u|s=0, . - ~

where the domain Q is the exterior domain of a compact set in R" with smooth:
boundary I', Q= (0, ) XQ, 5= (0, c0) x &2, )\ is a real constant. He proved thas
when n>8 and p is an even integer with p>2, problem (1.1) has a unique global
solution for small initial data under a cerfain assumption on the shape of ihe

domain Q.
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In this paper We consider the fo]lowmg initial bounda,ry value problem for the
nonlinear parabolic equation in an exterior domain ‘
w;~ du=F (u, Dyu, Du), (¢, ) €GQ,
u(0, ) =@(2), 2€Q, 1.2)
ulz=0,. B
where Q2 is the same as a.bove. Our main result is the following
| Théorehi 1.1. Let n>8 and N be an q)ntéger' with N > 3n+3 [—;’-]+23 We
assume that F €O*F (RX R"X R™) satisfying R o
[F(A) | =0(A|®) mear A=0 . - . 1.3)
-and (p(w) € H @@ nwH '1(£2) Then there exists @ posotwe constcmt & such that of <p(a7)
satisfies ' :

lel ey + o] wram<e 1.4
and the compatibility condition, problem (1.2) has a unique global solution u(t, z)
satisfying
aku EO(iZO +°°) H‘ﬁ(N-k)(g) ﬂHl(Q)) ﬂL2(0 +°° Hz(N—k)+1(Q)) O<E<N - 1
"’N“ G010, +00); I(@) NL2(0, +o0; HH@)).
_ 1.5)
Moreover, we have the following decay estimate
[4(®) |y =0 E) ast>+oo. (1.6)
Remark 1.1. The compatibility condition means » .
g’;; L EHNQ) (O<j<N-1). (1.7)

Tt has been proved that problem (1 2) has a ﬁﬁique global solution when the
Space dimengion n>1 if Q is a bounded open set in R" and when n>3 if Q=R" (see
L7, 81).

Our plan in the present paper is as follows. In section 2 ‘Wwe prove 'bhe local
existence and uniqueness theorem. In section 8 we give the energy estimate. In
section 4 we give the local energy decay for the homogeneous linear problem. In
section 5 we give the decay estimates for the linear problem. Finally, in section 6
we establish a priori estimate by using the results of sections 8 and 5. By the
‘technique of Matsumura and Nishida™, combining the a priori estimate with the
Jocal existence theorem, we obfain Theorem 1:1. ' A

We give several notations. Let X be a Banach space on G. We denote by
QO ([0, T]; X) the space of continuous functions on [0, 7] valued 1n X. We denote

gl; and aa:: by w and u,, respectively. Dju represents the veotor {(———) U,
)
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|a]v =fm}' where a ={ay, -, o} and | =n2 . Thrdﬁghout thi'é"b_a‘,periwé denoto by
J ' =1 ST S : ol

C various universal constants.

§ 2. Local EX1stence and Umqueness

In this section we shall prove the existence a,nd umqueness of the local solutlom
for problem (1.2). '

From (1.8) we know that there exists a positive constant <, such that if
|M<7b, assumption (1.3) holds. By Sobolev 1mbedd1ng theorem We can choose a
positive constant Eo<% such that 1f fEH"'? Eaf (Q) and safmsﬁes ][ f ﬂ PLEIEE <E0,
then we have |f|z0)<7o. .

- Before we give the local existenoce theorem, we define the following space Xp

by
Xe={ ol @), s Tt )|
ZEE €00, THE (@) NEX@) NIFQ, T5 B +04(Q)),

0<k<N-— =1, ,.0<'j,<‘N'— 1,

aaif,’ €O, T3; @) NI, T; HH@)), o<i<n}, @.1)
which is equipped with the norm e
HV"‘M Onita;xl’ ()s <N Oékgf j ﬂ atk ( ) HS(N-k-j) (a) y '
. jﬂ O<i<lN Oék%N—j ( ) nHBW-k-J)ﬂ(Q) dt. . o (2'2)

We easily see that Xy is a anach space. B
For any V = (v, v, *>-, vy) € Xy, 65
(folt &) =F{u, Dett, D) | amns
7S 2 =(LF)w, De, D, t, Dathy D) | s

-------------------------------------

e T sy
f!(t a’) <8t" )(M Dyu, D, -, 3§% D,olu, -Dzagu)lu;”nr'\"-9¥“=w‘ - a

------------------------------------

end we denote u; () (O<j<N) by
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Uy = Mg+ F (u, Dyst, D2 | yes

------------------------------------

=1 _ ' ) o
u9=Au:i—1 + (‘aa—t;':i‘ F) (u; -Dwu- -D.?cu, °cs 3%—1?‘, -Daagflu: Dga%'iu) |u=u., -, #-lu=us,

. - (2.4)
It is easily realized that if w is a smooth soluﬁon»ovf problem (1".2) we have

atﬂ (t 47) |t_o——u,(w), 0<_7<N. - i (2 5)'

For some positive constant E<<H,, we define space X, 5 by
-X'I’,E= {(’Uo(t; m)"-‘“’ 'DN<t) w)) i’UE-X‘!l': ’DJ(OJ‘ ‘.‘U) =uﬂ<w) (0<.7<N): H’D[(XT<E}
| « o BCR))
Theorem 2.1. In pmblem (1.2) we assume that FEO™(RXR"XR")? and

satisfies (1.8), p € H¥ (Q), where N is an fmteger with N >{§
two positive Gonstants T and & (<1) such that for the sw;mbly small constant E(<E°) ”

if p(x) satisfies

] +2. Then, there ewist:

Nl awiy<3E ‘ : 2.7y
and the compwmbfblwy condwt@on, pq"oblem (1.2) has a. unigue Zocal solution w(dt, o)
satisfying .
=Gty ooy )€ Xame @8
In order to prove Theorem 2.1 we ﬁrs’s prove the following lemmas.
Lemma 2.1. Let Q be an exterior domain of a compact set in R" and let u be ther
sobution belonging to H(Q) of the elliptic equation
| du=f, z€Q,
{-u['p—-=0. B
Let L be an arbitrary nonmegative integer. If f € HE(Q), then we have
%] o2y <O (|t 1200y + | f | m0) 5 ' (2.10)
where O is a positive constant depending only on n, L and Q. P "
The above lemma is well known (see F. E. Browder [1]).
Lemma 2.2. In the problem v
\ w—du=5(, 2), (1, 2)€Q
u(0, @) =p(x), 2E€Q, (2.11)
u|z=0, '
where Q is the same as in problem 1.1), we assume that f€L?(0, T; H(Q)) and
@ €L*(Q). Then, problem (2.11) has a unique solution u(t, z) €0 ( [0 T] L” (.Q)) nL?
(0, T; Hi(Q)). Moreover, we have the following estimate

