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MINIMAL SUBMANIFOLDS IN A RIEMANNIAN
MANIFOLD OF QUASI CONSTANT CURVATUGRE

BAI ZHENGGUO (é: _a=_ E]) e

Abstract

A Riemannian manifold V™ which admits isometric imbedding into two spaces V™*? of
different constant curvatures .is called a manifold of quasi constant curvaturem The'
Riemannian curvature of 7= is expressﬂole in the form ‘

K 4300=0(9.40980 — 9 4pg50) +b(gAGA'B7LD+gBD7\'AA0 g.whnla !]Bohﬂ'p); (l=EgABhAAB)
and conversely. In this paper it is proved that if M~ is any compact minimal submanifold
without boundary in a Riemannian manifold V**2 of quasi constant curvature, then

f {(z~%) o2~ [na+ 2o~ |b|)(n+1)]cr+n(n 1>b2} [>0,
~ where o is the square of the norm of the second fundamental form of M". When V"“P isa
mamfold of constant’ curvature, b= 0 the above inequality reduces o that of Simons.

It is well known that for any compact minimal submanifold M® withous
boundary in a space 8**% of constant curvature we have the mequahty of S]IDOILS
Whlch is expressed in terms of a constant @ and the invariant o-, where a is ‘the
curvature of §"%2 and o is the square of the norm of the second. fundamental form of
M*. In this paper ‘e shall extend this formula to the minimal submanifolds in a space
V™? of quasi constant curvature. The inequality (8) which we shall prove is
expressed in terms of the invariant o and the functions @ and b Whlch are invariants
of the space V**?,

1. Let V™*? be a O~ Riemannian manifold of n+p dimensions. In what follows
we shall make use of the following convention on the range of indices:

1<4, B, 0, ---<n-+p, '
1<4, 4, b, *-*<n,
n+l<ea, B, 7, «-<n+p.
As usually we have for V**?,
dw4=§w43/\co3, @ap+wpa=0, (6]

de.B = 02' wAO/\COOB - % (2;1 KABCE (A)g/\(l)g. (2)
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Let a O~ submanifold M* of n dimensions of V"*” be given as follows: = -
' L 0a=0, (a=n+1, -+, n+p)." ®3

If TV*** denotes the tangent bundle of V'"*?, its induced bundle over M" splits

into a direct sum » 1 S

TVe=TM" ®(THU"L,

where TM" and (T M")! are respectively the tangent bundle and normal bundle of

M". Let 4, 045 be the forms previously denoted by w4, wap relative to this par’alcu]a.r

frame field. Then we have : : .

0.=0,
and N . B :
Ou=haly 0 . @
where oo '
hiaj=hjdi-

The mean curvature vector of M* is defined by
\ M —_—Zh{wﬁa,
- »

and M is called a minimal submanifold if M=0.
'We define the covariant derivatives of his; by ' o
(- -thaj’— 2 hmﬂﬂk=dhm;+ 2 (hmﬂu'l‘hmﬂu) +2 higfsay - ®

and the Laplac1an of hiyy is defined to be. -
Ahigj= 2 higu.

It is well known that when M" is compact and without boundary, we have for
_M" the integral formula ;

. Zh,a,AhMl— - j  SHa1<0, | ®)

Mn o,
~wwhere *1 is the element of volume of M*,
A Riemannian manifold V"*? is said to be of quasu constant curvatu:re When ity
‘Riemannian curvature tensor is expressible in the form [2]:

K 430p=a(34098p ~84p080) +b (5Ao7\137.\-p;|‘ 831)7\"47\:0 —d4phsho— Opohalp), )

where @ and b are arbitrary functions and A4 is an arbitrary unit vecor. .
« The purpose of .the preSent paper is to establish the followmg theorem

\..v

" Theorem., If M* is any compact minimal submamfold without boundary in &

R/wmannwn mani fold V"“” of quas@ constant cwrfuature, we hcwe

- jM{( —%)a - [m+—(b |b|)(n+1)] o+n(n— 1)62} >0. .. ®
"9, We proceed to prove this theorem. From (2), (8) it follows that
a0/ \bew =5 D sl Ny
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and from (1), (4) we have
3 a0;0= 2 dhw/\H, + 2 hmﬂk/\é?k,.

~ Hence from (5), we have ;
> (e + 5 Km:) 6:\8; =0,
that is,' . : . : '
CEE e B B = Kiaﬂa . ' - (9)
If we make use of the Ricci 1dent1ty and apply the equation (9) repeatedly, we
have :
hiajkk = kiakﬂo+ K iafkk = (hiakﬂa - iakkj) +kiakk] +K {ajkl
Lo = (Piateste— Priaiei) ~+ Prcaines + K iag
= (Piatoie— hiaitns) + Pcaiy + K aing + K i
. 2 PR+ 2 hign Bgag+ 2 hsalleﬂc + hlmMj + Kaii + K iagias

and consequently
hias Bhigj= Z(hmihlaleiik"l'kmy vt Bowste)

o+ 2 hiailtigiR gage+ Z Pias (b’kaku + K oii + K ia ) o 10y
On the other hand, we can prove readily the followmg equations: o
d (2 hmaK iojk 010) 2 (hmaK iajilk +hmikK zaﬂo) 0 1/\92/\ /\0” (11)\
d (2 hzaab‘kam*aj) 2 (hzajhkamj + hka]mhcajj) 01/\02/\ /\0,,. . (12)\
(2 Pias K wai*0;) = 2 (Prias K s+ Piasi K vain) 01/\O2/\*** /\On. 1s)

