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CONVEXITY THEOREM OF PARAMETRIC
TRIANGULAR BEZIER SURFACES

~ Zmso JIANMING, RER)*

Abstract

. The author introduces tvnst vectors of control nets of parametrlc tna.ngular Béz1er
surfaces, With twist vectors and other geometric magmtudes a sufficient condition for
parametric trlangular Bézier surfaces to be convex is offered. Incidently, a necessary and
sufficient condition for triangular Bézier ‘surfaces of parametric form to degenerate to that:
of functional form is given. A less stringent sufficient condition -is proposed for quadratie:
Bézier surfaces to be convex.

§1. Intro'duction

Bézier curves have got extensive application since they weére introduced intos
OAGD. Because of the intimate relation between Bézier curves and their control
nets, people antlclpated naturally that the convexity of a Bézier curye could be.
guaranteed by the convexity of its control polygon. That ig 131'119E2J .

As an extention of Bézier curves we have triangular Bézier surfaoes Ohang a,nd‘v
Davis have studied the convexity of functional triangular Bézier surfaces and they
got a significont convexity theorem which claims that the surface will be convex if"
its control net is convex. Buf, lmfortuna,tely, the theorem fails to hold if the surface.
is of parametric form™ (also refer to ex. 2 of this paper). In this paper ‘the author-
tries to give a sufficint condition for parametric triangular Bézier surfaces. Incidently,
the author has found an essential difference between trmngular Bézier surfaces of

functional form and parametric form.

§2. Notations and Lemmas

Parametric triangular Bézier surfaces of degree n are of the form

T(u, v, 'w) = 2_”1)%!'70‘36"'!,10(“: 2, w): (1)”

i+jt+k=

n .
where P,,;, € R, u+v+w=1, B}, (u, v, w) =( ;i ) wvw?,
O
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For convenience, following notations are mtroduced
80, 5k=Pirt.in— Pignsts
%,mo—Pi, irtow— Piists
Ui sin= (Pitosnt Pisisstiors—Pojran— Pigiss) /2,
Victpn= (Ps_i,;,uz,k'l‘Ps,g,k-u-i—P¢,9+1,1a—Pc-1,4+1,7o+1) /2,
Wi—i,i,k"‘ (P sirtt i 1—1,i,k+2—P i_tistrr— b wmu) / 2,
where R fb+_7—|—k——n— 1 ' - (2)
Uiy Visiir Wi (4+j+E=n—2) control the twist
of the control net. We call them -twist’ ‘vectors with
respect to w-direction, o—direction and w-direction
respectively. It is clear that ' .
8i,5,0=S8i_1.is 16+ 200 1,5, : L ®

8i,5,6=8i,i_1.ws1+2W5, ik Y

Qi,iv=i- 1,501+ 2W 1,501 (®) i 1
1gure .

Qi io=Distr it 2V i (6)

Regarding 7 as a vector valued function of « and v(w= 1 —u— fv), dlﬁ'erentlatmg

expression (1) and agsuming the notations that r,.———a-— r, ro= 2 r, etc., we have

ou 0

reen S seaBih y
- _,rv=n’+"+§_nﬁl Q»,i ;v o | €)]
o —n(n 1) 3 (Siss, 5.5~ Sirsos2) Bie o Lo
=2n(n—1) jg}n (Ui».'lrk+Wi»J»k) Bi% S 9)
=2n (n=1)ZWineBi7, Zer ‘ ' (10):
Fop=20(n—1) DVt Wi, j1) Bi3ie @iy
Given u, v, w, we define o
S =S e ST WS, o (12)
DY R s L7 iy PR (18),
where @+3+lc+m =n—1, 82,5,5= Sk Aorse=Tirirs, a0 g
Uc =0T ,k+'DUi.1—1yk+'in Ty AR (14)
i ,k=uV6+1,1.k+'UV6,J‘ et ’”’VM o+l N (15):
= uW ity o oW, ;11 arwWiii, ' ~ (16)

where i+j+k+m=n—2, U?; 2=UsiV 6=V tik W?,'j;k'_—Wi,Jrk' -

Let

V36 =Si, quid,k (f’.'+v.7.v+]‘£+m=n"‘1)'-‘ @y

Obviously, v.,;,k—s@,,,kxq,,,,k is the normal vector of the plane on which Liesr
AP, 1,56 P 0416k 52051 and - its absolute value is twice the -area Of APi.1,51Li410%
P, ;541 From the recurswe algorithm of Bern.stem polynomial, we have
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-1 _ . ) ~1.
8to0= D 8,875,
+i+te=n—3
-1 —-1.
@oo0= D @i;1Bi7%,
t+i+i=n~1

endso, by D—@), S
' vs,‘&o=sa'5%oxq35%9=n"r«><r.,. . : (18)

