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‘GENERALIZED TORUS IN R® WITH
PRESCRIBED MEAN CURVATURE

HUANG XUANGTO (% 13])* -

Abstract
Let H be a given functlon satisfying two.conditions on some region N in R3 It is

proved that there exists a closed surface in N which is homeomorphlc to a torus such that
its mean curvature is equal to H.

| § 0. Introduction

In 1980, S. T. ya,um raised the followmg problem L :

Given functlon H in R® can you find suitable condition on H such that there is
a closed surface in R® Whose mean curvature is given by Hy .
- In 1988, A.E. . Treibergs and §. W Welm’ set up some condltlons on H where
the vlosed surface is homeomorphlc 10 a unit sphere.
¢ 1.In this paper, we consider the mean curvature function of a closed surface which
is homeomorphic-to @ torus in’' R3, and obtain an existence theorem.

The author thanks professors Gu Chaohao and Hu Hesheng. Their teaching is a
great help to me, ' ' - '

§ 1. Mean Curvature Equatlon

In R" set p= (boosﬂ bsing, 0), r= (cos¢cos€ oosgpsm& sm;n) We get a torus A
T; in: R® whose position Vector field L
Yy=p+r, @.1)
‘where (gp, 0) ER/2wZ X R/2xZ (Z is an integer group) Constant 5>1. :

In this paper, we introduce generahzed torus M =a(T;) whose position vector
field '

— be“ RIS ' N

where u is a differentiable function on T'y. Tt is obv1ous that.-a is one to one, and @ is.
a homeomorphism from T1 onto M. Evidently.
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_ be* u
=Ty (Fer 1 1) o @9
wo—Po"I" b Pz (ro+ 1:{9“ f) - (1.4)

Then, the unit normal vector n at a pomt on M satisfies

X, XXy ) ) 2 24, —"2'

n= —————-lwzxxol {(1+e +e* cos¢) [+ (1+e%)2] + e*ud}

{(1 +et+e" OOS¢) [u¢r¢ (1+emr] +3 e"uop,}. (1.5)
Secondly, we can see | '. . o ’ o

V- e 0% u N f
B == s [1+ (1+e,,)2] o (1.6)
__.ww'mg—muou,p, ) ( . )

* 2 2»: e’ COS¢ ewuz

@ =y —pt[ (1+ 2252 ) tora «]- (1.8)

By a calculation, we can see
' L*=n.x,,=be (1+e“) 1(1+e“+e“cos¢) [u,,+(1+e“) u,,,,] )
x{(1+e"+e* cosq;) [u? +(1+e")2] +e u"’} f o » (19)
" M*=n. Xop=Dbe"(1+e )‘1[e"(1+cOS¢)uou,,, (1+e“+e GOSq))u,, . _
. —eugsin ] { (1+¢*+e*« cosp)?+ [uq,+(1+e")’] +é° u,}—? o (1.10)
N*=n+2o=be"(1+¢*) "{(1+e"+e"cosp)2ee [ (1+¢€ )cos;v+u,,sm¢]

+ (¢*cosp+e*—1)ug — (1 +e¥+e*cos @) uge}

X {(1+e“+e%cosp)?e [uZ+ (1+e*)?] +eMug} 7 : R (L.11)

B'G— P HIZJ-FET‘F{(1+e«+e“cosqp)2[(1+.e“)*’+ wtl gy, (1.12)

Using the local orthogonal frame ey, e; on Ty, we know the first fundamental form of
T,in (1 1) is . . . '
ds”= (d¢)2+ (b+cos zp)” dg)2. - : - (1.18):

wl=dp, co” (b+cos p)dg. » _ (1.14)

Set
Obviously, .-
. . U= U, uz—(b+cos¢) oo,
| wh=sinpdf, upp=1ys,
‘ ) o= (b +c08 @) *uga+uy sin p (b +cos ),
. ug¢=m2(b+cm¢)—uzsm¢, o ‘ (1.15)
where subscript ¢ (¢ = 1, 2) denotes the covariant derivative along e;. Utilizing (1.15)