Hence for any compact M" without boundary we have by Stokes’ theorem

L[” 2 Piai Caais~+ K gaing + K 1ajiae) *1

=- J S (hianK z'c;jk + hkaﬁihmia +hias K kwﬁa) *1.
By means of the equatlon (9) we get ‘ '
X hka i =5 2 huzﬁoK iafk — 5 2 huzkaK ‘afh =5 2 K%, iadls
( kkaki iagi + hiaji K. kwik) =2 (12 hiaiz)®,
From (10)—(18) and { 6) it follows that -

where |
P—E (h’“jh’“’”R”ﬂ""hwshmlRmﬂH-k,a;hmRaaﬂa) S (15)
From @), (4) we have on M~ - - | | |
. il'ﬂﬂ=§(hiajhlak_hiakhlaj) +Kum, o ey

Rape= Z (Paashas— Puihusi) + K apgie a7
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From (16) it follows that
2 hia.’ihlakRNﬂa = ‘_" 2 (hiwhmk - hhﬂJllaj)

| — 5 3 s — Pralis) K (18)
Since for any mm1ma1 submamfold M" we have Zh,m 0, from (16) we have
. 3 g Ry =3 hiaifua K e — 2 (2 hmhmz) , l (19) _
‘When V**? ig a manifold of quasi constant curvature, we have from (7)
' . . K Bk = 0.
Again from. (17). it follows that
2 BiashiguBgam= — % 3 (hiashign— Piaihiss) e (20

Moreover, we have

P {g (PiaiPriare— Piaxlias) 32
= 2‘)% (521 hiaihig;)® — 2 2 hiashuahignligs,

and

2 {2 (hiajhiﬁk - hiakhiﬁi) }2
=2 2 (2 hzayhlw) 2-2 2 hiwhlakhim#hlﬁl'

Combining the above two equations we have consequently

2 {? (hiaihloﬂa - hiakh lai) } 2
= 2 {2 (hmihwk - h@akhﬁﬁf) }2 +2 2 (2 hm.’lhtﬁi') 2-2 2 (2 hzaahla:l) 2 (21)

If we substitute (18)—(21) in (15), we have
—P= Z{iz (Piashion— hialtiss) }*

+a21i (§ hicfihiﬁi) 2 - 2 hiajhial-K-m;{k ‘

+’§— 2 (Puailvian— Tiawhiai) K e (22)
8. Wo put S L T
Oap= 2 hiaihigs, . . (28)
o= 0w Ty | (24)
o=hia), o (25)

Where H, indicates a matrix. For any matrix M we denote by N (M) the sum of the
square of all its elements, thus : S

- N(H.) =2 hps=0aa- (26)
i, ’ . . 4 . .

S

Lemma,

SN(LE,-HHE) Y SN e <(3-1)et @
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In provmg this Lemma, we can suppose H,, to be diagonal. We have in this ‘case
N(H,H;— HBHa) Z{Z(himhiﬁk_hkmhiﬁi)}z )
,—;: (kaaah i hﬂm Pogass) ® = 2 7o (hm— Togo)?
<2 2 72 (h?aﬂrhkak) <2N(H,,)N(HB)
: =20 aa0 Ba-
Since N(H,) is an invariant under any orthogonal transformations in TM' . we
have for any symmetric matrix H, (see [8]) : LT
N(H.H,- HH) <2N(HIN(H,). (28)
By means of certain orthogonal transformations in the normal space. (TM")*, we
can. suppose the matrix (cas) 0 be diagonal, Then we have .
Z{N(H He—HoH,) +N(0us)}
<23} 0l s+ Soil=2 ga;aagﬁrz,za;z+za;3
=2 (2 cr,w)" Mo2=20" 2 oz, (29)
Since ¢ i8 an invariant under these orthogonal transformations, we have ¢’=g, a.nd
(2 Caa)? = =210%+2 Z}H O aal 88 .
On the other hand, we have
O<“§B (Caa—0pp)?= (P_l)gaﬁa—2§0‘aaﬂ‘m§-

Hence

> 0',3“/% a2, ' (80)

From (80) it follows that the right hand member of (29)

<202 L gra (2—-i> o2
P b
From (22) and (27) it follows that any minimal submanifold M* in a V**? of

‘quasi constant curvature satisfies the following 1nequa11ty

- P< (2 - %) o? +-§- 2 (Taslvian— Piaihias) K s — 2 Pl K Wige (81)
“From (7) we have
K i =a (3195 — duiz) + b (Byhiha+ Suhahy — iy — Sishidee) « (82)
_When we put 4=F in (82) and sum for %, we have
S Eun=[(—Da+b]8,+b(n~DMhse  (88)

iSubstituting (82), (83) in (81) we have 7
~P<(2 —%) o8~ [na-+b] o~ n (S hha), (8%

Also from ('7), we have .. o
' K 101 = bha (810 — )
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a,na consequently
S Kia=2(n—-1)0*3 A% (35)
From (9) .
' ™ hlala K lafly
we have for any minimal M" '
S hai)? =2 (X Kiap)®= (n—1)"* 2 AZ. (36)
If we substitute (84), (35), (86) in (14), we get
j {(2—_)0 ~ [na+b]0 —nb (T hihia)* +n(n— 1)b227\.2} 1>0.  (87)
If we observe that : : e A
- > 7»3<1, =0,
we have when >0,

TR | _, o | ..
jm{(z P)o‘ nao-+n(n 1)b} 10, - (38)
and when 5<C0, since '
23(12 Mihiar) ® <§ (12 A kZ hew) <o,
we have ’

jue{(z"_lﬁ> o?—nao — (n+1j bo‘+n(n;— 1)%* }*'1>0.‘ g (89)

Y

Oombmmg equations (88) and (89) we obtain the required formula (8).
‘When V**? is a manifold of constant curvature b 0, and (8) reduoes to the
inequality of Simons.
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