Y5000 and v,,5,, =27, ;. have, therefore, djrgct geometric meaning, while 7}, ,(0<m<mn

—1) have not. The following lgmma tries tolcorrellate Y5000 With vy, ;.
Lemma 1,

V5o0(¥, v, w) =

Vis Bl (U, v, w)

bk E=n—1
. i s —"-2 < . o . . |
TR X GLEEBY (0, w), - (19)

. m=0 $+j+k=m
where g7 5 =olUTy 5 XV, +BV i X W s + YW X Uiy, while.
o= UV o 8= vw = wY . o
w4 vw +wy’ uv +vw -+ wy ’ uv +ow 4wy’
0=1-w—0'—w?=2(w+vw+wy). -

Proof v
Vi =8k X Qhn _
= (u34+;,;,k+08¢,'f#1;k+wss.f.xn) X (U1, 55+ 0@, jy1, 55+ Wi 5031)
=U’8i1,1,% X Qist,5in+ 0785, 51, X Divist,0H WS 5,101 X @i jy0ga
FU0 (141,58 X @i, 141,167F 8 110, X Divt,i,n) +0W (84, ju1,6X @iy g4t
F8usns1 X Qirignr) +WU(8, 5,100 X Qis1,50% 8ir1, 500 X @iy jyg1)

o

By (8)—(6)
8i11,55 X Qi.j+1vk+slrj+11k X1, 5%
“uiste X Qi ists w204 5,0 X Qi g1, 0+ 811, 5,0 X Qisto5,—2U 4 5,0 X @ipa, 500
=Vusetb T Visa, g+ 40550 X Vi, g1
Similarly ‘
Sioiatoe X Qi g ks 1+ 84, 4 1op s X @iy 11,5 = Vigbsa TP set 4V o 50 X Wi g0
8. 5k41 X Qists b+ 80st, 50 X @i gy 1041 = Vi1, 4o+ Vi sirrH4W 4 5 X Uy g,
So, o o .
LT =u2”¢+1.1.k+’”2”4»1;-1,k"_‘w2"¢.i-k+1+wv Dt Vo ga 40, 1 X Vi
Fow (v, 41,5+ Vostr1H 4V 00 X Wiin) +0u (g, 0014 v101,5,2 F4W 5 xUgs)
=UVird, 5,5+ Vi, 501, H WY, Tl +4(va,, » XV, kT 'vwa;,,,;., X W‘,j,k
+qu¢,;,yXU¢,5,k). |
Now we prove ' '

m~1 .
Ve =v17 5420 ; 9055 720, 010BE, b0, (20)
=0 a+bd+c=p) ‘
where ¢+ j+k+m=n— 1, v1; s=wll7Y o+ vl +wrliiEg, v19; .=, ,4. From
the deduction above we know (20) holds for m=1. Assuming that (20) holds for

m<n—1, and taking in mind that (8)—(6) remain true if superscript m is attached
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to0 each term, we have
L vph=SiTix @ik ,
= U, g0+ VO g WD s 20 Uy 5% V¢ IRy ,8V6,j,k XWiin
W X Uity i) '

—0a+b+c~p

» o . .
“=’¢6<1’1c+1,1.7a+232 > go+1+al+byk+c abo) T

m=1 -
’ +’0 (”16.]+1.k+282 2 yz+a,1+1+b,k+oBa,b,o)

=0a+b+c=p

w (st S 2 Gl PonnneBlno ) 200000

p=0a+d+c=p . .. -

——1’1:"}'%4‘06 2 Z gl 1+b,k+oBa JBre’