(2.9)
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s u()) o + [ 1806 dt<0ef(n¢nm +J ) Vo ). - (2:12)

o<i<
The proof of this lemma can be obtained by Galerkm g method and energy
iintegral.
- Next, we prove Theorem 2.1." o : .
Proof of Theorem 2.1. We fix two positive constant T’ and E(<H,) to be
-determine d later. Let J be the mapping which maps V' € Xp,p into the solution
W = (wy, +-, wy) of the following problem

: %—Awgﬁf}(t, z); (¢, ©) EQr= (0,‘.1‘1) %0,
Wi0, 2) =u(a), €@, (2.18)

Wilz=0, O0<j<N, . R ,
‘where f;(¢, ) and w;(%, a;) are determined by @. 3) and (2 4), respectlvely We
:shall show that if 3, T and H are suﬂiolen’ﬁly small, J is a contraction mapping of
Xp,g 0 itgelf,

Notlcng Eo<—;; and NV >[ ]+2, using (1.3) .and the estimate of the

2
norms for the composite function and product of functions (see [8]), for any
WV € Xy, we have

2"f; c O( [0, T]; HA®-k-i=b(Q)) n 12(0, T Hz(N-k-J)—l(Q)),

P |
' O<k<N —j—1, 0<3<N 1, R (214)
—ig. ‘ .

Sl o, T, B @), o<j<N
and, Tl ' ' ' :
o N—=1 N—j-1 alcfj N N~j akfj u o <

?:fzxr uzo 1§) otk Haarkegen (@) . JO §> Z ot* (> Hr@repo1(@) qiE ,

(2.15)

-where O is a positive constant mdependent of T. Similarly, from 2. 4) we get

(O CE@NI@), osjeN-1 - @.16)
uy (@) €L (Q). _
From (2.8), (2.4) and (2.13) we get - . S . :
. Ak . o
3375 (atk Wi) 4 (8t’“ ) ;%Tg‘fh . (t: w) € QI’)
("a“‘tﬁ W.’i) (O) w)']’:ﬁiah? wE‘Q} N o (2.17)

8t“W|E’ =0, o<g<N

) k=1 SRR :
for each mteger .70 Wlth O<k<N — 4, where u;,k——=A u, S 49837 £yl 1. Using
=0 o
fLemma 2.2, we conclude from (2 14) and (2 16) that
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(L= W), m)GO([O T1; LH(@) NIA0, T; Hi(Q))  (2.18)

and

max
0<t<T“ ot

e +JT”8tN” W i@ Hm@

31\7 -3

wi |

<0'6 (Wa'.zv-fﬂium +.{T

o dt) N (2.19)

Next we shall prove that for each integer ¥ with 0<KA<<N —j—1, we have

W,(t z) €C([0, T] H2‘N"‘"’(Q)HH1(Q))HL2(O T; Ha@®-e=041(0Q)),

6t"
0<j<N-1 | (2.20)
and
gEta;xTﬂ 3#" Wj( ) N 2 av=z=p (@). +J‘ "atk W’ H"N'*'J”‘(Q) dt
N—j=—1
T
<0@+0(Fdsilbo +max 3 |2 1,0|
T N—j
+ 2 uat‘ it )nﬂsm- -p-1(Q) dé )’ (2.21)

where O is a posfﬂve constant independent of 7. Now we show that if (2.20) and!
- (2.21) hold for an integer & with 1<A<KN—j—1, (2.20) and (2.21) also kold with.

k replaced by s—1. In fact, we easily see from (2.17) and Lemma 2.2 that
- =

atk—l
From (2. 17) we see that for all te [o, T], 3 t"' W sahsﬁes

. 27 w,co(lo, TI; I3(Q)) NI*(0, T; HI2)) (2.22).
and » _
mex | 2 = Wi |, - +fT 3:':-1 Wi ) ﬂm
<0 (s psltrort | | T ()"E - . @.23)
From (2. 20) and (2.22) we get o .
| 9 w,co(o, TT; HA@). L (@.20)

370 :L a ak— i
4 < o1 W!) atlﬁ W ﬂﬁ—i f.’b o€ Q. (2 25)

Applymg Lemma 2.1, we conolude from (2.14), (2 20) and (2. 24) ’uhat

6t’““1 L __W;(, o) E O([O 1 H2(N—Ia—.7+1) (Q) nH (Q» n Ls (0 T HQ(N—IG—!+1)+1<Q)>

. : (2 26)
and we conclude from (2.21) and (2.23) that
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Wt | 3’”W | dt»-”2>27.
ﬂ?;x!'“ 8t’“‘ ( ) l.st—x—;w(ﬂ) +[ " 8t’°’1 ( ) SH‘W“‘I"’-’“(Q) ’ ( ' )
—i=
<0(1+3T>( 2 llu,,.l!mﬁnggz ,021 ,aﬁ f’( ) lH!m’-‘-}-n(Q)
7T N—1
+J‘0 i=§ f.‘f( ) Nﬂ,,w.g-j)—l(g) ).

Tt shows that (2.20) and (2.21) hold with k replaced by k—1. In the same way we
can prove that (2.20) and (2.21) hold for k=N—j—1 from (2.18) and (2.19).
Thus, an induction argument shows that (2.20) and (2.21) hold for each integer &
with 0<70<N —j—1. Oombmmg these with (2. 18) and (2. 19) we obtain

' WEXT, . o (2.28)

W 15.<0: @+ ( 3 ﬂu:umw-»(a) +max 33

N O [ T D N2,

@), @20
st—t—p—xf‘g) ’ E ( )
where 02 is a positive constant independent of T'.

Using the estimate of the norms for the comp031te funcmon ‘and product

functions and the fact that N >[ 3 ]-%-2 and E <%, We see. that there exigis a

posﬂuve constant 8< 1 such that if |@|gme,<8H, the following fnequality holds:
) : H'U.r, “Haw-,J(g)gE/\/ 602N O<1<N T (2 30)

Thus, if 1ot T be suﬂiclenﬂy sma.ll such that 6T<2 and H <mm (Eo, \/W)
1“2

we have

nwnx,,\-;:. B +30,0,B* < B, (@2.31)

Hence, J maps X, g o iteslf. We easﬂy see that X 1,5 is nonempty. When ”q)ﬂgnv(g)
is sufficiently small, (ws(w), *--, uN(m))e ‘EX .5, Where u;(z) (0<<j<XV) are defined
by (2.4). o e '

Next, we prove that if 7 and E are sufficiently small, J is'a contrachon
mapping of Xp,p to itself. For any Vi, VQEXT,E let Wyi=JVy, Wa=J V4, and
W=W;,—Wa= (wo, -+, wx). We have

W A=, ~F:7, (=) €
'Wa'(o: ©)=0, 2€Q, L o (2.82)
Wils,=0, O<j<N.