_ 1 L*G*—2M*F*+N*E*
and the mean curvature formula H =3 Y G‘* 72

, “We obfain- the mean

curvature equation of M
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[e‘”"(l+e“)”(b+cos;o) 2(1+ e+ € 008 @) ? +udl ugy — 2uztbguisa+ [(1+e")2+u1]um

+2(b+cos @) ~tesin p(1+e“+ e 008 p) “H(1+e*— be")ugu

+ (b+cosp) 2. (b—1—¢ ")smgv[(1+e")”+u1]u1

— (b+cosp) 2« (14e*+e“cosp) (1+e*) [(1+e"“)2+cos¢(1+2e‘”)]u1 R

—e*(1+e*) (1+e*+e*cosp) L[ (1+e*) + (2+¢*) cos p]ua

— (b+cosp)2(1+e*)3(L+e"+e“cosp) (67 + € “+2¢ “cos p)

+2b(b+cosq))“”e'“(1+e“+e“ooS¢)‘1(1+e“)‘1{(1+e“+e‘f_cosqp)’ ,

X [(1+6%)2-+uf] +e2(b-+oosp) g} H p+ lbj & 1)=0. (1.16)
Bquation (1.16) is a quasilinear elliptic equation on T, where H is a given
function, '

§2. 'The. Main Théoré_am

In R?, we have a variety of torus 7',:

=p+sr, - - ' (2 1)
1 CoSg -

where s is a constant and 0<<s<<b. The mean curvat‘ure H T,(y,) —’r S rscosp)

Set N= L(_g_b) T,. N 15, a connected open subset m,R"'. The given funotlon H (2) lies
8 € i 8 N '
in 0%% (N) (k>1, an integer, 0<a<1). ' o
We introduce a new.linear equation: Yo € 0% “(Ti), vVt e [0, l] 5

[e2*(1+e*)2(b+cosp) 2(1+e"+e” cos<p)”+fv§]u11 ‘ )
—2vg0sttya+ [(1+¢%)*+0flugs—u=1[B(w, v, Vo) — o, (2.2)

where - ) .
B(z, v, Vo) = — 2(b+cosp) ~*sing (1+€°+e°cosp) ~*+ (1+¢"— be”) v1v}
— (b+cosp) 2(b—1—e)sinp [(1+e)?+ofloy
+ (b+®s¢)"(1+e“+e"cos«p) c(l+e) [(L+e™)?
+oosp(1+267")]vd+e (1+e”)
X (1+e*+e cosp) *[(14¢") + (2+e”)cospled
+ (b+cosp)2(1+€*)2(L+e°+e%cos p) (6> + 67" +2¢ " cos p)
—2b(b+cos<p)"”e“’(1+e”+é”cos¢)"1(1+e”)_“1 o
x { (1+e"+e?cos @) [ (L +€") 2+ 0F] +e2 (b+cos¢)?@§}37’ h
H(primr) B
where = is a point of T'y, its position vector is g in (1.1). R
Lemma 2.1. Yo€0%*(T;), Vi€ [0, 1], equation (2.2) always hase @ unique
solution uw€O* 4% (Ty).
" Proof Set the matrix
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R <><> o)

, : — V103, (L+e)2+af

7 . _ CEE : 2.4)

where 1<€,’ §<<2. .(a;;(z, », Vv)) is a positive definite symmetric matrix on 7.
We consider the corresponding homogeneous equation on 7’4

Zaﬁ(w v, Vo)uy;—u=0. o (2.5)

Ifuisa solutlon of (2 5), there is a point mieTi, u(a:i) —max u(w) It is obv1ous
that -

{3 au(a, v, Voyug}(e2) <O R )

From (2.5), we can see u(21) <0. In a way similar to the above we can obtain u(xz)