P——Oa+b+c b4

Hence (20) is true by induction, The lemma, is proved 81mply by settlng m=n— 1
‘and (fz, j, lc) (0 0, 0) in the expressmn (20) ’

§3. Convexity Theorem of Parametrlc
Trlangular Bez1er Surfaces

Let 4= {(u, 'v)ERz u>0 'v>0 u+'v<1} For any (uo, fvo), ('ui, fv1)<~A there
are linear functions u(t) 'v(t) such that u(O) =1y, 'v(O) /vo, u(l) ui, (D) =2
With @®), v(®),
o r(t)—r(u(t), (), 1~ u(t)—fv(t))

ar @+ O+ @ a0

Lot 7 (u, v) = r(u, v, 1—u—2) andt -1. Then : '
s ) =7, )l Wl @t
(DU + ™) (1 f)df e
With (21) we have the following lemma. = = ., -

Lemma 2. Bézier surface (1) 48 conves in, A 'z,f for any (uo, 'vo) € A the folwwmg
inequalities hold:

' ,-(Um,k'*‘-Vt,j,k) '-?'_u‘XT'v(’lﬁo, w)=0,7 (22)
Vit Wisii) *Tu X T (%o, )0, P (28)
- (Wir!yk+Ui,:,k) oy X Ty (Uo, 00)=0, (29
Uiiwe 1y X 1y (U, "Jo)Vtmk"'uX"u(%, 00) 4V i, 5,5 Pu X 1o (U, ’Uo)Wt.!-k"'u
- X7y(uo, %) Wy, Tu X 1o (Uo, fvo)U,,,, o8y X 7o (U, rvo)>0 o (25)
fwhefre i+jth=n—-2, . ° ‘ : Lt

Proof At first we prove that (22)— (25) are heredltary Wlth resPect to recursive
algonthm, i.e., (22)—(25) remain. true if superscript m is attached to twist vectors
in the expressions. It suﬂfjces to give a proof for the case where superseript is one.
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ObVlously, (22)—(24) remain true when Uiy Viin, WE 'are”-subsﬁibu-ted' for
Uiisws Vi, Wiysi Lot ’lbm.k—Uw,n 70 X 1y (Uo, Vo), , ’Um.k— Vt.ma”'u X1 (uo, ), Wi,
=W i Tu X 1oy, Vo) ; Ubsm= =UL, e T4 X 2y (%o, Vo), etc ‘

UL 5100 +")¢,j,7owm,k+w¢.j Ui, i '
= (Wliy1, 5,5+ ’Ww+1'k+’w%.f, %41) (u’l’z+1,j,k+ mui-l-i»k + W0 5 41)
+ (Wig, 51 +?”Uz,f+1,k+w’vw.k+1) (’“wz,uimk""vwn}+1.k+wwc.i.k+1)
+ (Wi g1, 5,5+ V04 1,6+ Wi, 4,041 (Wtkiyg, 1,1+ V00, e Wi, 1,101
= (ut+1,i'k'vz+1’:'k+"’w+1ya,kwe+1,::k+'wz+1mk'ui+i:f:k) +o Ovv+w wa
0 (Wit 5,055,014, Wist ik Dist, i, st Vi g1 Wigt, ik
+ wa_i, i k’“w+1rk +'wn:+1ylaui+1ya,lo) + VWO - ’quwu,
where O,,, Oww, G,,,w, O'w,, are correspondmg coeﬁ"lments By (25), the coe{ﬁcmnts of
u?, v2 w? are nonnegatlve Let Cluv denote the coefﬁment of uv. From (22) (24),
among u,,_i,,,k, Vi1, ke w,+1,,,k, there are at least two which are nonnegatlve Assume
that u u.+1,,,,,>0 Dip1,5,5=>0. Slmllarly #e may assume. u§,5+1,k>0 V541,00, If Uirt,i0k
+ip1,52=0, i. 0., Uiy, e =Tip1, j,k—O ‘then w.+1, ,,k>0 and it 1s clear that Oy,=0. Now
if ’“i+1.i.k+"h+1'1.k>0 '164.1+1,7c+'vz,3+1,k>0 we have
uh!i-i.k'vh!+1-k(<u5+1::»k) +2u¢+1,1,k")s+1mk+("’¢+1,3,k) "
+’“s+1mk’”¢+1yi,k(%.;+1.k) +2uw+1,k’0irf+1m+ (’l’z.niyk) )
< (’Mc+1,1,k> ’Uz,5+1,k’uft,y+1,k+ (Uf.f.;.i,k) ’U»+1.j,mu¢+1.a,1a _
Uiy 1,505 1,305, PRI S (um+1.za’l7¢+1,;.n) + (%u.y.x’”;.ui.n)’
+’Il'z.j+1.k%,5+1.k’”z+1 j.kuum.k+uo+1,i.7a'l’¢+1,,, ('v{,j+1.k)

