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COMPLETE DISTRIBUTIVITY OF AN /-GROUP

Tona DAORONG (&ER)*"

Abstract

This paper gives twelve equivalent topological conditions to the complete distributivity '
-of an 0(D)-contractible l-group.

§ 1. Introduction

There is a variety of known ways in which an I-group G- may be given a
topology». For example, we may define a natural, interesting and important order
topology on any I-group as follows. Let G' be an I-group. A net {z.|a€ 4} of elements
in G is Os-convergent to , in symbols Ol—lim(‘”w =g, if there exists a net {y,|a

€ A} in @ such that |w,,—a:| <y, for all a€ A and y, 0. OI—oonvergence is also
called order convergence in [4] and O—convergence in [5]. A convergence in a set
is called o-convergence, if each subnet of a convergent net is also convergent to the
same limit, From a o-convergence of nets in a set E we can induce a topology,
denoted by . That is, a subset SCH is 7,~closed if, whenever a net of elements in
S o-converges, the limit is also in §. The topology 1nduced by Oi—oonvergence in
an Z—group G ig called the order topology, denoted by 0.

We may also introduce Dedekind “topolsgy D. Let P be a pa,rtla,lly ordered sob,
and S be a subsot of P. § is Dedekind closed ‘if for every subset K of § which is
upper directed and has a least upper bound in P, VK isin §, and dually (see [6])
The reader may verify that the class of all Dedekind closed $ubsets of P is closed
with respéct'to arbitrary intersection and finite union. By the Dedekind topology of a
partially ordered set P, in symbol D, we mean the topology defined by taking all
Dedekind subsets as its closed sets (see[7]). In general, this is a dlfferent topology
from the order topology. However, it is clear that O>D.

In [1] ‘we showed the following results; '

Lemma 1. An lI-group G is a topologri,cal l—group o Gls Ofrdefr topology O ’I/f and
only 4f G s O—contraciible. ‘ co

Lemma 2.. An l-group G és a topoloyocal l—group ém 4ts Dedekind topology D if

—
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and only of @ 4s D-contractible. _

‘In this paper we mailily show some equivalent topological conditions to the:
bcomplete distributivity of an O(D)~-contractible I-group. For the standard definitions:
and notations the reader is referred to [1, 2, 8, 8, 9].

§ 2. Complete Distributivity

Now we turn to the complete distributivity of an l—group in v1ew of a topologma]i
l-group. An l-group @ is completely distributive if

AV 94 \/ /\ Gty

t€IjeT

where ¢;; €@ and the indicated joins and meets exist. Let G be an I-group with s
topology w. The lattice order in G is lower (resp. upper) semicontinuous provided,
whenever a<kb (resp.b<ka) in @, there exists UEza such that if #€ U then Kb
(resp.b<kw), where 7a is the neighborhoods filter of @. The lattice order in G is:
semicontinuous if it is both upper and lower semicontinuous. Clearly, the fact that the.
lattice order in an I-group G' is semicontinuous with respect to a topology = is equi-
valent to 4=, where ¢ is the interval topology on G(see [101).

Let (G, 7) be a topological I-group. If M is a convex Z-subgroup of &, then
there exists a unique natural way to partially order the right coset G/ M of M so that
G/ M is a lattice and the natural map @, G—>G/ M i a lattice homomorphism. If 7, is
the quotient topology generated by @ in G/M, then the quotient space (G, 7)/M=
(@/M, ).

Lemma 3. Let(Q, %) be a topologwcal l—group I f M is a convew l—subg'roup of
G, then the quotient space is a topological lattice.

