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STRONG UNIFORM CONSISTENCY FOR
DENSITY ESTIMATOR FROM RANDOMLY|
CENSORED DATA

ZHENG ZUKANG (& 2 E)*

Abstract

Let X3, -+, X, be a sequence of independent identically distributed random variables
with dlstnbutlon function F and density function f, The X; are censored on the right by
Y,, where the Y, arei. i. d. r. v. s with dlstnbutmn functlon G and also mdependent of the
X;. One only observes

© Ziy=min(X;, Y))  §;=Izcry-
Let §=1— F be survival function and S be the Kaplan-Meier estxmatorm i. e,

I (1—--—:!——)0(0, r<max Z;,,
. S(ﬂ';): Zp<z n—i+1 . g

s r>max Z;,
-where Z, arethe order statistics of Z; and d, are the corresponping censoring indicator

functions. Define the density estimator of X, by .
% — —in 2 '
@)= F(x+h,./2)h F(@—hn/ ),

where £=1—8 and h,(>0){0.

In this paper the author uses the strong approximations to get the strong
uniform consistency of fa(x) under certain assumptions and also obtains better

~order, i.e., :
N s, 13— 5@ =0 ((H52)")
where T“<T=inf {w:H (#) =1} and H (o) =1— 1—F(2))(1—G(®)).

§'1 Introduction
Suppose that X3, Xg, <+ X, are i. i. d. random va,rlables with density funotmn

1(&7) The emplnca,l densﬂsy can be deﬁned as
n, 2 F” n, 2 ) o

n

where F,(¢) is the emplncal dlstrlbutlon funoction of X, and b, is the step length.
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$,>0, h,l0.
The X, are censored by Y; where Y o are i. 1 d. random vama,bles with
dlstrlbutlon function G, and we only.observe .
Zi=min(X,, Yy); 8i=Ix.v,
We can use the Kapla,n—Mewrm estimator instead of the emplrlca.l distribution
function above, i. e., #(z) =1—F (o).

3w

a;<ma.x A

S"(w)——-{zgw(l n— '?,—l—l)
0. w=>max Z;,

where Z are the order statistios ~of % and 8y are corresponding ocensoring
indicator functions. We define .

fitay = Lot~ Pa= B2 50,100, _‘ @

7)

In this paper we use strong apprommatlons to show that £, and fi are
. . 2/5
uniformly almost sure consistent with ‘rate O ((%—Vi) ) We need following

lemmas. A A
Lemma 1.™7 Suppose that {y} és a sequence of 4. . d. random variables

‘ung formly distrébuied on [0, 1]. Let F2(2) =l 2Tyt and o, (t) =~'n (F(8)—1). If

the underlying probability space s rich mough then there ewists-a sequence {B,} of
Brownian bridges such tha!

_1 8 - "
P {oiltlgl | () = Bu(2) | >n 2 (A1 (logn) +2)} < Ay exp —4zx) 3
Jor all z, where A;, As, Ag are absolute constants.

Taking z(14-8)logn/A; (8>0), we have o .
Sup | (1) = Bu(9) | =0(n**(logn)) a. s. : @

:since Ay exp(—Agz) = Asexp(— (1+6) logn)j = As/n**® and. then use Borel—Oa.ntelh
lemma,.

Remark. ‘For any Sequence of i. i. d. ra.ndoin variables X ; with continuous
«distribution function F, let o= F (Xj). Then 4 are umformly dlstrlbuted on [0, 1]
.and Lemma 1 can be still appilied. :

. Lemma 2. Let B(t) be @ Brownian bridge. If 0<h<1 and v, §>0, then

o{ sup sup |B(t+s) —B()] >foh1/2} <R(s)h‘1 ot/ (@te)

0<i<l~—h 0<s<
-where R(8) =8+ (82/8%). ;
Remark. If we take =1, then

p{_sup sup | B(t+5) — B(2) [ >0h"/} <40h~%6~/2,.

0<i<l—hO0<s<

_Furthermore, supposing that {B;(¢)} is a sequence of Brownian bridges and h=h>
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0, 1>h,{0, v=2,>0, we have
p{ sup sup | By(¢-+5) — Ba (t)|>wnh””}<40h‘1 ‘°~/3

0<t<l—hy, 0<s<hy,

If S hle "/3< oo, then by Borel—Oantelh lemma,
sup sup | B, (t+s) B,.(t)|<fv,.h1/’l a. S.

0<t<l—hy, O<s<bh, n

§2. Strong Umform Cons1stency of fulz) "

Let X4, +++ Xabei.i. d. samples drawn from 3 popula.tmn W1th densﬂ;y fin
" R™, Let b be a positive integer and «>0 a constant. Denote by Oy, the class of Opa
densities f in R™ satisfying the following condition: » ‘

| f® (ki, oo Tom; @) | 2 |0 Sf /05700 | <o

for all o= (w1, **, ¥m) € R™ and ky+++- +kn=Fk.