From (2.29) we have

HW [1%.<0a(1+¢€%) <ma,x 2

S 200

35| LATIARICAN NN N
Woticing (1.8), we see that if ¢”<2, the following estimate holds:

o (ffoa) )],

poal (N-E—J-l) @

(2.83)
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W% <Os(1+e?) B?|V 1— V3|3, <8C: 2| V1 — V| %., - (2.34)
where Oy is a positive constant independent of 7. Thus, letting B be sufficiently
sma.ll such that E<min (#,, 1/~/120:05, 1/~/603), we obtain

IIWII§,<—;-[J71—V2H§,. (2.35)

This shows that fhere exist 8, T and E such that J is a contfacﬁon mapping of
X'z, 5 0 itself. Then mapping J has a unique fixed point U = (uy, g -+, Uy) € Xz

uo(t, @) is a local solution of problem (1.2). The uniqueness follows from an
inequality similar to (2.85). The Proof of Theorem 2.1 is complete.

§ 3. The Energy Estimate

In this section we shall establisn the energy estimate for the local solution of
problem (1.2).

Lemma 8.1. Let N be an Mtegeq' with N>[%] +2. We assume that F €O (R

XB"XB™®) and ¢(v) € H*¥(Q) satisfy (1.8) and the compatibility, respectively.
Then, there ewists a positive constant B (<H,) such that if u(t, ) és the solution
N o '
belonging to 11 O*([0, T]; H>*¥-®(Q)) of problem (1.2) and satisfies
k=0
31| D@iu() o <E, 0<i<T, (3.1)
ol +25 <2V : .

the following energy inequality holds:

‘ 72574 (D)= a> &
3 D) o <Orlplmoncr 6 1 gy Bpys ™ 0,

l@l 425 <2N
(8.2)
awhere Oy 4s @ gositive constant independent of T.
Proof For each integer L with 1<L<N, ofu satisfies
9:(0fw) =A(o7w) +ofF, (t,%)€Qr,
L-1
(0%u) (0, o) = g+ S} A7 (0, 7), wEQ, (3.9)
=y v
OFul 5, =0. '
Taking the inner product with 8fu on the both sides of (3.8), we get
5 2 1OFUD) [0+ | VOHU(D) [0 < 2FurOET (3.4)

Next, we shall estimate the right side of (3.4). If we let F =uu, Uiy, Uifh, Uglhj, Uy
:and u? where 4, j, k and T are integers with 1<, J> b, I<m, using Hélder inequality
we obtain the following estimate, (8.5)—(8.10), respectively.

f OFudtw? dw<<O|ofu(t) ”L’(xz)lz l]@{u(t) (P E 101w (®) | t~coss (8.5)

.7@2
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|, o an<uu,>czm<anafu<t>11L<g>{uu<t>nmuatu,@)um R
+ 5 lou@ lew, 3 10u@ o+ 3, 1000 o 3 1060 o

k<[L :
. o . (8.6)
j ofu- 3B(%u:)dW<OUaLu(t>ﬂz'm>{ﬂ3{‘ua(t)ummﬂuc(t) leecy, - - 0 - V
-HJ@ %(t) urﬁ(a) ﬂ“:(t) "L(Q)+ Z || 3»%(5) HL’(Q) 2 l]anua(@ HL(O) |
+ 2 lla’fu;(t)[lmm 2;] ﬂa uﬁ(t)ﬂn(a)}: Tt (3 7)
k< . v

I OFu-oF (uw;) do

J ofu-u- 6Lu,,dw +j oLy [OF (uu,,) — udtu;; ] dw

<c{|ar u%(f») Iz 187243 (8) § z2coy |10 (8) I{L-m)-l-llaﬁu(t) “L*m)ﬂar' ui(t)ﬂz‘*m)]]%(t) “n @)
+|]3 u(t)ﬂv(o) 2 Ila’;u,(t) “L”(P) Z || s (8) “L(a) )

o +|]35u(t) "L‘(ﬂ) ; {la?u,,(t) Uzﬂm) 2 |&fu(t) uLm)}: o - (3.8»

I 3 w-Of (ukusa)dw

<O{187u;() | 12y | s (8) “L m)“"fk(f') “L @
+ [DPu(t) | zreoy | 0P (£) [ 2oy | (B) | ey
+ |0Fu(8) | oy 07 (&) | 2eay |05 () | 1> - :
R C0) ||L<a>( =, 2% (2 ||Lé<_a) 2 ”atuiz(t)nb(ﬂ)

+K§ ) [%uis (8) | 2oy + . %] |o: uk(t) HL .@)) s . (3 9)’

I Ofu-of (uwum)dm

<O{ﬂ3 u(t) [ 22y | OF uz(t) ﬁrﬁ(n) ﬂum(i) ﬂL @
o+ [OFe (8) | ooy | P (8 |z 1 (8) L o
+ 0P (t) | ey | OFus (8) | z2coy | s (B | ey
. 3 GO e G | z2egy e (8) | 2
+ [dhu(?) ||L’(D> 2 - |i3 wa (8) | 20 2 ||8tu¢5(t) lz~cey

ki-ﬁ' .

o) me 2 [latuu(t)ﬂv(m 2 [Gue@® @} (3 10y

Using the éstimate of the norms for the composﬂe funomon and ’ﬁhe produc’ﬁ of
1

R . . 2J
‘ (1 3), we have L

functlons and the fa,ct E< N >[ ) ]+2 and (3 1), we eonclude tha,t 1f F sa,tlsﬁesn
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j oFu-OFF dw | |
‘<O4{ 2 | Dzofu(t) “%ﬂ‘(m | > ﬂD‘;@iu(t) H;:=<0) |

lal+2) <250 - et} _}725<2 [__-3] +3
+ | DotFu(®) | 3o [ () | w0} ~ | (8.11)
"where O, is a positive constant” independent of T'. By the imbedding theorem we

.obtain from (3.1) and M >[-"2i

@ leee<Oslu(®)|= [ﬂ%@,ﬂ, G
Where Os 18 a posﬂnve consfant independent of 7. Thus, if let E be suﬁiclently

|+2

small such that 0'405E<%, from (3.4) and (3.11) we obtain

L Joru(s)| ot DD [
<0 > lDzai’"'(t)!lmm) S | Da2lus) oy - (3-13)

l@l+2j<2L ol 425 <2 [?] +3
‘On the other hand, noticing (1.2), (1.3) and the fact that @(z) € H*¥(Q) and