’ Pfroof Suppose M+x, M+yEG/M with &, y€G. Then p(eVy)=M+zVy
= (M +=) V(M +y). Let 7z,[(M+2)V (M +#)] be' the mneighborhoods filter of .
(M +=) V (M +y)with respect to 7,. Assume P¢ v, [ (M -i—w) V (M +y)]. Then there -
ex:sts a 7,—open set P’ such that ' o
P'CP and P Ev,[(M+2)V (M +y)].
Let q,-(wV y) be the nelghborhoods filter of «Vy with respect to 7. Then (P is
7-open by the definition of quotient topology Moreover zVy Eq)‘i(P’ ). Hence
o *(P") €Ev(4Vy). Since (G, 7) is a topological lattice, there exist N 1 Eq:w and
N 2 € qry such that

NiVNz‘—‘{niVnzlniEN:t, ng € No} Co ™ (P'), : €))
that is o(N1V Na) EP', By [9, 86.10]p. is an open map from (G, 7) onto G/M,
7,). Hence ¢(Ni) €v,(M+2) and p(Ns) €Ev,(M+y) because M-+zC @(Ny) and
M+y€p(Ny), where 7,(M+5) and 7,(M +y) are the neighborhoods filters of M+
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and M +y, respectively. Thus, it follows from (1) that (V. i) Vo(Na)=p(NiVNa)
C P'CP. Therefore the operation of join in G/M is continuous. Dually we can show
that the operatlon of meet in G'/M is also continuous. That is to say, (G/M, v,) is a
fopological lattice.

Lemma 4. Let (G, 7) bea topological lattice o f T1~type. Then the lattwe order
4n G 48 semicontinuous with respect to . :

Proof Assumea, b€ G and a<cb. Let va be the nelghborhoods filter of @. If for
every U,E va there exists #, € U, such that z,<b, then we may regard the index set
A of all U, as an upper directed set, i.e. , o= if and only if U, Us. So we get a net
{z,| o € A} such that #,<<b for-all & € A. Obviously, 7—11m 2,=a. On the other hand,

2-lim b=b because = is of Ty—type. Thus
' b=7v—limb=7v— lnn(a:aVb) (v— l]mwa)V('z: —1imb) =aV\ .

Henoce a<<b, contrary to the assumption a<<b. Therefore there certainly exists U€Era
such that #<£b when #€ U. Dually we can show the upper semicontinuity.

‘We recall that a subset M of an I-group @ is called order closed, if {g,|a€ A}EM
and g= \/ go imply g€ M. Now ‘we discuss the question when a convex l-subgroup M

of an I-group G is order closed. :

Lemma 5. Let Mbe a conves l-subgroup of an O—coniractible (a D—contmctfbble)
I-group G'. Then the follow'mg conditions are equivalent:

(1) M is order closed.

(II) M is closed with respect to the order topology O (the Dedekind topology D).

(III) The quotient topology 0, (D,) of G/M is of T1~type.

(IV) The lattice order of G/M s semicontinuous with respect to O,,(Dq,)

(V) Oi—llm‘G)wa——w and M+ao<KM+b émply that M+z.<KM +b holds ewntually

(e} @ and M +2<KM +b smply that M +oaKM+b holds eventually).
(VI) = \/(G)a;,, implies M+x= \/ ‘G/M)(M+wa)

Proof (I)¢>(II): This follows immediately from the above Lemma 1 and the
Proposition 4.6 in [4].
- (IDe(III): Byl9, 36.10], the quotient topology O,(D,) of Q/M is of T4—type
if and only if M is O-closed (D-closed).
(III)&(IV): Suppose that the quotient topology 0,,.(1) ) of G/M is of Ti-type.
Tt follows from Lemma 1 and Lemma 8 that the quotient space (G/M, O0,) ((G/M,
D,)) is a topological lattice of T;—type. And Lemma 4 implies that the lattice order of
G/ M is semicontinuous with respect 10 Op(Dy).
(IV)=(V): Suppose that the lattice order of G/ M is semicontinuous with respect
to O,. Assume 01‘}3;‘2“”%” and M+a<KM-+b. Since Os—convergence is stronger
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~ than the convergence with respect - to the *order topology™, O-hm D, =a. Thw
1mphes O —llm(G/M)(M +a;) =M+ 2. By definition of semlcontmulty there ex:sfss a.

- neighborhood U of M+ with respect to the topology O, such that U{M +b. Therefore:
there exists ap € 4 such that M+x,<KM+b when a=a.

