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Abstract

The aim of this note is to- generalize the Julia.lemma in the classical theory of

functions to analytic operator functions.

| 8§ 1. Introduction

Julia’s lemma™ in the classical theory of functions has been cxtended in
several cages %4 The aim of this note is to generalize Fan’s result™ {o analytio
~ operator functions. : :

We follow [B] for notation. Let H be a complex Hilbert space and L(H) the
Banach algebra of all bounded linear operators on H. 4 will always stand for the
open dise in the cdmplex plane, i.e., Ad={z: |z|<1}. We recall that Nz 4)
. .represents the set of all such a,ﬁalytié functions f with domain 4 that {f(2): z€4} is
a family of bounded normal operators on H, commuting pairwise. As usual, for two
selfadjoint operators A and Bin L(H), by A>B we mean that A—B is positive.
“ ''he notation A>B means that A— B is both positive and mvertlble

§2. Two Lemmas

Lemma 1. Let H be a complex Hilbert space. Suppose A and B are elements o f
L(H) with |AB™|<1. If N € L(H) is a normal proper contraction (i.e., |N|<1)
commuting with both A and B, and if 0<p<1, then the inequality

|(A—NB) (B—N"4)~| <p .1)
s equivalent to
' (B*— A*N) (B—N*4) < (1—p*) 2 (I—N"N) (B*B— A*4). (1.2)

Proof From |N*AB™|<1, it follows that both I—N*AB™ and B—N"A=
(I—N*AB™)B are invertible. By Lemma 5.1 in [5], inequality @d.1) is
equivalent to

(A*—B*N*) (A— NB) < p*(B*— A*N) (B—N*4)
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which may be written in
(1—p» (B*—4"N)(B-N"4) :
<(B*—A'N)(B—N"A)— (4*—B*N*) (A—NB) :
=B'B—A"A+A'NN'A—B*N*NB.. . . (1.8)
By Fuglede-Putnam’s theorem'®, that N commutes with both A and B 1mplles
AN*=N*A, BN*=N*B. Then ' s - '
B*B—A*A+ A*NN*A—B*N*NB= (I N*N) (B*B A‘A)
Thus inequality (1.8) (and henee (1.1)) is equivalent to
(B*—A4*N) (B— N*A) < (1 p®)(I—-N*N)(B*B— A’A),
which completes the proof.
Lemma 2. Suppose A is a proper contraction on a comples Hilbert space and b
is @ positive number. Then the following inequalities are equivalent. '
@) [(T—4) (T—A"4)"(T— 4% | <b,
2 T-4HT—-4)<b(I—A4*4), '
®) [A— (1-+5) ] <b(1+b)"
Proof See Lemma 3 in [4].

'§3. The Main Result

Now we are ready to show the followmg Julia’s lemma for analytlc operator
functions, which genera,hzes the one for operators of K. Fan™, .~ IR
Theorem 3. Lot H be a comples Hilbert space, and let f € Nx(4) with- |£)|~
<1 for all z€ 4. Suppose {N.} is a sequence o f normal pfroper contraction on H such
that : : :
(1) each N, commutes with f, i.e., N, f(z) =f()N, for all z in 4, ,
@ lim | 7-1,| - | | I

® m|I—f(WV)]=0,
(4) lim I —{I—F(N,)"f (N,)HI—NiN.}*| =0 for some real number a,
(8) o=lim inf{|I—N:N Al (T=WIN) 3} <oo.

Suppose TEL(H ) is a proper contraction (not necesswrfz,ly normal) commuting
with both Ny, s and f. Then we have

) L @I @) @I - @) -
. <aol (I—T) (T-T*T) (1) 3.1)
(b) If (I~ T*)(I T)<b(I~T"T) for some b>0, . (3.2)
th R
. T @) HI—F (T} =abolT— F T F (DY}, (3.3)

() If|T—@+b)*I|<b(+b)™" (b>0), : ' - (3.4)
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then

£ (T — (1+abe) I | <abe(1+abe) ™, ’ (8.5)
Proof (a) Suppose N € L(H) isnormal. Then o
1V =sup{|z|: 2€ 0 (W)} =sup{|<Na, a5|: ol =1} (see [6]).
If N is invertible as well, then o(N)={z: 27*€c(N)} and hence |N-1| 1=
min{|z|: 2€a(N)}. Since N, is normal with |N,|<1, it follows thad: I-N,N, is
" pormal and invertible, and thus
II(I N.N,) | *=min{|z|: 2Ec(IT—N,N,)}
~ =inf{{(I—N:N,)a, o): |o| =1}
=1—sup{{N Nz, a): |o| =1} =1—|N,|2
Set m,=1—|N,|? M,=|I—N,N,|. Then it is readily seen that
0<m JI<I—N:N.<M,I , * (3.6)
and

lim inf —2-=o,

n=-»c0 n

Suppose n>é. Without loss of generality, we may assume that

n<nforallnm, 3.7

n

since {N,} may be replaced by a subsequence if necessary. Let b be a positive
~ number such that