=infy(s)>0. In sum ‘v’a:E T1, u(2) =0. By using the alterna.bwe theorem and
z€el,

regular theorem of elliptic equation on Ti, the lemma is ob bamed.
We consider a map T: 0%%(T'y) x [0, 11> 0%*(Ty). T (v, ¢) =u,.where u is a
- solution of linear equation (2.2). And T is a compact map. Yo €CO%* (Ty), T (v, 0)
=0.. e o '
. We consider the following equation
' 'gai,-(w, @, Vu)uy—u—=t[B(e, w, Vu) —ul, . - 2.7
“where t€ (0, 1]. o S
If the solutlon of (2.7 ) ex1sts and there isa constant O, Where Ois 1ndependent :
of #, such that |u] g, <O for all u satisfying (2.7). Then we can make use of Leray-
S(_:ha;uder fixed theorem, and we can find a solution u€ O¥*2% (T,) satisfying
2 ay(@,u, Vu)u;= B(a:, u, Vu). (2.8

Equation (2 8) is Just as equation: (1,16),
Lemma 2.2. ;S’uppose H(X) in O%*(N) sat@sﬁes the followmg condition:

There are two constants sy, sa, where b>si/—1— b>$,>>0. When s>s;, H (p+sr)

;<HT3 (p—i—sr) Whens<sz, H(p+sr)>H1-,(p+sr) Then, In b s <u<In

b 81
Remark ~ Arbitrary point in N has unique expression p—l—sr where 0<<s<b.
Proof u(wi) max u(w), and we can seo '

(5'31) uz(“’i) 0 {2 “w (“’ u, V) u,;} (wi) <0 2.9
From (2.8), we know

B(=z, u, Vu) (1) = (b-+cos p)~? {(1—!—3_")_%11@“_—!—(:“005 ®) f[(l—Fe“) (e 47" +2¢" " cos p)

._2be—“(1+e"+e cos@H(p—l— Tro >]}(w1). S : ‘ _‘ o (‘2'10).
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b . 1+ “ ;
H(p+ e r) (21)<Ho, _(o-+ 1+ _ r)(a;i)

T4 (1+eY | ce
= 2b:“ +2b(1+:+?f£w)]( 1)-,; Sone e (2.11)
Insertmg (2 11) into (2. 10); wecansgee - v | _
‘ B, u, Vu)(a)>0. T (2.19)
4B (o, 4, Vi) (22) < u(@) T3> S tuer) > = sy '
>{2cw(w u, Vu)uu}(wi) u(wi) ‘ - C(2a8)

(wi) >31, a.nd

'So_

Tt is 1mp0351ble because of equa,tlon 2.7). Then ,'

. u(wi) <ln'bs—?si_'_.

(2.14)

Similarly, we can see

u(wz) =minu(m)>ln S o : ,' (215)
b—82 CT e o

Secondly, wo shall estimate | Vu|2, Set , v
a1 (z, u)—6‘2"(1+e")2(b+cos¢)‘2(1+e +e* 00999)” _
as(e, w)=(1+eH% : - (2.16)
So, equation (2.7) becomes - ' :
- Lo (w, w) +udlus— 2u1uzum+ [as(a, u) +uilua :
=tB(, u, Vu) + (1 —t)u. . (2.17)
Set function R ‘ o R
p=e"In(|Vu|2+1). : (2.18)
- Computing at the point o €T, where ¢ attains its maximum, we have
‘ @1(%0) = pa(25) =0, .
{[a1(@, u) +uf) @11 — 2ustiapsa+ [Ga(@, ) +u] Paa} () <O, (2.19)
Generally, we assume |Vu|(wo)>1. When|Vu| () <1, it is obvious that Vo €Ty,

|Vu|2(z) <2e™—1, where m—% In this paper, 1<<i, j, £<X2. By calculation,
S2

we can see at point xy . : : :
g}%‘wﬁé‘ (|Vu[”+1)u,~]n(]Vu|:?+1),~ PR (220)

[a1(z, @) +u3] p11=2¢"[a:(w, u) +ui]
X {In(| Va|+1) b~ 208 (-4 In(| Fuf+1))]
+(| Ve [2+1)7* (2’“}1‘*‘2“%11)}, ERATE A (2.21)

Ve 2u1d2¢1§= —4e? uiuz{ln( [Vu[’ —l—l) [w19— 2u1u,' '
X (L I0([Val "+ 1)1+ (| Val *+1) S+ D)}, (2.22)
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[az(m w) +1i] ¢22—262“[a2(m u) +ui].
x{ln([VuI”—i—l) [u22—2u§(1+1n([Vu|2+1))]
+(IV“12+1)—1(2U42+2®6{“322)}

Subshtutmg 2. 21)_,.(2 23) 1nt0 (2.19), we can see at pomt o
0> [a1(a, u) +uflouns = Quigtina+ [0a(a, u) +03]vuss
—2(1+1n(]\7u[2+1))[w1(w w)ui+aa(w, wuil

+[(] Vu|2+1)]n(|Vu|2+1)]'1{[a1(w u) +u3] (2“11'{'2.%'“111).