N= [7] +2 we can obtain in proper order

“a u(O) nn‘(9)<0"¢UH’L(Q), 1<L<N. (3.14.)
Thus from (3.13) and (3.14) we get ' C '
672 |2
<Olleliat], 3 1DPu@Ibe T |02 e
Lo a2 <2L ) ‘Ialv+2i<2[%] +3 )
0<t<T. ' (3.15)

"The above estimate was obtained for 1<L<N. We easily obtain (3 15) for L=0
by the same way. Therefore (3.15) holds for each infeger L. with, O0<L<N. Nezt
we shall show that if for an integer J with O<J <N -1 we have

2 “Dwaivf'f“(t) HL”(Q) o IRETI _
<0{H‘PHHW(Q>+ P {[Dza,’,.u(t) una«z) - §N+1 [ID,a{u(t) 12

‘|+21;2N' -

+J- I} D3o; u('v) 120 P | | Dzox '“('7) HL‘TQ)‘ZT}’ _O<t<.T,
0 jal+27 <2 o id\+2l<2[-1!] +3 l

“where O is a positive constant independent of T the inequality (3.16) also holds
_with J replaced by J+1. In fact, we easﬂy see that for O<f,<T BN =71 y satisfies
(AT ) =8 aN-J-lF mEQ
{aN—J—*lulm_o o : IRERI o

By Lemma 2.1 we have

(3-17)
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> 1D () e

@l <27 +1)

<O {87 u®) [fmt+ | D22~ "u () |2 + | D28y ~"-1F (t) |10}

lai<2J lal<2J-
o<t<T. . (8.18)
- From (1.3) we have ‘ ' '
mg | Dao¥=""1F (¢) “L=(9)<O 2 |[D§‘3 u(@®) 30 m+§éNHanagu(t)ﬂ%'m)-
| (3.19)
Thereby, from (3. 15), (8.16) and (3.18) we see that (3 16) holds with J replaced
by J-+1. From (3. 15) we already know that (3. 16) holds for J 0. An mduc’ﬂon,

argument gwes

> | Dlu(®) |0

lal+2j <2N
<Collolira + 3, DD, 3, 1000 b0
k3
5 1Ipa@le B D0 edd, 0<IST
0 lol+27 <2N Jol+2§ <2 [227_]_,_
v , (3.20)
By (8.1) and the imbedding theorem we get:
mmi%” . | D22iu(t) |3-0< O m;+§<zw | Dzotu(®) [|%2<9><07E2- - (3.21)
Thus, taking . :
B =min (o, 1/20.0s, 1/2~/T0x) (3.22)
we have - -
“M;é | Dgafu(t) (E%) | | | N
D ' 2 o
<0N{ “(P HH N(a)+J‘0 la|+2) <2N n za'”u(’v) HLS(Q) ia1+2j<22[1§v‘] +3 “ Dma u<7) HL (n)d'b‘},
' (8.28)

where ON is a positive ‘constant dependent on m, N and Q, but not on T. By
Gronwall’ 8 1nequa11ty we conclude (8.2). The Proof of Lemma 3.1 is complete.

§ 4 The Local Energy Decay Estimate

In this section we shall investigate the local energy deeay for solutlons of the

follovnng parabolic equation ' ‘

w— du=0, . (t, &) €EQ,

u(0, o) =p(2), @€Q, _ 4.1y

L %|==0, _

where the domain Q is the same as in problem (1.1). We denote the solutlon of
problem (4.1) by U(#)p, where U (%) is the evolution operator associated with
problem (4.1), namely



No. 4 Chen. Y. M. GLOBAL EXISTENCE OF SOLUTION OF PARABOLIC BEQUATION Sso08

U(t)=-2_m_f N ‘”(T—FA) gz, d>0. (4.2)

In this section we denote by LZ(Q) and H2(Q) the closed subspaces of L?(2) and
H?(Q), respectively, consisting of functions that vanish for ]w.[ >a. Let H2(Q) be
the Banach space {u; ¢™*I'u(w) € H?(2)} with the norm |u = le™1®"u] 120y Let
L(X,Y) be the Banach space consisting' of all bounded ]inea,r_ operators from
Banach space X to Banach space Y. We denote its norm by |-
positive constant such that oRc{w € R"; |a| <R}. For r>R we write Q,—{z€Q;
lo| <r}.

Lemma 4.1. Lot n>3 and Q be the same as in problem (1.1). Then, for two
positive constants a and b with a, b> R there ewists a positive constant C such that

1T | sz, o <Ot %, 11, 4 (4.3)

where O is a positive constant dependent dnly onn, g, b and Q.

We may assume that b>>a>R+1. ’

Proof In order to estimate U (#) we first investigate the resolvent (r-+4)1
Let D be the entire complex plane if n is odd and the Riemann surface on which
the function Ink is single-valued if n is even. Let D* be the region {k; k€D,

-0<arg k<w, k+#0}. The resolvent (k2+4)~? is an L(I7(Q2); H?*(Q))-valued
analytie function with respect to k€ D*. About (B°+4)~* we have the following
two lemmas.

Lemma 4.2, Let n>8. Then the resolvent (F+4)"* admits @ meromorphic
eztension to D as an L(Li(2); HZ(Q))—valued function and the set of all poles of the
meromorphic extension has no limit point in D.

We also denote the extension by (52+4)~%

The Lemma has proved by B. R. Vainberg™®,

Lemma 4.3. Let n>8. Then there evists a posrbtfwe constant 3 <1 such that

(1) Ifnisodd,

(B4 4)"1= ? nglo” + ,_E ng+1k25+1 ' (4.4)
in the region W ={k; k€D, | %] <61}, where the operators B;(j=0, 1, ---) € L(LE(Q);
Hi(Q)) and the expamsion (4.4) converges uniformly and absolutely in the operator
norm; |

(2) Ifn iseven,

F+ )= 33 By (P (4.5)

in the region W={k; k€D, |k| <8y, —%<argk<—3—£}, where the operator B,;(m,

2 2
J=0,1, ) EL(L(Q); H2(R)) and the ewpansion (4.5) converges uniformly and
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absolutely in operator norm..

Thig Lemma has proved by Y Tsutsum1

Remark 41. Asa consquenoe of Lemma 4.3, the meromorphzc eztensmn
(#+4)~* has no pole and is bounded in a ne:ghbourhood of k=0.

