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FOLIATION ON A SURFACE OF CONSTANT
CURVATURE AND SOME NONLINEAR :
EVOLUTION EQUATIONS

Tuax Omov  (m - )"

Abstract
In this paper, the author explaing the solutions of Sine-Gordon éi]llétion and RdV
- equation as the geodesic curvature of the. leaves of a foliation on a surface of constant

curvature and negative constant curvature respectlvely Therefore, a question which was
agked in a paper of S S. Chern and K. Tenenblat is answered h

" In [1]1, 8. 8. Ohern and K. Tenenblé.t established. the connection between the
foliation on a surface of constant curvature and MKdV equation. They explained the
solution of MKdV equation as the geodesic curv.ature of the leaves of a foliation on a
surface of constant curvature. In that paper, they asked if there is a similar explanation
for KAV equation. In this paper, we’'ll give a similar explanation for Sine-Gordon
equation and for KdV equation on a surface of negative constant curvature. .

Oonsider a surface M endowed with a O~~Riemannian; metric of eonstant Gaussian -
curvature K, and a foliation on M glven by curves.. Suppose that both M and the
foliation are orlented At a pomt », we take e1 to be umt tangent vector to the leaf of

the foliation through @. Smce M is orlented turmng 61 on T‘Z- we obtaln ea. Thus we

obtain an orthonormal frame field ey, e, and 1ts dual frame field wy, ws. Then we have
the structure equatlons .
dwy=w1a \ w9, dwg=— w33 \ @1, dewya=— Kw, \ ws. SR ¢ D)

" Under the choice of the frame field the foliation is defined by ws=0 and wy is the

- element of arc on the leaves. We write '
W19 =DPW1 -+ Gws,
then p is the geodesic curvature of the leaves.
We coordinatize M by the coordinates @, ¢, such that
wy=ndo+Adt, wa=Bdt, wia=u,do+Cdt,

where g is an arbitrary constant, w is a function of & and ¢. 4, B.and O are functions
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of #, ¢, w and the partial deriyatiire_s of u_.."l‘hiis__the,lea,ves are given by ¢=const. and
na'is the arc length of the leaves. Substituting (2) into (1), we get

Ay =sB, By=10—upA, Op—tigs=— KB. NG)
Ehmmatlon of B and C gives ‘
— — -Awun; A¢u¢w+Auw Aa S A
L Ust= O’+K7;B "7( e >+K' % 0))
If we take A=F (u) /n, Fis'an arbltrary function of u, then (4) is reduced to
ua:——— (F' () +F’"(u))uw+—~(F(u) +F"('w))um+KF’(u) ®)
Comparing g '
w12 =03 +_ygw2 =np dw + (4Ap+ Bg) dt
with ' w1=Ydo+0dt,
we have L Up=np, O= Ap—l—Bq

Substituting A=F(u)/n, B F'(u)/n and O' (F(u) -i—F"(u))uw/n into them we
obtam

P_"];‘ ua‘: g—"_(lnF’)cx

where p is the geodesic curvature of the leaves and w is ‘$he solutlon of equatlon ’).
Since, for any C* function f on M, o
4f =f1o1+faws,. ,
we have f,=fin. Then p=uj, q (In F'), where'fs, s, us; (InF"y, represent the
* covariant derivative. e
In particular, if we take F(u') = — 008 uw/ K (K %O)',“ then () is reduced to u.,;=
siny. This is Sine-Gordon equation and (m t) are Tchebyshev coordinates. Thus, we
have proved the following theorem. T
Theorem. Suppose thae M is a surface 'w@th constant Gaussian curvature K and

coordinatized by », t such that (2) s establrz}shed 4 ,=.=.—-,603.u/ 1K) . Then p=—?17- Uy, Wwhere

p is the geodesic curvature of t=constant, and w satisfies Sine-Gordon equation g =
*Since p/g=tanwy and S A

DPe=p,M, =9, M5 )