+u‘y.‘l+1v7ﬂfv" +11k(,v$+1’f!k) )

le, , S .
Uiy 541, 10i +18 (Ui, g+ ’Uc+1,1, )2+ u¢+1.5. k’l7¢+1.1,n iy ga2,+ 'Dtri-i-i,k) 3
< Wiy, 5,0 s31,%+ ’llfe.1+1.n’vs+1. k) (u,+1, 2ot Vist, ) (Ui 140, 1H D4, 340, o (26)
From (25)
»’17)“.1, 0 = U1, 1,1 0is 1, 1) (it g+ Vi, i) :
Wi, j41,5=> — Uiy 42,V 551,1) iy, +;, i+1%) .
So

Cuo="Y%41,5,10%, 11,0+ s, 1+ 000s10 5,0+ Wi, 5,6 (Wi, 1,1+ 0, IRy
W4, 101, (U1, 1,0+ Vig 1, 5i7,) '
>u¢+1.f.k"h,a+1,k+’u¢,f+1.k"h+1.5. - ’u¢+1,1. k’04+1.5.k(%,j+1,1o +’U¢,3+1,k)/

(ui+1-j.k+'v¢+1,5,k) ui.]+1.k'vhj+1.k(ui+1-1.k+'vz+1yj:k)/ (W,1+1',1c+")¢’./+‘1.1é)
It follows from (26) that C\,,>0. From the symmetry. it is -inferred that Cw; Cou

are nonnegative. Thus we have proved that (22)—(25) are heredltary In partlculeir;
- (UsGo+Vamd) «ry x r, (o, o) =0, ' ' v 27)
VG0 +Wind) -y x o, (o, ) =0, ' (28)
(WO.O.O +UGo%) * Ty % o (uo, %) =0, o a (29)



No.1 © % Zhao, J. M. CONVEXITY THEOREM.OF BEZIER SURFACES 139

Usior 1w X 1o (%o, o) V'&,?fo-nx 75(tho, 20) +V 55500 X 7 (tho, V)W 550" T
X 1o (tho, Do)+ WiorTu X To(tto, V) U0 T'uX o (1o, 00) =0 (30)
V (s, 1) € 4, there is a Line .(u(§), v(£)) (0<¢ '<1) which connects (uo, %) and
(uy, v4). Since 4 is a convex region, w(€), v(§)) EA. From (21), T
(1 (e, 05) = =1 (U, o)) *T'uX T'5(Uo, Vo) ' R

=j (1= &) (Fuu(@), v(E)) T X oo, YU+ 2Pu(u(E), '0(5))

P X 1 (2o, V)WY +Top(u(€), V(E)) TuX To(uo, v0)v?)dE,
~ where the first factor in the integrand 1—¢£=0, and the second factor is a quadratic
form. From (9)—(11); (27)—(80) and noticing that SU,,51Bi%= Uo,o,o, -ofc., we
know the quadratlc form is non-negative, i.e., ‘ Y
i : (0 (g, v1) — 1 (o, Vo)) ruxru(uo, o) >0 -
Since (4o, o), (ul, 'vi) are arbitrary in 4, Bézier surfaces (1) are convex in-4 if
(22)—(2b) are satisfied.. : ‘ L
Corollary. Bézier surfaces (1) are conves in A 4 f YV (uo, _'vo)
kR Ui, g1 00X 70 (o, 00) =>0;
e Vst Pu X T (%o, %0) =0,

) ' - ' Wi.iyk'rux‘rv(u(): 'UO)>O!
where i+ j+k=n—2.