: I-T)I-T"T)~*(I-T") | <b. ' 3.8
Notmg that N,—>I and hence m,—>0 as m—>co, one may choose 0<a@,<1 so that
b(l_-;-a,,) =m, (Cast away finite N, ’s if necessary). Then, by (3.6) and (3.7),

bI<(1-—- a,,)'l(I N;N,)<nblI. o 3.9
An apphcatlon of Theorem 3.1 in [5] shows that | (N, | <1 and hence I—
SF(N.)*f (N,) is invertible. From the fact that N, is normal and commutes with f,
we deduce that I —f(N,)*f (&,) commutes with (I—N,N,)~* (F. P. Theorem, [6],
p. 800), and thus {I—f(N.)*f(N,)} (I —N,N,) ™ is positive and invertible,
Put :
8n= oI —{I—f(N.)"f (M)} (I—DNN.) 7,

ie., : ' _
sy=sup{|<{I—f (N.)'f (N.)}(I—N.N,)*w, 2)—a|: |a]=1}.
Then &,—>0 by our assumption, and hence ¢=>0. Thus

(a—e) IS{T—f W) F WD}~ NiN) < (a+e) 1. (3.10)
Combmmg (8.10) with (3.9), we have v :
' bla—e)I<S(L—ap) ™ {I—f (NV)*f (Nn)} <nb(a+s,) I, (3.11)

gince IT—N,N, and IT— f (NV,)*f(N,) are commutative and both of them are
invertible.
Observe that, by Lemma, 2
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J|(I T) (I T*T)‘l(I T*) |]<b 2 /
is equivalent o .. . N
(I T*) (I T) <b(I T*T)
- Thus 1nequa.11ty (3 8) implies that there exists a >0 such.that o .
I -T Ty~ (I-T") (I - T)>a,. ey
Since | N,—I|->0 as n—>co,  we may assume tha,t S ‘
- b(I T*T) (I T*N")(I N*T>> 5o
. (I—T*N,)(I—-N;T)y<b(I—-T"T)": , :
for all n, by throwmg away finite N, ’s again if neceSSary From (3 9), 11; follows_'
e o T’N,.) (I— N*T)<(1 a,,) —1(1 N*N,.) (I T*T)
since 7' commutes with NV, (and hence with N;). Then we have
| (@—N.) (T=N:T) ™| <a,
by Lemma 1. .On. the other hand Pmk’s theorem i’or operator functlons, 1€ei,*=
Theorem 5.2 in [5], shows that : ' S

Il{f(T)—f(N,.)}{I F (N f(-’l')} 1II<I|(T N»)(I N*T)"III

Thus

NETey) —f(Nn)}{I_f(Nn) f(T)}'lll <a.. _
Observing that f(XN,) is also a normal - proper’ contra,ctlon, || i (T) || <1 and
S@)f(N) =f(N.)f(T), one can easily see by Lemma 1 again that (3.12) is
equivalent 1o
AI=f I fFN)HI— f(N)*f(T)}
<@—a) H{I—f W) f(N)HI-F(T)'F(T)},
which implies- o
{I—fD*fF NI HI—f D) (T)}
<bn(a+e.) {I—f(D)"f(T)}
by (8.11). Since f((N,)—I and &,—>0 as n—>oo, it follows that
{I~f @) HI—f (D)} <nab{I—f(T)*f(T)},
which, by Lemma 2, is equivalent to ‘
H{I=fTMHI—FT)F D)} HI—F (D)} | <abn.
It is clear now that assertion (a) holds since b, % are any pOS1t1ve numbers
satwfymg the conditions:
II=T)«(T=T"T)"*(I-T*) | <b, n>e.
(b) First, from || £(0) | <1, we have , '
a0=|{I—f (O HI—£(0)*f (0)} I - ()"} >0, (3.13)
by setting 77=0 in (8.1). Thus ¢>0 for ¢ is not less than 1, Lemma 2 tells that
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(3.2) is equivalent to (8.8) which implies, according to (3.1),
. ' HI=F@DMHI-fT)f @D} {I—F(T)"} | <abe.
This leads to o NN _
U—fMHI-fMI<abe{I-f(D)F @Y = (3.19)
by one more use of Lemma 2. “Assertion (b) is proved.
"(0) In fact, we have shown in the above proof that (3.4), which is equivalent
o (3.8) by Lemma 2, ‘implies (3.14). Moreover, (3.5) is a consequence of the
latter, again by Lemma 2. This amounts to saying that assertion (o) bholds. The
proof is complete. o
.Remark. (1) If N,=A.I, 7\.,,EA then the coefﬁomnt ¢ in Theorem 8 is
precisely equal to 1. ‘
2 (3.13) may be rega.rded as an extension of the mequahty (296.4) in [7]'
(a,lso [1], p. 88): Co ~ _
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