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‘A CHARACTERIZATION OF
SUBMETACOMPACTNESS .
JIANG JIGUANG (% gg,t) * -

‘ Abstract’ :
The followmg results are obtained: . . .
1. A space is submetacompact iff it is almost dlscretely G—expandable and stnctly

quas1——paracompact
2. A spaceis paraoompact iff it is 8—expandable and str ictly qua31~paracompact

§ 1. Introduction

In order to generalize the classes of metacompact spaces and subparacompact
spaces simultaneously, Liu Yingming introduced strictly - quasi-paracompact
spaces™. In 1984, Zhu Jun “?and Long Bing ™ proved independently that every -
submetacompact space is strictly quasi-paracompact but not conversely.

In this paper, we give a necessary and sufficient condition for a strietly quasi—
Paracompact space to be submetacompact. We also characterize paracompactness by
conditions which are similar-to that of the definition of submetacompactness.

Our terminology follows that of |3]; we do not, however, require paracompact or
metacompact spaces fo satisfy any separation axioms. Let % be a family of subsets of
X. For each AC X, the family {UNA4: UE %} is denoted by % | A. The letter N
denotes the set of positive integers. If n€N and (ny, -, m) €N* for some loGN
then (g, -+, m) @n denotes the element (ny, -+-, m, n) of the set N**1, ‘
* Definition 1.1. “ 4 space X is submetacompact (= 6’—freﬁmble) iff every open‘

cover of X has @ refinement U ¥, satis fyfmg (a) each F, is an open cover of X, and

{b) for each v € X, there ewists nE€ N such that g”~ s point: ﬁmte at . _
Definition 1.2 %" 4 space X ds strictly quasi—paracompact iff every open cover

of X has a reﬁnemeﬁt‘gﬂ} such that F is a discrete family of closed subsets of X
. . n—1 . . . . . : . n—1
and F ,| (X\ H (UF)) is a discrete family of closed subsets of subspace X'\ ¢U1

Manuscript veceived Tuly 8, 1985,
* Tustitute of Mathematies, Smhuan Umversxty, Chengdu, Sichuan, Chma.



152 CHIN. ANN. OF MATH. ~ Vol. 9 Ser; B

qV -%) for each n=>2, ‘
Remark 1.8. Let Q.% be a cover of X satisfying the conditions in Definition:
1.2, It is easy to show by .,jnduotion that_g( Uz '.;) is a closed subset of X for each:

nEN.

Recall that an expansion of a family %" of subsets of X isa family {G (F) Fe
F} of subsets of X such that FCG’(F) for each F € Z.
"~ Definition 1.4.%" A space X is H—Gwpandable (almost discretely B—ewpandablé)
iff every locally finite (discrete) family F o of closed subsets of X has a sequence ¥ =
{V.(F): FEF }Dr.1 of open evpansions such that for ezwh v€X there emsts nEN.
‘such that ¢, is locally ( point) ﬁmte at @.

The following results will be used in the proof of our theorems

Theorem 1.5.%7  Eoyery submetacompact space is strictly quasi—paracompact
but not coméq*sely. ' ‘ .

Theorem 1.6.” A space X s subparacompact iff it is collectionwise subnormal
and submetacompact. o ‘

Theorem 1.7.™ (i) A space is metacompact iff it is almost discretely expandable
and submetacompact. . : ERE ‘, .

(i) 4 Hausdorﬁ" space s pa/mco'm@cwt 'J,ﬁ" it 4s collec—tionwise mormal and
submetacompact . _

Theorem 1.8. A space is pwacompact off it is 0—ewpandable and submetacompact.

§ 2. Characterlzatlons

Theorem 2. 1 A space s submetacompact 4 ﬁ it is almost d'oscfretely f-eapandable -
and strictly quasi—paracompact. . , '

Proo f Necessity follows . from Theorem 1.5 and the faot that every
submetacompact space is almost f-expandable (see [5, Theorem 1.5])..To prove
sufficiency, let # ‘be any Open cover of an almost discretely #—expandable and

sfrictly quasi—paracompact space X . Let CJF/’} be a refinement of ¥ satisfying the
: =1

conditions of Definition 1.2. Let Fj={F (4, s): s€8;} for each ¢ € N. For each : €N
and each s€S;, there exists W (¢, s) € # such that F (i, s) W (¢, s). By induction,

for each % ECJ N, we can find a famﬂy 7°(t) of subsets of X such that:

@) 7)) ={V(s): sE;S’,.} is a famﬂy of open subsets of X for each nEN and
each { EN™

(b) #°(¢) is a partial refinement of # for each iELj N
o W E - . . =1
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© (o). U(Uﬂ';)CL{(U’V(ta, -+, 4)) for each n€E N and ‘ea;ch t=(t, *+, t,) EN" ~

(d) wre)n U (U.gz}) Q for each n=>2 and each tEN"

(e) For each € X, each n=>2 and each ¢€ N" »=1 there exists t,(s) € N such tha:h
’V (P, (m)) is point finite at @. : :

Now we prove this fact. Since 5'" iisa dlsorete famlly of closed subsets of X and
X is almost diseretely §—expandable, there exists a sequence {¥7 (¢)>5 -, of open:
expansion of %] such that for-each # € X, there exists t; (@) € N such that ¥ (¢;(@))
is'point finite.at #. We may suppose that ¥ (¢;) is a partial refinement of % for
each t4 €N. Let n € N and assume that we have defined the family %~ (t) for each ¢ G .

