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CLASSIFICATION OF GENERALIZED CARTAN
MATRICES OF HYPERBOLIC TYPE
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Abstract

In this paper, the author gives all Dynkin diagrams of generalized Cartan matrices of \
hyperbolic type, the order of hyperbolic generalized Cartan matrix i ig less than or equal to
10. All indefinite generalized Cartan matrices of order 2 are hyperbolic. The number of
Dynkin diagrams of hyperbolic generalized Cartan matrices whose order is larger than 2 is
238. Meanwhile, the author finds all Dynkm diagrams of strlctly hyperbolic generalized
Cartan matrices.

§ 1. Introduction

The theory of Kac-Moody Lie algebras has close connections o many areas of
mathematics and mathematical physics™ ¢, The structure of a Kac—Moody Lie algebra,
. depends on its generalized Cartan matrix.

Now we introduce some concepts as following:

An nXn matrix 4= (a;) is called a genéralized Oartan matrix if t satisfies the.
following conditions:

' (01) ay=2 for 4=1, +--, m;

(02) a;; are non-positive integers for 4+ 7

~ (08) a;;=0 implies a;=0.

A matrix 4 is said to be decomposable if, after reordering the indices (i.e., a.
permutation of its rows and the same permutation of the columns), A4 has the-

4; 0
decomposition (Oi A ) Otherwise, A is called indecomposable. As in the cage of
2

finite dimension, we associate to a generalized Oartan matrix 4 a graph S(4), called
the Dynkin diagram of A. The set of vertices of 8(4) is {1, 2, «--, n}, the vertices 4.
and j(¢#7) are connected ag follows. If @a; <4, and |a;|> las|, the vertices ¢ and j
are connected by |a;| lines, and these lines are equipped with an arrow pomtmg
toward ¢ if |ay|>1. If aya;>4, the vertices ¢ and j are connected by a boldfaced line
equipped with an ordered pair of integers |ay|, |ay|. It is clear that A is:
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indecomposable if and only if §(4) is a connected graph.

If 6’4 is an indecomposable generaliied (artan matrix, then one and only one of
the fo.lowing three possibilities holds for A:

(Fin) Ja>0 such that Aa>0;

(Aff) Jo>0 such that Aa=0;

(Ind) Ja>0 such that Aa<0,

@ o v . :
where o is a real column vector ( : ), >0 means that all a,>0". Refeﬁng to cases:
’ ' ) ' | .

(Fin), (Aff) or (Ind), we will say A and its graph S(4) -are of finite, affine or
indefinite type respectively. An indecomposable generalized Cartan matrix 4 is said to
be of strictly h_;n;erbolic type (resp. hyperbolic type) if it is of indefinite type and
.any connected proper subdiagram of S (A) is of finite (resp. finite or affine) type.

The diagrams of finite and affine types are given in [1]. In this paper, we will
sgive all Dynkin diagrams of generalized Cartan mastrices of hyperbolic type.

§ 2. (Classification

 Proposition 1. If the order n=2,.all genemhzed Cartan matfmces of fmdeﬁmtc
stype are of strictly hyperbolic type. :
Lemma 1. If A is a hyperbolic matriw of order m, 81 is @ pro_pea" connected
@ ffine subdiagram of 8(4), then Sy has n—1 vertices.,
Proof The result follows from the fact: any dlagra,m of finite or affine type has
-no proper connected affine subdiagram.

Lemma 2. Ifn>8 and a,;+0, the subdwgmm consisting of the vertices 4 and j
-g8 one of the following fowms

0—0 b & o= > ‘
If n>4, a;#0, the subdiagram is one of the first three graphs. If n=>b, a,-ﬁé'O, the
:subdiagram is one of the first two graphs.
‘ Proposition 2. The order of @ hyperbolic matris n<10. ;
Proof LetS(A4) be the Dynkin diagram of a generalized Cartan matrix A of
ihyperbolic type and the order of A n>10. If there is a.cycle in 8 (4) and the number

.of vertices in the cycle is not n, the cycle must be of affine type. By Lemma, 1, the
«¢ycle has n—1 vertices. It is of the form
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By Lemma 2, § (A) is one of the followmg forms:

LN ]

They have proper subdiagrams

o_o_wo_:@_o_o%ih_o

respectlvely. But these subdiagrams are neither of affine type nor of finite type So
.8(4) has no cycle. AL,. . R SRR I S ;
If the cycle has n vertlces _then it has a subdlagram 0=>O In this.cage, S (A) has
-a subdiagram F{; O, AR or DP, I<n—2. By. Lemma 1, this is impossible.
If 8(A) has branch vertices, any branch vertex has one of the forms-

O_L,o_ﬁ;_oo_ﬁ_o

RETEE

1)
4

They are of affine type except first one, By Lemma 1, the branch vertex in § (A)
must be D,. If S(4) has two branch vertices, it has subdmgra,m

(RS S D

This is of aﬂ‘ine type. Hence it has n—1 vertices, § (4) has the form

ot NS B DO T N

They have subdiagrams

respectively. This is 1mpos:31ble If §(4) has only one branch Vertex S(4) has a
subdiagram D,_s, B®, or A2 5. But from these d1agrams we cannot get hyperbollc_
diagram if n>10.

It remains to show for S(4) a chain. If the chain has only one subdiagram 0=0,
then §(4) has proper subdiagram F or EgV, this is impossible. If the chain has two.

pf
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subdiagrams of that form, then it has proper subdiagram O, A or Di$1. By Lemma

1, I=n—2. 8(4) is obtained from one of these diagrams by adding one vertex in one

- line. It is not difficult o see that S (A) ha,s proper subdiagram F{ or H.. ’I'h:ts is a

contradiction. - .
Proposltlon 3. If3<n<10, the Dynkm diagrams of hy_perbolw matrices are

listed in “Section 8. In this case, we have 288 hyperbolic dwgmms in awhich 85 .

diagrams are strictly hypefrbolw 142 diggrams are symmetmc or symmetrizable.
The discussion is the same as that of Proposition’ 2 we omit the detail.

’§3'." Table of Dyhkih Diagrains of Hyperboli.c' Mati-iéeé

Omlile a,b.elr;-ab>4,.a5,b
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Hyp. 9 . - ' .
(9) " (9) ' (9)
H' B, H'3
H(19‘) : H(%}
Hyp. 1C
(10) (10)
H'y | ) H',
\O—O—i—‘o—{)——o_‘o—-@/ - - 0—0 —O-—G—'O'-—O‘ 'E -0—0
(10) (10)
Hsz H',
where H®, HP®, H®, HP, HP, H, HY, HP, HY, HY, HY, HY, HY, HY,
HY, P, HY, HY, HY, HY, HP, HY, HE, HY, HE, HE, HE;, HD,

HY, HE, H, HP, H{, H®, HP are the diagrams of strictly hyperbolic
matrices of the order n=>38.

I am very grateful to my teacher Professor Hao Bingxin for his advice and
encouragement and to Mr. Lu Oaihui for pointing out the diagram H,

Recently, I am told that Kobayashi and Morita™ has listed all symmetric and
symmetrizable hyperbolic diagrams. These diagrams are a part of that we get in this
paper.
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