— 2uguy (2 g1+ Z@an) + [aa(w, w) +ui] (z?.a_%jz‘i‘jz Uiijn) }
We differentiate formula (2.17), and have
| Lo, w) +oflundun—2 SDuvtudusy
+ 31 {[as(s, ©) +uashict |
=t2[B(a;, u, Vu)]kuk—l—; (1— &) | Vu|2
By a calculatlon we can see at point
S {Teae, W) +fluhyty= o (e, ) tes
—2(| Vu|*+1)u 1n(]Vu|”+1)uu+ [wl(a: u) +u2]2uk Utty,
— 23 (uistizs) = dasgitiss( | Vul”+1)1n(lwl”+1) — 2ty Sttty
3 {laa(2, w) +vilusbin=13(a2(2, %)) sthotos
—2(| Vul”—i—l)ufln( | Vu|2+1)u22 + [az(w u) +u1]2u;,um
By a stralghn calculation, we have Rlccl formulas
| Up19— Ugey =~ Ugcos p(b+cosp) 7%,

Ug1a— Unm = €08 (b +cos p) 7,
Using (2.25)— (2 29) we can see at point @

[a1(z, %) +uz]2uﬂm— 2u1u22uum+ [as(2, u) +ui] Z‘. Ufilsaa
=t 2B (=, w, Vu)lig— E(wi(w ) )y
- = 3i(aa(w, u))nttes+2(| V| *+ 1) In(| Vu24+1) -

X [ufuss — 2ususttya+uiuas] — Cy| Vau|*,

(2.23)»

@. 2‘45

- (2.25)

' (2.96)

(2.27)

(2.28)

@.29)

+(2.30)

Bubstituting (2.80) into. (2.24), and makihg use of (2.17); at point z,, we can see

0=>8tB(z, u, Vu) —2[a1 (@, w)uis+as(x, w)uss] *
—2In(|Vu|?+1) [a1(2, Wui+as(a, wuz]l
+ [(|Vu|*+1) In(| Vu|2+1)1"*{[a:(s, u)+u§]§jlu?1

-— 21.61%2 qugwji+ [Gg(w, u) +u§] Ej u§9+t zk} [B (m, u, Vu)],,,zw,,
- %E{‘i(x; u) Titaflas sz-[“z(w, u) T httan} ~0s|Vul?,

(2.81)
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‘where Oy, 05 are positive constants. They rely only on s;, sa and b.
‘From (2.20), we can see .= -
Ustta = — gtz — (| V| 24 L)y In (| Vs | 2+ 1), - (2.82)
» '“1”12—."‘“2’“22 (| Ve|2+1)usIn (| V| 2+1). (2.83)
From (2.17)_ (2.82) and (2.88), we obtain R
gy = [1+ | Vu | *(as (@, ’w)uz'l-wz(w “)%)]—1 -
x{— @+ |Vu| ) In(|Vu|2+1) [u1+qu|’w2(w u) (u1 uz)]
+ | Vu| " [tB(2, u, Vu) + (1=)ul}, (289
Uga= [1+|Vu| 4(a1(m u)u2+wz(w u)ud)] ™t '
X{ (1+ | Va | 2)In(| Vu[*+1) [uz+IWI'2w1(w u)e ('té u)]

+ | Vu| %2 [¢B (@, u, Vi) + (1—8)ul}. b (2.8b)