UN‘ such that the condltlons (a)—(e) are satlsﬁed By the induction hypothems

=1

we have o _ . , _
_Q(u%)cg(un//(ti, ver, 1)) for each t= (4, +--, £,) EN" @

It follows from Definition 1.2 that F -'5,,,,1==7;.+1 <X \LnJU’V @1y - ti)) is a

dlscrete famﬂy of closed subsets in the closed subspace X \U ( U (G o ). Since

.37 %4118 a discrete- famlly of olosed subsets of X, there- ex1sts a sequence & E®Ptni1)
= {D(t @tns1, 8): S€Bpny1}Df.,=1 Of Open expansion of F ;.4 such that for each veX
there exists t,,+1 (a;) €N such that D (t@t,.1(w)) is point finite at . For eachs€ Sy
set ' o )

V ({@tnis, 8) = D(teatm, 9N (a1, o n(X\U(u.%))

By Remark 1.8, V(tOtn+1, s) is an open set for each sES,,+1. Then ¥~ (t@t,.+1)=
{V (t(—Bt,,+1, s): sE;S',.+1} is an open expansion of F! n41 for each t,,1 €N and ‘

(UL (6 Dtnsa)). ﬂU(U%) .
Thus the collection {f ®: 1€ Ni}me_ets the conditions @), (»), @, (©). o
se0 (c), by (1) and
Fatt, O\JUP Gy o )T @@z,
for each #,,1 € N and each s€8,,; we have v . , i
U wsye(Qur s - 0)u (UFuJQur s o )

(CJUP Gty oy ) )U U (D)

RAlT y
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We have now defined the family 7 (¢), t»-G.:q N'. By (a) and (e); ()= CJI ¥ (41,

«++, 1,) is an open refinement of ¥ for each t= (1, ta, +) EN ¥, For each 4, n€N,
5913 N ‘ v | . o o
gt - M={tEN": t,=i for each k>‘n}'

Then T= U U T, is eountable and {.}f ®: tET} 1s a countable family of open

1a=1
refinements of %". For each x€ X, there exists nEN such that € UZ .. By (),
there exists (¢,(@), ++:, t.(@)) € N* such that ¥ (41(2), *-+, t.(#)) is point finite at .
Let t,(#) =t,(2) for each k>n. Then i (x) =<t1(@), ***, 1. (%), tns1(2), ->€ET. By (@),
ot U #1(a), ++, tmy1(2)) for each m=>n. Therefore, 7#°(¢(x)) .ispoint finite at =.
Thus X is submetacompact.

Definition 2.2 A space X is collectfwan,se subnormal q,ﬁ” for  each discrete
collection F- of closed subsets of X, there ewists a countable Jamily ¥ pu=1 0f open

- ewpansions of F "such that X = U E,, where B, is the set of all #€ X that are not

condained in two di ferent elemenis of ¥ .. \
_ Every colleotlonmse subnormal space is evidently almost dlscretely
0—expandable By Theorem 1.6, we have the following corollary to Theorem 2.1.
Corollary 2. 3 A space is subparacompact iff it is collectionwise subnormal and
strictly quas'o—pa/racompact \ '
'~ By Theorem 1.7, we also have the following corollaries. ;
Corollary 2.4.°" A Hausdorff space is paracompact iff it is collectionwise
normal, and strictly quasi—paracompact. : :
- Corollary 2.5. A space X is metacompact q,ﬁ" it s almost discretely
‘ ea:pandable and stmctly quasi—paracompact.
Recall that a cover % of X is semlopen ifs€ Int:S't (w, U ) for eaoh wE X.
Theorem 2.6. The following are eqm/valent fo'r a space X:
( ) X ds paracompact; 1

(11) X is stmctly quasi—paracompact and e'vefry open cover o _f X kas a mﬁnemgm
‘CJ ; satisfying Dt
=1

(a) each ¥, is a semi—opén cover of X, and
(b) for each »€ X, there exists nE€ N such that G, islocally finite at @; -
(iif) X ds strictly quasi-paracompacs and 0—ewpandable
Proof Olearly (i)=>(ii). (iii)=>(i) follows from Theorems 1.8, and 2.1, To
prove (ii)=>(iii), let # be a locally finite family of closed subsets of X . Set
8 ={%#: & is a finite subfamily of ﬁ'} v
For cach ZES, set V(Z)=X\U (F\Z). Then ¥'={V(#): BES} is an open
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cover of X such that each element of 7~ intersects Jonly finitely many elements of
.9' By hypothesis (ii), there ex1sts a reﬁnement L_J% of ¥ satlsfymg the

eondltlons of (ii). For each F €. and each i€ N, set

' ' H(F, i) =Int;S"t(F 9,

, Hy={H(F, i): FEF}.

It is easy to prove that {H D is a sequence of open expan-sion of .# " such that for

each #€ X, there exists n€N such that 5, is locally finite at «. Thus X is

0—expandable . .
Corollary 2.7. 4 space X ds pwracompact iff every op(m cover o f X has a

refinement U G, such that

(a) each Y, is an open cover of X, and
(b) for each s € X, there ewisis n € N such that 9, is locally finite at .
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