Now suppose that the lattice order of G/ M is semlcontmuous with respect to D,
Let 24 1 (a €4) and M+a<LKM+ b. Let. U be a D-open set containing . If there ex-
ists a subnet {@,.| &’ € 4’} of {a:a]aGA} such that {%rlw €A}YCG\U, then s €G\T,

since G\U is D-closed and {wx|a’ €A’} is increasing with o= \/@g,,. This con-
ar€Ar

tradicts € U. This contradlctlon shows D-lim #,=g. In addition, by [9, 86.10] pis

aEA

a continuous map from (G .D) onto(G/M, D,). It follows from thls that :
SRR - D- llm(M—l-wa) M+ . S : RN ¢)]

By semicontinuity there exists a neighborhood U of M+« with respect to the topology
'D such that UKM+b. The formula ©)) lmphes that there exists oy EA such that M
+ 2, <KM+b when =0y,

(V)=>(VI) Suppose that (V) holds. If §= {xalaGA}CG’ and o= \/“”w ‘putb

{waxv -V Lo, I La, GS b= 1 ]‘)}
Then S’ is upper. dlrected Since = \/ @O, @ <w for any o' €8. On ‘the other hand,

if z is any upper “bound of N then z i8 also an upper bound of S, and s0 #<z. There-

fore o=V @8’ If we regard S’ as an increasing net, then ' C
O-limQ8' =gz,

Since @ is a lattice homomorphism,and so is an Order—preservmg map, we have M +a

SM+o for any o' €8’. Assume M +ao SM+b with all o/ €8’ and some »EGQ. By

(V) wo have M-+w<M+5. Thus M+ z= \/ ‘G'/M’(M+a;’) In addition, {M—I—a; |2"

€8} is consists of the finite joins of elements in {M +a|2 E 8}y .If M+bisan upper
bound of {M+x|x €8}, then M+5 is also an upper bound of {M—l—w |2"€8}. Bub
M +a is an upper bound of {M +x|xES}. Therefore

Moo= \/ OO(M +a,).

(VI ) ==>(I) Suppose that (V ) hulds that is, the natural . map <p from G onto
G/M is complete. It follows from Lemma 4.4 in [12] that M is order CIGSed
. Let {M, |6 A} be the collection of all minimal prime subgroups of an l-group

@. Put | D@ =) M5,

- where Mj is the order closure of M, for every 0 €4, D(@) is called the distributive
radical of the I—group Q. A family {M,|5 € 4} of subgroups of an I-group G is said to
intersect to zero, if D M;={0}.The following lemma is known (10712, Theorems3, 4,310.1

€ ,
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Lemma 6. D(G) is the intersection of all order closed prime : subga’owps 0 f G.
Equivalently D(Q) is the mtefrsectwm of dll order closed regular subgroups of G. G is
completely distributive if.and only if D(G)={0}..

From Lemma 5 and Lemma 6 we obtain the followmg theorem.

Theorem Let G- be an'O-contractible (D—-oantmcmble) l—gxrowp Then the followmg
conditions are equinalens:

(1) @ is completely d:z,stmbutwe.

(2) There exists a family {M,|d E A} of order closed prime (or regular) subg/rowps
that intersects to zero.

. (8) There ewists @ family {M5l8€A} 0 f O—closed (D—closed) pmme (orr regulwr)
subgroups that imtersects to zero.

(4) There ewists a family {M;|8E} of fpmme (or fregulwr) subgfroups thwt imter-
sects to zero and, the quotient topology O, (Dy,) of Q/M; is o f Ti—type for overy SEA.

(5) There ewists a famfz,ly {M;|d € 4} of prime (or regular) subgroups that
indersects to zero and the lattice order of G/ M; is semicontinuous with respect 10 Op,(Dy,)
Jor every de . '

- (6) Tkefre ewists @ famfz,ly {M;|6€4} o f prime (or regulwr) subgfroups that
dntersects to 2ero, moreover O—IJm(G’a; —o and M,+o<KM .s+b wmply that M +a:a{M +b

holds e'uentuwlty for every 664 (a;,,Ta; wwd Ma+a;4£Ma+b fz,mply that M5+wa#;Ma+b
holds ewn,tuwlly for overy d€4).

(T) There emists a family {M;|8E€ 4} of prime (or fregulwr) subgroups that
dmtersects to zero and = )e/A @g, implies My+z= a\e(i“’/””(M,;+wa) for every

S
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