Evidently, v C '
'_2[“1(“7 u)]kukuli> 0’3|Vu| I’w:ul, Vs (2'.36)
‘2[“2(’” u)]kukuzz>—04lvu‘|“|uzz| 2.87)

where coristants O and O, depend on sy, 32 and b. We square (2.82).and (2. 33),
then add them up. We can obtain ; Vi
ufs= | Vu| 2 u§u§1+u2u22+ ( |Vu|2+1)”|Vu]’ []n( IVu]”-j—l)]z
+2(|Vu|”+1)ln(]Vu|2+1) (ulun»-l-uguzz)} g (2.88)
Using (2. 32) (2 38), by a long calculatlon we can See, at pomt %o, (2 31) reduces
o o AR
0=>8¢B(w, 'u, Vu) +.[az (z; w)ud +aa(z, w)ud] «In( [Vur|3+1‘)”’ :
+¢[(| Va|*+ D) In(| Va2 + D] 2B, v Yu)lww~0s| Vul?,  (2.89)
‘where Cj is positive constant, and: 'it‘d'epends on sy, 82, a'nd*max‘IH (X)|. The region

T={X=p+sreN’ |32<s\si}
From (2.8), by a straight calculation, we can ses>
(1) 8B(=, u, Vu)=—6(b-+cosp) *sinp(l+e'+e"cosp)~?,
X (1+e"—be")uyui —Buisin g (b—1—e™*) (b+cosp) -2 ,
—Gb(b—i—cos(p) 2@‘"(1+e -I—e OOSgD) 1(1—I—e“) 1{(1+6 +e cos<p)”

x[(1+e")2+u1]+e3“(b+eos¢) }3/2H(p4§ _r> Os |vu|2 ’ (z 40)

1+e*
‘where we, calculate ab pomt To.

Next ab pomt 2, Wo estimate Z[B (w u, Vu)],, uy
(2) —22[(b+cos«p)'1sm<p(l+e“+e cos @) ~1(1 4% be")uiuz]ku,,
>251n<pe“(1+e“+e ¢08 ) ~2| V| 2usi3 + 6 (b + cos p) ™ ‘

X sing (1 + ¢+ e¥cosp) ~* (1 + ¥ — be*)uguz (| Vu|24-1) S
x In(| Var|2+1) — Oy [ Va4, o (241
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(3) *2{(b+008¢) 2(b—-1- 6“)Sm¢[(1+e")2+u1]°u1}kw
=>8(b+cosp) sinp(b—1—e ) ui (| Vu|?+1) In(|Vu|?+1)
— (b-+c0s @) ~2sin pe™*ul | Vs [*— O | V| * In (| Vs *+1). (2.42)
(4 2{(b+cos¢) “2(14-¢%+ e cos ) (l—l-e“) [(1+e‘“)2+005¢(1+2e‘“)]u
+e*(1+e*) (1+e +e'cosp)” 1, [(1+e“)+(2+e“)008¢]u2
+(b+coa=;<,z;)‘2“(1+e‘“)3 (1+e*+e*cos p) (6‘2“+e"“+2e‘“cos¢)},m l
. — O | Vu*In([Vu|2+1). o _ : (2.43)
() —2bZ{(b+cos¢) e"“(~1+e 4+6"OOS¢)_1(1+6“)—1 '

x{(1+e +e* oos<p)2[(1+e“)2+u1]—I—e‘"‘(b—l—cos;o)” 2}3/2
be :
XH( 14e* r>}kuk"
. =2b(b+cosp)2e7"(14-e"+e*cosp) "1 (1+6*) ™2
Vo X {(1+¢"+¢* 008 p)2[ (1+6*) 2+ uf] + e (b -+ cos ) ud} >/
R X | Var| 21+ (1+e"+ " cos p) (" +e" cos p) |
. % uY) —1 be
e e B H (pr s
x(1+e")‘1{(1+e +ecos ) 2[(1+e*)2+ul]
_ + 2 (b+ 008 p) %uf} /2 {26" (1 +c08 p) (1 +¢*+¢* cos p) | Vu | uf
(o0 +26% (b + 008 9)?| V| ud— 2(| Vas| 24+ 1) In (| V| 2+1)

X [(L 46"+ 6" 008 ) %+ 62 (B -+ 008 ) ? ]}H( 1’;‘; r)