Next, we shall translate the resul’ﬁs on (Ic’+A)"1 1nto those on (1:+ A)", and
complete ﬁhe proof of Lemma, 4. 1. '

Pfroof 0 f Lemfmw 4, 1. . Taking do< E; -+, We; eonsidér the regioﬁ .Dk on the

¥-plane, which is hatched in Figure 1. From Remark 4.1 we can choose 8o S0 small
that (#*+4)=* has no pole in the region Dy. Under the mapping v=F", the region
D, is taken one to one onto the region D on the v—plane,’ which is hatohed in

Figure 2.
o .
% nk me=G5g—4
100 ReK = Rer
(Re )2 8&
S ""26%‘
Fig. 1 k—plane ’ Flg‘ 2. m-—plane

Tbis well known that there exist three positive constants E n a,nd M such that
M o
(=4 ﬂL(L’m) L’(a»\ < M : R (4 6)

for all ?\,E{}\, larg(A—§) | <-—+'n} Thus, thel'e exist two pomtwe constants A
and M such that -

ﬂ("““A) “L(La(n). L’(Qb))<izf I | :(4.7)
for all 7€ {D.,., |z| >4}, where constants 4 and M do not depend on 7.
Now, we consider the following m’ﬁegra,l
LY -w{ —1_._1_} R
o ‘U(t) r: 2W@j-a+¢ (’B‘-{-A) dr,A a0 o (4.8)
Sinee we have ' v AR
(w+A)"1—%-=—-%—('v+A) 4, (a9)
- we obtain from (4.7) |
(7:+A)“1 I
- 7 | nEa@n B A RO e s
, <——ﬂ ('H-A) | nezacar zraen 141 L(Ha(pmga_gg):rga(m)§ql'F!7’1,‘ . (410

Tz
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for all € {D,, |v|>4}. Therefore, the integral in (4.8) “converges absolutely in
L(HZ(2) N H§(2); L*(2,)). By (4.10) and the Cauchy theorem we can shift ihe
~contour of the integral in (4.8) into the contour I” as in Figure 2,

Since . SR ,
1 (%7 I : ’
B —%—j | Liar=1, o (4.1
we obtain from (4.8) o _ .
| U@) =—1-f e (v+ )" dw. - (4.12)

Finally, we estimate the 1n’oegral in (4. 12) We denofse by I'i and I'; the parabolic
parts of I" which are situated on the upper half plane ‘and the lower half plane,
respectively. We denote by I'f and I'y the straight line parts of I° which are
swuated on the upper half plane and the lower half plane, respeotlvely We denote
by I, the 01reu1ar part of I'. By Lemma 4.3 we easﬂy soe ’ﬁha:b

. 1( o=t -1 _ RN
]3_133“—-276@ (*v—l—A) dT‘L(L&(Q),L’(D,,)) =0, - (4.13)

By Lemma 4.8 and (4.7) we know that I (o +4) " mzzaon, 22, is bounded on ‘I'f and
I'z. Thus, notmmg the analytm expressmn of I'} and I'7 we obtam ‘ o

s P oD I 1 IR o e = N O

209 Ve, @y
By Lemma 4.3 we can see tha,t ifn is odd, .- , _

: (17+A) 1= Bi(r) +17 5 Bg(m') (4.15)
for all 7€ {D, |#| <88}, where Bi(z), and By(z) are L(LZ(Q), H 2(AQI,))—va,lued
holomorphw functions. If n is even, e R .

A (v+4) =By (v)+ B 2 52 In \/'r; + Bs(r)r 2 (4.16)
for all v€4{D, |v| <80, —av<arg7<3av}, Where By(z) is a L(Li(R), H>(Q))-
valuéd holomerphic function. "B, (v) " is an L(I%(Q), H? (2,))—valued bounded
continuous function. B, is a bounded operator from LZ(Q) to H?(Q;).

Therefore, if n is odd, we haVe

=t (17+A) ‘1dfv

L(L’(D),L’(Qb))

” 275@ .[p,up,, : ) “ o
- - it |
£1 2 Ot ff < —? > . . .
<OJ' § U <0+ 0F L <o, 1
If & is even, we ‘have ' S N 7

(z,mfm,, "“@W%N

<o f f‘(e-’ftg".’%—z' In« /fem"”';-‘é‘# 5‘53\/'5 ’)}15

(L@, TA@,)) -

4
.-

. ‘ Bglf ;:. ,n_z i ” » . .
<0 e ae<ord i1 (4.18)
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Noticing (4.12)—(4.14) again we conclude (4.2). The proof of Lemma 4.1 is

complete.

: § 5. The Decay Estimate

Tn this section we shall discuss the time decay estimate of the solution for the
following initial boundary value problem for the parabolic equation
w—du=1¢ z), (& 2)€EQ,
u(0, z) =p(z), 2€Q, (5.1)
u|z=0,
where @ is the same as in problem (1.1), @(z) and f(#, ) are so smooth that all
norms of @ and f which will appear in lemmas stated below are bounded. In
addtion we assume that ¢ and f satisfy the compatibility condition.

+ .For the sake of convenience, we introduce the following notations: Let ¢(¢, =)
be a function defined on [0, +c0) xQ and A(z) be a funchion defined on Q. For all
" integers L>n-+1, all real numbers k=0 and all real numbers p with 1<p<<oo, we
define [g, », &, L, Q] (t) and Q(h g, k, L) () as follows:

[g, » b, L, Q1 () = sup (1'|"b“)kmI ; | Dzotg(z) " @) (5.2)
Qh, g, b, L) () = |kl wosey+ | Bl zzmmcy+ [g5 1, K, L, Q1(2) ‘
+ [g) 2; k: L"'n—l) Q:.l(t)' (5-3)

Lemma 5.1. ' Let n=>8. Then, for each nonmegative integer L, the solution w of
problem (5.1) satfi,sﬁes the following estimates "

[ 0, 2, 21, Q](t)<OQ(¢, £ oLt 2n+4)(®), #> R

[v 2, 4,2L o] w<oe(e, £, 2, 2L+3[2 ]+5)(t), >0, (5.5)
mhere C 48 a positive constant depending only on n, L and Q. In addition, for any

multi-inder o and integer j=0 with -‘g—[—l— j>—72i, we have

|20 (0) |0 <0+DF Q(g, £, 3, lal +2j+n+8)(®), >0,  (5.6)

where O 4s a positive constant depending only on ‘n, a, j and Q.
The method use in the proof of Lemma 5.1 follows™, where Y. Tsutsﬁmi
regarded the prbblem in an exterior domain as perturbation of problem in entire
space. In order to prove Lemma 5.1 we first give several lemmas.
Lemma. 5.2. Let n>3 and u(t, ) be the smooth solution of the followmg Cauchy
, pq"oblerm
{u,-Au=f(t, z), (¢, #)ER*XR",

u(0, ) =¢(z), =ER" CRY
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Then, for each integer L0, the Sollowing inequalities hold:
[0, 0, 2, 21, 2 [0

<O{ﬂ¢uwsmﬁ1;1(én)+[f, , 2 — 2L+ﬂ:+1 R”] (t)} t>0. (5.8)

n ‘ n
[« 2, 7. 2L, B|(®) , - |

| <0{||¢ bt (31, 1, 1, 2, 2L+[2]+1 R"](t)} =0, (5.9)
where O is & positive constant depending only on n and L. I " add@twon for any

multi~indes a’and any integer j=0 with ';, + j=2 5 We have

H Dgagu(t) "L'(R")< 0(1+f’) ~4{H‘;D”H"""A‘(R”) -+ [f: 2: "2" [a' +2.7) 'R”-(t)}: t>ol
| ' (5. 10)
where O is a positive constant dependmg only on n, &, 4.