The condition’of Temma 2 01' its corollary gua,rantees “the convexﬂ;y of Bézier
surfaces, but the relation between the condition and Bézier control nets is not very
clear. We try to describe the convexity ‘theorem ‘Wwith ;,;,5=8ij,x X @s,5x and twist
Vectors For this purpose, we prove in. advance the followmg lemma.

Lemma 3. Let {, @, b, ¢ be unit vectors. If
L-a>cose, {-b=>cose, {-c=>co83,
where 0<<e<w/4, then - ‘
3J'§

|axb-c|< cos e sin? g,

. Proof We may assume that @xb- c>0 wﬂshout detrment to the proof We

define the s—cone of { as :
{rc R {.r>|r|coss}. L

Extendmg the angle between @ and b until they touch the bound-
ary of the e—cone of {, we get @', &',

Obviously DR '
axb-c<a'xb'sc.
Similarly we have ¢’ such that

axb-c<a’ xb'-c,

where {-a’=cos e, {+b'=cose, {-c’'=coss. , ‘
Let R Ll L ‘ o - PFig. 2.
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@' =cosel+sinea’t,
b'=cosel+sing-b't,
- ¢’=cosel+sing-c’t,
where @’t, b'*, ¢’ are unit vectors perpendicular to {. ,
a' xb'-¢’=coss sin?e ({xb'tec’* +{xct @/t +{x a't. 'Y,
Lot 64, 6, 03 be angles between b+ and €t ¢t and a't, a't and b respechvely.
Then ' , . .
a’xb’-c’=cosesin28(sin0'1+sih 02+éii1€3) <3 —\;—gcbsssin’vs.
Now we set forth a sufficient condition of" convexity described by geometric
magnitudes 5,4, Ui i Vit Wik
Theorem 1. Let { be a.unit vector, G=max{|U,,,|, IV uhkl Wil : @+j+k
=n—2} and s, a:be two real numbers such that 0<a<w/2, 0<s<w/4 and
Vi £ 05| cosa, Uy, pe «{>|U.,,;,|coss,
Visue &= Vil cos e, Wi jpe &= Wil cose:
Then pwmmetmc triangular Bézier surfaces (1) are cowvew in A4 4 . f
24/3 (n— 1)G2cogssin? e

min > lv”m,k'B?,l w(%, v, w) *
utv+w=1 §+j+l=n—~1
%>0,v>0,w>0

Proof From (19), for any vector U satlsfymg U-{>| U]coss
2'av°.,><ru(uo, %) *U=3 0,5, UB}7% (o, o, 1—1o— o)

+262 zg?—z e hf»k(uo: Vo, 1= —Uo— ’l)o),

m=

cos(a+s)=>

d=1—uf—v§—~wi<2/8, where 'wo—l — U — o. Since vi,j,k is in a—cone of { and U in
s—cone of {, .
‘ ”*’Vi'k'U>l”'hi’kl I'Ulcos(a+’é)"i
and ‘
915" U =al3 5™ XV U+ BV 55 X Wi U+ y Wit x Usem. U,
.?’;’zk ™ is conyex combination of U, irks therefore it is in g~cong of {, Similarly VizE™,
W?,;,”,;, ™ are in g—cone of C From Lemma 8

3\/"

9?;7?"'” U< G’lUlcosssm"s.
Hence i e s s
‘ n—z.r“ XTye U>COS(&+8)2 , ”‘»ivk,B:‘tj,lk (uOJ Vo, ’lan) IUI
(n n2
By the condition of the theorem
'y X1y (U, V) U0,
The theorem is proved with the corollary to Lemma 2,
The geometric meaning is conspicuous in the theorem. If a Bézier surface is

G’cosssm’slUl
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wanted. to be convex, for some direction {, the less is the cone spanned by twist
vectors the larger is the cone in which normal vectors vy, ;5 of triangle patches of the
Bézier control net are allowed. T ICA

§4. Functional Bézier Surfaces

Tunctional Bézier surface is a special case of parametric Bézier surface. It is clear
that twist vectors of a functional Béier surface are collinear, say, with z-axis, while
those of parametric Bezier surface are generally not collinear. Does a parametric
Bézier surface degenerate to a functional Bézior surface when its twist vectors become
collinear? The following theorem answers that question. . e

Theorem 2. If a parametric Bézier surface has control net not lying on- @ plane,
it degenerates to @ functri,bndl Bézier swrface if and only if 4ts twist wvectors are collinear.