)—_ 8b(b+cosp) 2 ¥(1+e"+e"cosp) 2

—2b(b-+cosp) 2eT*(1+e*+e"cosp) (1 +e*) 7t
X {(2+e"+e*cos p)? [(1+e“)2+u§] + 6 (b +cos @) *u3 }3/" _
' y be* _ 4
Substituting (2.16). (1)—(5) into (2.89), we can see
0> [e2¢(1+€*)2(b+cos ) ~2(1+e%+e* cos ) 2ul
+ (A +e*) %] In (| Vu|*+1) +¢[In (| Vu|*+1)]7*
{2 sin pe*(1+ ¢+ ¢ cos p) “”ulu'a’ ~ (b+cosp) ~2sin (pe‘“-u§
bt (1+e +e cow) 1(1e*)~ (146 +e* cos p)?+ [(1+e“)”+u1]
+ 62 (b+ 008 @) 2z} 22 [2(b + cos @) 2 (1+¢ +e"coszp) (1+4e*)2(1+e¢"~e"cosp)ui
— 263 (1+6*) *(1+e*+e"cosp) "1 (2+2¢¥+e¥ cosp) 1 H (p+ 112: - r)
—2b(b+cosp) 2% *(1+e"+e cosp) (1 +e*)™
X {(1+e"+e* coS¢)2[(1+e“)2+u1]+e2“(b+cos¢) }3/’ ‘
2 1 -— 2 .
x(|Vu*+ ) 3 H (pt+ 5 7)] v} = 0| Vul?, @)
where C,(6<a<11) is positive constant, and it is just as O.
(*" By a calculation, we can see
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© ity (3 (o )
| > bet(1+e) 2 H(p+sr)|,_pen

~([Vul*+1)~ (Ol 40w, L (2.0)
where constants 0’,2 and Oy3 depond on b, sy, sa and max]VH (X)|.

(") Let : : : :
A=2sin pe*(1+¢"+e" cos p) ~Puyui — (b+cos<p)'2sm<pe 3. (2.47)
Then when u;sin =0,
A= — (b-+cos @) ~?sin pe™"ui
> — (b+cosp) 2% 4 (1+e"+e*cosp) 3{(1+e“+e cos:p)”[(1+e")’+u1]
+¢?*(b+cos p)2ud}>/3; ' : 0 (2.48)
when w; sin <0, - _ : REE
A>2sinpe*(L4+e*+etcosp) 2. - - (2.49)

Us-ihg o _ PN ey T
2(1+¢*+ €% cos @) 2l 62 (b +cos p) *uf- e (b +cos p) 2erf
s R 3 oo
<{%[(1+e"+e"c’:os«p)”u§+ez“(b+cos(p)’."w§]} s ‘ (2.50)
. we obtain »

|| < 3__ ¢~(B 4008 ) (1 -+e*-+€*cosp)

X {(1+e“+e cosp)? [(1+e“)2+u1]+e”“(b+cos:p)”u2}"'/’ (2'.51)
So; we can see (2.49) becomes s

A>—

3\/3 e % (b+cosg) 2(1+e*+e¥cosp) ™ |
X {(1+e*+e" cos<p)2[(1+e")”+u1] +62“(b+008¢)2ug}3/’ (2.52)
xOombmmg (2.48) with (2.52), we have
 A>— (b+cosp) 2 U(1+e e cosp)
% {(1+e+e* cos:p)”[(1+e")2+u‘;’]+62"(b+005¢p)2 nea (2.58)
(8) We estimate ' ' : e o
B= [2(b+cos<p)“”(1+e”+e cos«p) (1+e")’1(1+e —e"cos ) ui

— 262 (1 4% 2 (1+ 6%+ 6" 008 @) L+ (2 + 26"+ ¢ cos<p)u2]H(p+ be* r>.