Proof Let W () denote the evolution operator associated Wrbh the fo]lomng
heat equation l ‘

= g pn
[emd BOERXEL T e
(0, ) =v(@), sCR*. \ LT N
Namely, the solutmn of problem (5.11) is expressed ag SRS
np fl‘ B g e T
u(t, z)= W(t)ruA( \/m) I 0(&)dt. RNCED
We- easﬂy see that for any multi-index o the. f0110W1ng inequalities hold:
"D“(W(ﬂ@) "L"(R")<Ot (5 "’UHL‘(E"); 75>1 (5 13)
".D“(W(t) 'I)) ”L‘(R“)<Ot 2 ”'U”Ll(m), t>1 S . ” .- (5.14)
' . Lk o
- " .DDG(W (t) ‘U) H La(Rn) <Ot " U] " L3(Rn); | t}l. , (5_15)5
From (5.18) and (5.14) we obtain : - .’ o S
IDHE OO E P ol 51, .16
Moreover, by the imbedding theorem we have : .
‘ [ D2(W (2)2) | 1cmy<O| D20 | gocom <O lolwiammsgm, 0. . . (5.18" )
1De(W () 0) | oo <[ D252y, >0, | (5.15')
| D2 (D) 0) | 12y <CJw| wion + [5] +1.35m,, 0. - . (5.16")
Noticing equality (5.11) we conclude . ' C C o
DI W (1) 0) [y <O (1+8) " EHE ) nmuw e, E>0. (5.17)
| D22 (W (£)) | pram <O (1 +£)~ (TfTH) folwarreie [§] 4130, >0,
| o - (5.18)

D201 (W (1)) Lo <OA+H™F* [o] g, 10, - (65.19)
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On the other hand, by Duhamel’s principle for the solutibn we have
D0l (s, o) = D21 (W () @) +j: D! (W (t—)f (5))ds. (5.20)
Therefore, for all #>0 the folowing inequalities hold: ‘
D30 lorem o -
<0(+) ~(3+5) 1l +o[ (144 s) <f*“"+’) (1+s) Fds

R |a1+zy+n+1 Rﬂ]@, T s
npzau@)nwm R o I
<O@+)" G llq)l[wlm+2:+[~]+11<m+aj <1+t—s> ~eg) <1+s> s

AP 1, 2, |a|+2y+[ J+u 2@, P e (99

[|D,3 u(®) | L’(R») .
<o@+n” 7+ ||¢um,.+2,m,.)+oj’<1+t gy~ (8+) (1+s) fds

2 2, lal+2, B0 ). . L (e
No’ﬁlcmg n=>8, we 1mmed1a,tely conclude (5 8)—(5. 10) The proof of Lemma 5.2 is
complete. . ‘ : TN .
~ Lemma §.3. Let .Q be the same as in problem (1 1) wnd u(w) be a solutwn im
H 1(9) of

L du= Q.
{ u=f, o€ (5.24)
ulgg—‘O

Let L be an aa’b@tmq"ry %onnegatwe indeger ¢ and r1 aﬁd T2 be fwo poswuwe constants such
‘thai ro<ry and 2QC {z ER", x| <rs}. Then, if fE HE (Q), u(w) satisfies
L 2 1 D] zrarn <O (w] 2corn + '2 1Dzf1 L’(On)) (5.25)

la|<L+2
where O is a positive constant dependmg only on L, 74, frg, n cmd Q.

. For the proof of this lemma refer %o D. Gllberg & N. 8. Tradlngerm

Now, we prove Lemma b5.1.

Proof of Lemma 5.1. We extend ¢(#) and f (t, @) from Q to R", in the same -
?;reglilar class. Note that relevent Soboley norms of extensions of ¢() and f(%, )
¢an. be bounded by eorresponding Sobolev norms of @(z) and f(I, -) multiplied by
a constant independent of @, f(#, #) and #. We also denote extended functions: by

() and f(¢, ), respectively. Now let us (t, @) be the solution of the Oauohy
problem ] N .
e {ami=z]u1+f(t a;), ('t,'a;) ER*XR", (5.26)
u1(0, @) =p ().
_By Lemma 5.2 and the proper’sy of the extension we obtain
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[, o, 2, oL, R"](t) OQ(«;D, £ 2L+n+1)<t>‘, 0. (5.27)

[u;, 2,%,; 2L, _Rﬂ](t)<OQ(¢: 5 5 'ZL—l;-[iJ-i-l)(‘t),l t>0 (5.25)1

lal fjum
5 e ] 5 we have

1Dzt ) nzs<m)<0<1+t>7{{uqa-’l(mwa)+['f, 2, % | 424, Q] #) } £30.

R o o © (5.29)

"Now we fix a positive constant v such that 9Qc {w ER", |o] <7} We choose' a
function @ (z) €0~ (R") such that $(2) =1 for [#|>y-+2and §(z) =0 for || <y+1.

In addition,for

We deﬁne uy (8, m) and us(t, @) by. Lo e :
w0 =F@u, fv); | : (5.80)

us (5, o) =u(t, ») —wa(t, ). " (5.81)
From (56.27) and (5. 28) we easily know » SRR

[, o0, 2, oL, 0 (t)<C’Q(q), fr 3 2Ltnt 1)), 0, (5.82)

[, 2, 2, 9L, @ | (H<0Q (qv, AR 2‘L+’[ . ]+1)(t), £>0. 7(5.33)
Moreover, ‘we have for any multi-index & and any 1nteger _7>0 T e
| D&ius () | 220y = | D20 (8) [ 2crmy '
<|@(Ddiu) (5) | wan+0 2 “ (D ¢) (D“”aiui) (#) ﬂn'mm)

Jesgl+ 2)41
L X . '. ’lal
<O(| Didiu (&) | zocair+ | D20t () | L*(amo) <] Daaﬂh (f') | 2oy

Therefore, from (5.29) and (5.84) we see 'that when o |—f—g> M. for all =0, we

2 2’
bav e '

HD?a uz(t>ﬂr,=<m<0<1+t) {"GP I=, mwm)‘l'[f: ) 4, l“l +24, -.]@) }: (=0

(5.85)
Next we shall estlmate ug(t w) It is easﬂy known that us (4, @) satisfies o ’
| duis= s +h(h, ), (1, 7) €Q, |

us (0, @) = (1 q)(m))ga(a;), a;EQ, (536)
uafz-o :
where | |
9 (t m) ZVgD Vul—}—uizlqz T (B.ss)
Noticing (5.27) we have / : S C
supp g [0, o) X {wE R", "7+i<1w|<7’>+2}, (5.39),