Prrbof_ ‘The necessity of the condition is obvious. We prove only that the eondi-
tion is sufficient. pE - '

Let { be the unit vector with which the twist vectors are collinear, a be the plane
whose normal vector is {, ACD, BDC be two adjacent triangle patches of the control
net, 4’, B/, ¢/, D’ be projections on & of A, B, O, D respectively, M be the mean
point of 4 and B, M’ be its projection on a (zefer to Fig. 8.). Obviously, M’ is the
mean point of O’ and D’ as well as A" and B'. R BRRNERE

B

Fig. 3. ' Fig. 4.

Therefore, the projection of the control net on the plane « is some parallelograms.
TFor the case n=2 (Fig. 4.), these parallelograms are AFDE, EFDC, EFBD as
shows in Fig. 4. Obviously, ABC is a triangle with <&, F, D being mean points of
its edges. Take AABC as domain triangle of barycentric coordinate and define the
barycentric coordinate so that (1, 0, 0) is the point $0 which Paqo is projected, etc. Leb
200 be the directed distance from (1, 0, 0) 0 Pso and] fin(é-+j+k=2) are similarly
defined. From the figure-making theorem of Bézier surface, we know the point
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determined by (1) coincides with the point whose brojection on A ABC has (u, v, w)y
as its barycentric coordinate.and from which to the plane o the distance is - -
_ S (u v, w) =2 fuiuBhin(y, v, w). e

So the parametric Bézier surface degenerates to the functional Bézier surface.  The
proof for the case n>>2 is similar. : - N

Theorem 2 signifies ﬂ;ié'particular importance of twist vectors, If { is assigned
unit. vector (0, 0, 1), the 8-direction convex condition of Bézier control net offered by
Chang and Davis implies that the & in Theorem 1 is zero, the o in Theorem 1 satisfies-
0<a<w/2, and hence the condition of Theorem 1 is satisfied. So Theorem 1 may be
considered as an extension of the convexity theorem given by Chang and Davis.:

Chang and Fong offered recently a new sufficint convexity condition which reads
as follows., - - . . - S ‘ .
e Theorein 8 (Chang & Fong, 1984). For Sunctional Bézier surface, let Aw
=Usin 2% NG 0=V ;12°, ABw=W 55+ 2°, where 2°= (0; 0, 1)« Then functional
Bézier surfaces will be conves if : R Co
: Aidet+ AG=>0, SR (81)

AZ i+ AE =0, ST (82)
o P ut AL >0, ’ o (88)
DL AZw+ ABRAG e+ AL WAB 20, (84)

where b+ j+k=n—2, n és degree of the surface.

For proof of the theorem, refer to [4].

Theorem 8 can: be derived from Lemma 2. It is clear that for functional surface,
2y, X 1,°2° does not change its sign. We may as well assume that Ty X1y2°>0. Under
this assumption, ; : -
. S TuX1r,=A2°+puh
where A>0, h-z°——=0, and
’ Ty X Ty Ui,j,k= }\'Ag,lj).ky'
X TV ik =AAR 4,
‘ TuXTo Wi s =AA e
So (22)—(25) are equivalent to (81)—(84).

§5. Special Case

For n=2 we can get a less stringent sufficient condition. R ‘
Theorem 4. For Bégier surface of degree 2, let U =Uo,0,0, V=V4,0,0, W= Wo,0,0-
Assume that vi,0,0+U >0, 1,0,0'F =0, 3,6,0-W=0, 0,1,0°U=0, 04,1,0:V=0, 4,4, W
- 20, v0,0,1°U>0, v0,0,1V >0, v4,0,1+ W=0. Then the Bézier surface is comvew in 4 if
U, V,W)=UxV:W=0
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or following three conditions are satisfied.. .

| (o,1.0— Vo0, U | g

- w, 7V, W) . |
@ (Baso=v0.00) -U)?
or (s U/ = L ties D) —<U v, Wy
| (o,0,4—P1,0,0) *V |- o RN
@ l U, v, W) A{>4’ : » o
' _ ((”o,o,i—”i, , ) V)? _ , .
| or (¥o,0,1F1,0,0)*V /2> ~16(0, Vo OW) o, 7.; w);
\ (”i,o,o‘*”o,i,o)"W . o )
w7, W) ’>4’
@0 1000+ Vors0) - W2 — {Proe—vosd W' _ (7, )
1{.o,e 0,1,0 = 60, V. W) .