Chen Xiru™? (1983) proved tha.t there exists a kernel estimate f,(s) = f,. Xy, -

»: @) such that , -
lim lim { in Pf<sup 1@ —f@] <a<1og /)M 1.

Q>0 N>R

He also got the followmg result®™:
There exists a kernel estimator f, such that

hm(log n)"‘""‘”’"’n’” ‘”*""Sﬂplf»(w) —f@)|=0 a.s.

fn=rc0

for any f € Osa.
In this Seotlon we W111 prove tha.t for m=1, k=2, the empirical density can

reach the rate (log n/rn.) (Lemma, 3) Since the method tha.t we use here is: strong
approximation to the Brownian brldge, and is qu1te dlﬂ'erent from Chen’s method,
we still give the whole proof

Let X1, X, - X,bei.i d. random variables with distribution function F
and denfity function f. Denote by F,.(+) the empirical distribution function of X,,

 g=sup{e: F(2)=0}, b=inf{w: F(a)=1}.
Assume —oco<a<b< oo, and we have the following lemma. L :
Lemma 3. If f has second derivative and for &>0 there is a constant M suok
that '
sup f(w)<M sup | (@) | <M,
at+e<wr<b—e

e<e<d

then for n large enough _ R
swp | Fu(@)~ @) =0((ZE2)") a.s.

a+e<w<b—s

Proof Observing .
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su

N [(F, (w+hn/2) F(w+hn/2)) (Fn(w— hn/2) —F(o- h../Z))]

8+, /2<2<b -h,./z :
B(F(w+hn/2)) Bn(F(w h../2))

n

\/_(F (@+hy/2) = F(w+hn/2)) Bn(F(w+hn/2))’

n

< sup-

a+hy/2<x<b—h,/2

4+  sp |V, (o=hu/2) = F(whh,./z)) B(F (o= h/2))|

a+hy/2<g<b—h,/2
and assummg that 2 h;le™/3< o0, for n large enough we obtam

| .,+,S“B,_s f[F(w+h /2)nF(w h/2) _ F(w+h,./2) nF(m h/z)]'v ;
< sup ,,(F(a;+h,,/2)) —B,(F (o= h,,/2)) +O(n_1,2(10gn)h_1) an
srecats—s S . ®
vF}urther_more we have : : :
Path/D—F (“’ D @)+ L@+ ] ©

fl

by Taylor expansmn where w<w*<m+k,,/2 w—%—<w**<m Hence

Ju@)=F @~ L @5 @] |

,,(F(a;+h,,/2)) — B,(F(a— ,,/2)>+0<1°§n) a. s.
ny, /o e

a+s<w<b —&

1 '
<S—= sup
N ate<wr<d—e

n

or

sup lf (=) f(w)|<

== Su]
ate<w<bd—e \/ Gte<o<b—g |

+0(max(lzlin,:hﬁ)) 'af’. s.

B (F(w+h,./2)) B (F(w h, /2))]

' Notice that . St e
i B»(F<m+hn/2))—-Bn(F(w_hn/‘?))’
; T

n

sup
ate<y<b—e

== R 1Y
~F(a +c—h,./2)<t<F(b—s—-h.,/2)

B (t+f(u*)h,.) - B, (t),

Where u<u <u+h For n la,rge enough it is less tha.n

B(t+s) B.(2) ' . (Mk,,)l/a ’?;

sup sup > . 8.

0<t<l—Mh, O0<s<Mh,

Therefore RN

_ logn, V. )
osB, 11050 =0 (m"‘X( o i)
Now we choose A,=n"5(log n)1/5 V - ~/Blogn. Tt is easy 10 verify

2 h;le™3 = X /3 (log m) ~M5goen < oo, ¥
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 The statement follows from = : <
. max(loin ﬂz _ I;'}z”)= \/‘ 6 'n;” 5(log.n)2/ 5,
. Corollary. If X, arei. 4. d. random variables uniformly distributed on (0, 1],
then ' - ‘ '
' !
|£.@) 1] -0 (L2 )

. In pa/rtq,cular, hzt=loglogmn,

stp
E,,/2<a=<1 —Iin/2.

provided h;'< 1

o<——-—“°g“ N !

nh, n

Proof Ohoosing V =~/ 8log [n(log rn) (log log n)*4h; 1] B>0 we have h;le~%/8

= [n(log n) (log log n) "] * and —2== 0 ( “N//l;’g” ) The statement follows from
f(@)=1and " (2)=0.