1+¢* '

2.54

» (@.59)
1+ ‘
B>2(b+cos<p)‘”(1+e +e%cosp) (1 +e*) (14 —e cos p)

X {(1+e*+e*cos ) ?[ (1 +e*)2+ui] +e*(b+cos ) ui}

VxH_<p+%_%;r>. | . (2.55)

When H ( r><0 Wwe can See
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‘When H ( r>>0 we have

1+ ;
B> —2(b+cosp)~2(1+e"+¢" cos @) ~1(1+ %) ~1e (24 26%+ ¢ cos;a)
X {(14¢%+e*cos)? [(A+e)?+ui] +62“(b+cosq>) } _ o
xH(p+lz_’:e“ r). R _' o (2.59)
Combining (2.55) with (2.56), we obtain
e B>—2(b+cosp) "2(1+ e+ ¢¥cos p) ~1(14¢¥) 2
X (2+8¢"%) {(1+e"+e o8 @)?[ (1 +e*)3+02] +ez“(b+008(p)
IH p+ 1+ _ r)l | S | '_ (2.57)
Insertmg (6) (8) into (2 45), we reduce them and we can see
> #(1+¢*)?(b+cosp) 2In(|Vu|2+1) _
—¢[In(|Vu[*+1)17 {1 +e*+e*cos ) 2[ (1 +*) 2+ uf]

+e2“(b+cos¢) }1/” "(b+cos¢) -2, (1+e"+e cosgv)'l{(1+e"+e“cos<p)"

1+ @ ")I

5B (14 %) - * 2 H(p+sr)l,. W} O, NCE)

1+4e%

+2b(1+e) "2 (1+e"+e 003¢)'1(2+3e“)

where we use the mequallty (1+e + 6% 0o p) 2 [(1+e“)’+u1] + g (b+c(>sxqv)2
B{Vu|®. Because of Lemma 2.2, B is a positive. constant, and independent of t.
Oonstant 044 relies only on constants b_ sy sa_ maxIH X) | and ma,xl VH(X)]..

Now, we establish the- following theorem: o :

_Theorem, LetT,: y,= -p+s1=(bcosd, bsm0 O) + (soos¢cos€ cosupsmﬂ sin p)
be @ variety of torus in R®, where s s @ cowstant and O<s<b “Constant b>1, (g, )
€R/2wZ X R/2xZ (Z is an mtegefr gfroup) Set N U T, Functwn H X) e

8 €(0,d
0%*(N) (k>1, an integer, 0<a<1) mtzsﬁes the followmg two cowdztwns
(1) There are two constants sy, ss, where b>sl/—%— b>82>0.
 When s>s, E(p+ls'1")'<liw,(p+sr)'
- When 0<s<sy, H(p+sr)>Hp(p-+sr),

where H. :_ps(p+sr) i8 the mean curvature of torus T, in RS,
(2) Let

U {X=p- +sr EN]sz<s<si} —s(b+scos¢)— H(p+sr)

->7 b(b+scosp) ™t (2b+s) | H(p+sr) | inT.

Tﬁm; there is a closed surface which is homqomorpkric_ to @ torus T, its mean curtiature:
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48 given by H (X).
Proof Under the conditions of the theorem, all the above statement is s valid.

b W .
,. Wo can see

By virtue of condition (2), set s= T g

— bf"e"(l+e")‘2(1+e"—i4_e"cosq))—§; H(p+ér) | %

1 (16 (L+etetcosp) -+ B(1+e) 7 (2+86) -

(”+1+ v )l

. (2.59)
Insertmg (2 59) into (2 58), we can soe at ,vo
S| Vel<Os | (2.60)
Oss sa posmve constant it is independent of £. From (2.18), we can see Va;GTi
_ | Vu|?(z) <e™—1, o (. 61)
where 013—[—81&:—32—2] In(Ogs+1). So we obtain the theorem.
$a(b—81)

Remark 1. There are many functions sa,t:tsfymg the condltlons of the theorem

For example, set b=2,
H(p+sr)= (2s) "+(2 s)" (2—3)“3, (2.62)
where 0<<s<2, B, v.are constants, 8> 11, y=>11, We can find that the two conditions

of the theorem are satisfied for si——% and sp= ;
- Remark 2. In this paper, the result of est1mat1ng IVuP for example, v:
mequa.hty (2 39), 1s useful for similar problem -
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