Proo f For n%2, that the surface is convex is equivalent to that Guass curvature
is nonnegative. Let : :
| =Ty X ToU, D=0y X1V, c=Ty X7, W.

The sign of Guass curvature is the same as sign of

o ~ K=ab+bec+ca, _
Ty X Fy=uvi,0,0+ Wo,1,0-F Wo,0,1+4 WU XV +vwV X W +wuW xU),
w=uvi,o,o-U—l—'vbo,1,0-U+wvo,o,1-U+4fuw(U, vV, W).
If (U, V, W)=0, then ¢=>0 in 4, and similarly >0, ¢=0 in 4, and so K=>0. If
(U, VvV, W)<o,
- a=u(¥1,0,0—Y0,0,1) * U+'v(”011-0—1’0:0,1) U+4’”(U V W)
=42, V, W) 4.wo(U V,WwW) +vo,0, 1-U

“Hesse matrix of a with respect tou, v is clearly negatlve and so @ camlot reach its
minimum in the interior of 4. a is clearly nonnega’ﬁlve along v=0 and w=0. When
y=0, . ‘ A o
am — AU, V, WY1 o (s—20r0) T+AT, ¥, WD) +0n02-U,
>0 at v=0 and v=1. If 9, € (0, 1) is minimum poin} of @, then V '

dad(;)o) = —S(U) V} W) ’vo+ (”0'170-'—-",()'0'1) 0U+4(U’ V"W') =0,

vo=1/2+ (¥o,1,0— '.'”0,0,1) U/8U, V, W),
@ u0,v=00= (Po,1,0F ”0,0,1) U/2-'— a,v,w)
+ ((vo,1,0— Po,0,1) * U)2/16(U Vv, W).
Ir the condition (1) of the theorem is satisfied, either a has 1o minimum point in
(0, 1) or its minimum is nonnegative, and consequently @ is nonnegative in A. For
the same reason, b and ¢ are nonnegative in A if (2) and (3) are satisfiea. Hence the
surface is convex in A. o '

The following example shows that non—convex control net may generate a convex

Bézier surface.
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Ez. 1 Pa,e,0=(0, 0, 1), Po,0,a=(—1, 1, £), Po,a0= =@, 1, h), Po,1,1=(0, O 0),
Pi,30=(1, 0, 0), Po1,:=(0,1,0) (Fig. 5.), U=( 1, 1, 1)/2, V=0, 0, B)/2, '
W= (00t)/2 U, v, w)=o.

K= (h+ht+t)'v’/4+(h+t t’)W’/4+(h+t)wv/4
+(2h+tk+2t vw/4+ (h+8)wu/d,
When 0<¢<1, 0>A>max(— ¢/ (t+1), °—¢, —t, (t2 2t)/(2+t)),Klsnonnega,t1ve
while the control net is non—convex. .

In the following example is constructed a non-convex surfa,ce generated by a

convex control net for which (U, V, W) <0. :

Fig. 5. Fig. 6.

Bz. 2 P3,00=(0, 0, 1), Poso=(1/2. =8,0), Posa=(1/2, 5, 0), Poys=
(0,2, 0), P1,0,2=(1, 0; 0), Py1,0=(~1,0,0) (Fig. 6.), U=(0, —2, 1)/2 V=
8/2, —1,0)/2, W=(-8/2, 2— h, O)/2

When »=0,

‘ K = (—3wu/8— 3wu”/4+'wu/2)h’+0(h)
The coefficient of A2
—3w2u/8—8wu2/4+wu/2=wu(2—3w/2~3u)/4
=wu(1/2—8u/2)/4<0
if1/8<u<1.80 K becomes negative if h is sufficiently large.
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