[g, ©, 2;213 Q](t)<0Q(¢,f, 2L+n+2)(t) =0.  (5.40)



516 : CHIN. ANN. OF MATH. . Vol.78er. B

Moreover, using the method by which we get (5.27), we see that for the
solution u; (¢, o) the following inequality holds: '

[ui, o, 7, 2L, B’ ] ®) <OQ<¢, fr 2L‘+n+1>(t); 0. (5.41) -
Thus, from (5.88) we obtain ' -
[ o %20 @] =<0Q(, £, 4, 2Tn+2)®), 0. (5.42)

On the other hand, from (5 86) we know that for all integers L>1, oFus(t, ©)
sa.‘blsﬁes

6t(3"ua) 41 ua)+BLh (t, ©) €Q,

(0ue) (0, %) =4((1—F)p) + 24"*"’3%(0, z), sEQ. (5.43)
3{‘163 | 2-"0, |

So, we have _
. -1 o
BFua(t, @) =U(t){AL((1—— o+ 3 4718010, :v)} |

j U (-5 (9H) (s)ds, | | (5.44)

Where U (%) isan evolutlon opera’ﬁor defined by (4.2). By Lemma, 4.1 (set a=b=7y
+2), (5.40) and (5.39) we obtain

” atu" (t) “ LA (@) N } . .
<O(1+t> {lalgﬁrl H-Dm(P"L’(D) + 2 lal<2(2L 1-H

J (1+i-8)F(A+s) Fdslh, 2

, 2, 2L, Q](t)

<O(1+t)_7{n¢"mz<m + [9’: o, ‘é‘: 2L, Q] (t)“l‘[f; 2, %’ 2L, Q ]@} ‘

<0(+0)FQ(p, f, &, 2L+n+2)(®), 0. (5.45)
2

By the same way we can'see that (5.45) holds for L=0. Thus, (5.45) holds for
all integers L=0. Next, we shall show that if for an integer J with 0<J<L—-1
we have '

I¢12<2 7 “ Dga?—ﬂu?» (t> ” ? (by+a’%) - |
| <0(1+ﬁ)"3‘Q(¢, f, &, 2L4n+2)(®), 0, (5.46)
_ :the mequahty (5.46) also holds with J replaoed by J —1—1 In fact, we easily see that
for all $=0 87~y (4, ) satisfies

{A(af""— ) =0, (OF"~Mug) —0F'h € Q
_ aL—J-lua |s0=0. , .
"ZBy (5.39), (5.40), (5.45), (5.46) and Lemma 5.8 we obtain

| (5.47)
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It implies

hzl%:%ﬂ) ” D:@%‘J"lua <t) “i“(b“:’; Jfl) |
<O{167~" us(D) | r (ang) + | 2 1 D07 e (D) | 2 (o)
3D e b

<a(1+t)‘fQ,(¢, f3 2L+n+2>(t) - (5 48)

From (5.45) we already know that (5 46) holds for J= O Thereby, an mduchon

-argument gives

[3»3, , 2,2L Qm} (t)<OQ(q9, £, 2, 2L+n+2>(t) t;O. | (5.49)

[, 1, 2, o, ;4] (t)<0Q(¢, 5 2L+n+2)(t} 0.  (5.50)

"Moreover, by the imbedding theorem and (5.49) we conclude -

(s, 00,2, 2L, @5.] (D<0Q(p, £, 5, 2L+8[F]+4)®), 0. (5.5
Similarly, by Lemma 4.1 and (5.89), (5.42) we see that for all $=0, the

:followmg 1nequa11ty holds

[u,g, > 2L, Q,+1] H<0Q ((p, £ 2L+n+2) ®, 0. (5.52)
Fma,lly, we shall evaluate us (¢, #) for |o|>y+1. We choose a functlon tp(m) (=

MO“’(R") suoh that zp(m) 1 for la:|>7—|-— and z,b(cu) —0 for ]a;|<7+_1_. Set

wt, ) =F@Du, ). (5.53)
Tt is easily known that u, (¢, o) satisfies - |
v {a,,u%——-, A@4+~K (¢, ~a;) , (& =) €R* ><: 31., 550
% (0, @) =Y (1-9)p, ’
‘where
' K (i, 1) = — 2V Vg — ue/.hp—l—l{;h ' | - (8.55)

Applying Lemma 5.2, from (5.89), (5.40), (5.49)—(b. 50) a.nd the property

-of the eX'ﬁeIlSlOD. we have

[m, o, 2, 2L, Q](t)
=[u4, e0, & 2, 2L, R”] (t)
<Q{UV<PHWW+"+1»1(9) + [us, L 2L+n-+2, Q—y+1]<t)
+[g, w0, 2, 2L+n+1, Q](t)+[f, , %, 2Ltn+1, Q]({)}

<0q(p, £, %, 2L+m+4)(®), 0. ,, (5.56)
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Similarly, applying Lemma 5.2, from (5. 39) (6.40), (5.52). and the property of”

the extension we obt&m , .

[u4, 2, or, Q] () <0Q ((p, P o .2L+3[ ]+5)(t) i=0.  (5.57)
Moreover from (5.10), (5 42), (5. 52) and the property .of the exiension, we see:
that When la' +i=>2 55 the followmg mequahty holds

IIDxaiw(t) loe
=] Da@t?@ () | 2y

<O(1+t) {H¢||H.aw(g)+[u3, s I !“|+2.7+1 Qwi](t)

+[9* °, > lal+2) Q](t) +[7,2, T la|+2g,_ ](t)-}

<0+077Q(p £, L jal +2+n48) . 5.59)
Therefore, from (5.49); (5.51), (5.56?) and (5.57) we conclude .
[0, 2, % 22, 2 [ <0Q(o, 7, 2, 2L+2m+4), 10, (5.59)

[ua, , 4,21, 9](t><oQ(gv,f, 2,2L+3[ ]+5)(t), t>q. (5.60%

2 we ha,ve

umatz@(oum@)@(lH) Q(«p,f v lal+2y+n+3)(t) 'z>o. (5.61)

From (5 82), (5 33), (5.35) and (5 59) (5 61) we come to the eonelusmn of”
Lemma 5.1.