Po=0o tanu+gqsec®u u,,

we have PM=qm —+q <1+ 8 >P77,
e g S
ie. == +q2)+l

If we take F'(u) =n?, (5) is reduced 10 Upt = Usa; and. g is mﬁmtlve S
In the following, we suppose. tha,t M is a surface of negative constant curvaturo
K. We set
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e 1+92—u B+C
T _\/,_if—d”«/ £
\/ﬁ dt, .
wp=1—-n’+u)ds+ (B— O’)dt
and substituting ﬂi'en'a\v'intq the structure equation (1), we have
U+ Byt COp=—24(1— 7 +u), ‘ .
A,=0~ ("~ u)B, o ®
, W+ B, —Op=—24(1+m?~u), = = )]
From (7) and (9), we have B,—= —24, and then

a,

—— Lo p-u)B,
0=_B

Therefore (7), (8) and (9) are reduced to

w=Bee 4B 20 -w)B.. (10)

If we take B=— (2u+47*), we obtain the KAV equation
Ut Ugge+ 6un, =0.

u) B.

Comparing

. W13 =Pw~+gwy= ﬂg—\—/—*_—.n_;u_)dw+\/__(p(3+0) 2Aq)dt

with

w1a= (1—P+u)do+ (B—O)dt,

we have , iy
= 1+77”+z ey K ‘ R

and

g=2B+0) — \/ K(B 0 (12)

- Therefore, we obtain the following theorem. Lo ' ' I

Theorem. Suppose M is a surface with negative constant Gaussian curvaturé
K and coordinatized by o, t such that (6) is establz'shed (B=—Qu+4n*)). Then

p= _%__I%f_u\/ K, where p s the: geodesw cwrwtwre of t=constant and w satisfies

the KAV equation w;+Uges+6uu,=0.
Simply, we assume K = —1. Then (11) and (12) are reduced to

—_ 1_'7] —_ (p_l—])'um; ’ ‘B
P=irp _u, q e @13)
(A=u,,, B=— (2u+4y"), O=—(r*-u) Qu+472) +Uys) . Smoe '

AP =D101 + Pawa=Ped+pidt, -

U

we have
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Pe=p1(1+7"—w),

and C o - :
pu=-uaz’1+2’u(1+ﬂ’—u)_’.-
Again, since o
u=r T p+1
and '
1l === 2
p+1?
we have
20 2p,(1+
Ue= (1+pp)z pl((p_{_?]?)z u) _41’1/(?"'.1)8.\ ‘
Hence

um=4(z>1/(zv+1)“)a—82011/(10+1)*—24171/(p+1)5
Subtituting them into (18), we obtfain the relatlonshlp betiween p and q of thm
foliation -

=pu/p1 8ps/ (p+1): I
The above discussion suits the KdV equations of Iugher order. In fact, if we take

B=—1, woe obtain the equation u;=w,; if we take B= — (2u-44?), we obtain the KAV

equation; if we take B=— (% um+%

u;+-2:1l:— um-l-—g— Whpgg ~+ DUl +—12§- u_“u¢=0

u’+2'wn’+4n4>, we obtain. the equation

and so on.
If K>0, we change ~/ — K to ~/K in w; and ws, then (7) and (8) are invariant
but (9) is changed to
— s+ By — Oy =241+ —1).

Thus, we obtain .

B.=24(sf—1), O=Ao+ (n*—w)B,

Oe=Au—%B+ (" —w) B,,

and the structure equation is reduced to ‘

Ut Apg+ 24— u,B+2(n*—u)? A=0, (14)

1 B,. But we could not obtain the KdV equation from (14).

2(n*—w)
The discussion on KdV equation can be expanded to the general KdV equation
t00. We consider 7? as a function of # and ¢:

7' =af (£) +Ag (),

where A i an arbitrary constant, f(¢) is an arbitrary function of ¢ and g(¢) =e
Then (10) is changed to :

— 3 Buee— (=) B2 (r— ) Burt ().
Substituting 7 =af (£) +Ag (£) and B= — (2u+44?) = — (Qu+4af (¢) +4Ag (£)) into if,

where A=

-f 1218
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we obtain

we call it the general KdV equation.
When f=0, (15) is reduced to the KdV equation
+um+6wu =0.

When f =’1§_t’ (15) is reduced vt()" the eylindrical equation

u,+um,+6uu¢+—-———0

2t
When f= 1 (15) is reduced to equatlon '
ut+uam+6uu¢+6u—-12w=0,
'andso_on. ‘ S L T
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