Moreover from (5. 52) and (5. 58) we conolude tha,t When ';I + _7>

' §6. The A Priori Estimate ,_'a{nci The Proof of Theoreml.l

In order to prove Theorem 1. 1 we first estabhsh the following a prlonz_.
estimarte. _ » _ o »

‘Lemma 6.1. Let the assumptions of Theorem 1 1 hold. M oweoverr, let u be the
solution of problem (1.2) satisfying (2.8) and energy estimate (3. 2) T hen thefre ewist
bwo positive constants g and K y such that if p(z) satisfies

lelwerny+ | ”E_Iwm) <é&o, : (6.1)
we hawe ‘ Lo

[u(®) | 2wy <K x| @] zerioys o (6.2)
foa‘ O<t<T Here constants gy and K y do not depend on T'. S

Proof For each integer N >3n+3 [—2—

M) =[u, e, %2[12‘7]%* 2|+ [u 2, 2,5 ]'(t),.“ (6.3)

]+23, st -
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‘where s is a positive integer 0 be- determined later. From (6.4) and (1.8) we see
that for the local solution u of problem (1.2) the following estimate holds on

fo, T'y: D e
o 3. 2l 20
- <oq(e £ g 2[g]eee) ©

¥l+on+o, 0]

<0 {“ @ " w [%] T 1(9) + "@“Hﬁ [%] +n+6(n)+ [-u, 2 2, 2 [T‘Z.—

s I

- _ly_ t .

—i—[u, 2, —Z—, 2[972—] +n+8] (%) - [u, o, -%, L_i[_&l;ﬁ]+2, Q](t) }

e e . (6.4)
Since N=>3n+3 [g—] +238, we obtain

RO [2[2]+n-+6]+2\<2[%]+3

2 .
and 2 [-l—év—]+2n+7<2 N. Thereby, from (6 1) and <6«'.32.,.We obtain

2

[u{, =, 2, [X]+s, 2] (1) <Of{eot Ms(D)*}, . (6.8)

-where we: take

§=2[-12i]+2n+9. | - (6.6)

Mofe(;ver, from (5.5) we know that for 0<t<T u(t, o) satisfies
. _
. [u) 2; Z: S, ‘Q] (t) |
<¢ {“4’"W§+3[%]+5’1m>+ Il 21+ <9>+[F:‘ 1,5, 5+3 [%]'w; 9}(73)

+ [F, 2, -g- s+ [—"2”—]+4, Q] (%) } (6.7)

Noticing (1.8) we have

(7,12, §+3[~;i]+5, 2@

coflen gonalorslun A alo

 sup (14 S D% o) (6.9)

Dt S-l<ial+2i<5+3 [ 5] +7
Trom (6.6), (6:3) and the fact that N=>8n +3[%J 123, we see that the right side
of (6.8) do not exceed
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O{M(£)*+ M, () sup A+2)% ) [ ] | D2oku() |} (6.9)
 B-l<|a| 25 <8+3 +7 :

Noticing the fact that s -—1>—g’—, from (5.6) and (8.2) We obtain

sup (1+7)% 2 | D22 (v) |10y

O<T<t F—l<|ai+2) <543 [%J +7
s;OQ( 7o §+3 [ﬂ}-}—n—l—lO)(t)
\% :,4: L2400

: < O{”gpuwna [-fj +n+10, 1 ”49” +3[2] *
T . s+3[ ]+n+10 ] ) o
o2 pl——Tg——|+2 0@ fplr e,
s ) s+3[ ]+n+12
X exp C’L (1+17) 2drr u, ©, %"-, 2 ) +3, 2|(®)
| 5+3[5|+9. - .
+L, e, ;2-[ : } ] +2, 9] ® lpla T

xexp(Oﬁ (A+7) % gp. [u oo, %, 2[§+3[—i~]+11 J—K-S, Q](t)}

(6.10)-
Since s=2 []2\7]+2n+9 and N>3n—l—3 [ ]-!—23 we get
§+3[-27°_]+n+12<21\7,‘
48[ +nr10] o
5 +2<, | (6.11)-
E+3[ﬁ]+n+l2:! |
2 N
2[ . - [+a<2[ T ] +s.
Therefors, from (6.8)—(6.10) we conclude
7, 1,2, s+3[ J+5, 2]
 <SO{M(2)2 + eo My (2) A+ M (D)D)}, o<i<T. (6.12):

Moreover, from (3.2) we obtain
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[F, 2,2, §+[-"§”-]+4, Q] (t)

<O[u, 0, 2 [Lﬁ]_;_g) QJ(t),quuﬂm [3]+¢ 4,

’ 2 2
, ~ rm ,
. i S+ = |+6 .
XGSP(OJ‘O(ZL'{'T) f.d'v-[u,,oo»,.g—, 2[—%]—,——]+3, Q]‘(t), .
CO<u<T. - (6.18)

Since #=2 [ ]+2n-+9 and N>8n+3[2]+23, we know that 5+[ 2] +6<2 N,

2[ s+[§_]+6‘]+3<2[-§]+3

and

Thus, we have
[F, 2,2, §+[§L]+4, 10} |
<OsoM3(8) ™D <O (8o + eoMs (1) 260H:®), » (6.18")-
From (6.7), (6.12) and (6.18") we conclude '

(1,2, 3, 5, ] <Oleat Mr(®)* +80ds(8) 1+ Mr(@)e™ )}, 0<I<T,

_ : (6.14):
- Finally, from (6.8), (6.5) and (6.14) we obtain
Mo(8) <O{go+Ms()?+ 8o M:(3) (1 + M3 (2)e"® D)}, 0<t<T, (6.15):
where O is a positive constant independent of 7T'.
Set X =M3(2), f(X) =C{eo+ X+ 0 X (1+Xe’T) and g(X) =f(X) - X. (6.15)-
expresses g(X )>0. Because there exists a positive constant b (b depends only on.
the constant O in (6.15) but not on 7') such that when 0<<KX <3,

92(X) =2C’X+Oso+O’zszﬂgCX.}_goSoX@ox_1<__521_+080

and g(0)=Cg>0, we can see that when &, is sufficiently small, g(X) has a
positive zero point M. Here M do not depend on 7. Again because when g, is
sufficiently small, M:( 0) <M and M;(%) is a continous function, we obtain
M) <M. (6.16)-
From (8.2) we conclude _ ’ |
31 ID5000) B <Ol eni A < R o B, (6.17)

where K y= (Oye*¥°7)*/? which is independent of T'. It follows that (6.2) holds. The-
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" proof of Lemma 6.1 is complete. By the technique of Ma,tsumura, and Nishida,
taking

e=min (3, 0E/Kyx, g0) . - (6.18)
and applying Theorem 2.1 and Lefima 6.1 repeatedly, We can 5o that if go(co)
satisfies (1.4), problem (1.2) has a unique global solution such that U = (u, u, -
olu) €EXoyp Namely, the solutlon w satisfies (1.5). The decay estimate (1. 6)
follows from (6.8) and (6.16). The proof of Theorsm 1.1 is complete.
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