§ 3. Strong Uniform Consistency of f. (x)

Now we let Xy, X, -« X, be a sequence of i. i. d. random variables with
continuous distribution function F(z). The X, are censored on the right by Y,
(1<,<n), which is a sequence of i, i. d. random variables with continuous
distribution function G(y) and also independent of the X, sequence. One only
observes _ ’ ‘

Zi=min(X,, Yy), d=Ix.<vpe
Let S (a;) =1—F(z) be survival function and @(w) be the Kaplan-Meier
estimator™, i, e., |

. 1 o
S’(w) ={z<,l;<[¢1—(m) , . s<maxZ,
0, o=>maxZ;,

where. Z(.) are the order statistics of Z; and d¢ are the corresl)ondmg censoring
indicator functions, : ‘

P F(z)=1-8().

Define ‘ )
H(z)=P(Z<2z)=1—(1—F(z) 1-G(a)),
H(s) =P(Z<a, a=1)=jtw'(1—a(s))d1r(s).<

Lot T,<T—inf{s: H(s)=1}, such that 1—F(T.)>(2(1+3) l‘%’_’l)”’(»m, Bumm
(1 —H (Tn) ) —17
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U, (@)= [ﬁ BAE) (1= H ()0 (6)+ Bi(a) (1~ _EE)t

| [ B@a- ~HO)HE), G
where B(), B1 (a;) are Gaussian proceSSes with - -
- EB}(x) = EBL(z) =0,
EB"(w)B"(s) —min(H(z), H(s))— H(a:)H(s),
EB,(2)B;(s) =min (H(z), H(s)) — —H(2) H(s), -
EB;(2)B3(s) = mln(Hl(:v), Hi(s)) Hi(w)H(s)
Furthermore™

{B°(w), ‘—°°<w<°°} {B(H(u)) —oo<u<eo},

{Bi(2), —°o<w<oo} {B(Hi(u)), —oo<u<oo},
‘where B(+) is a Brownian bridge. o
Lemma 4, Under above assumptwm _ :
P{_sup . [n2(8(a)~ 8 (w)) 8 (w)U (fv) | >¢(ﬂ)}<Qn““‘” _

®

where Q s some . constant and -
» 7 (n) = O (max (n~1/3p2 (log n)®2, n~Y2p%log n, % b5 ( logn)2)).
In particular, T,=T*"<T s o constant and we can ﬁnd s>0 such that T*+ 8<T for
8>0. We have
sup |n1/2(8' (o) — S(m)) -8 (a;)U (@) | —O(n 1/ (log n)3/2)

—e°<a-\T'+

Now by deﬁmtmn 2,
| Fi@) = S(m—h,,/2)}-b—S(w+h,./2) )

n

‘We observe

sup | @th/2) = F(a—h /2)) = <F<w+h,,/2> —F(a—hy/2))]

—co<P<T¥*t8~hy,/2
_ |s(@— h/2)U (a; h,,/2) S(a;+h,,/2)U,,(w+h,,/2)]

‘< sup e lx/n(S(w hn/2) — S(w 7a/2)) =8 (o~ ﬁn/2)U (e—h./2)|

—oa<z-<2'*+s—n /2

—o<@<T* e~

=0(n /2 (logn)*/2h;1).

Hence

+ sup /2—|\/n (S(w+h,,/2) —8(@+h,/2)) -8 (@+h,/2)U, (o+h,/2) |

sup
—co<p<T*t8—h,/2

,\/n[f (&) — (F(m+h/2) F(m h/2))],

g sup

—oo<@p<T*5—h, /2

n

S(w h/2)U (w h,,/2) S(m+k,,/2)U (a;+h,,/2) l

+0(n"/*(log n)*/2h;1)



 Noo2' Zheng, 7. K. STRONG UNIFORM CONSISTENDY _ 173

<

—co<w<T*+6~—ln/2 ‘ i n

S (o—hy/2) =8 (@+H/2).

n

+ sup |Uu@)|>  sup

—co<p<T*+e —°°<Q<T*+s—h"/2
L0 (n~1/3 (log n)3/2h;1) - -
We denote O; various constants below.
Lemma 5. Under the conditions of lemma 4 _
sup  |Uu@)|=0(~Togn) a.s.

—co<p<T*+e

s

Proof Since

|U.(2) | <sup 'B?»@”fl (ini[((ss)) et 1'-]—3%{0()0)) +sup| Bi(s)| K«. "—‘(11151[1'(‘2))2

and
—co<p<T*+6

sup |U.(2)|<OC: _ﬁ‘i‘f_rp»+s‘ BY(@)|+0>__sup |B:(@) [,

we can use the inequlity™

Pl sup |Bi(0) |>Zy<2oxp(—22%), Z>0, i=0, L.

Let Z= (logn)*/2. Thus , .
P{ sup | | Bi. (o) | >~/1ogn }<-3-27,
by Borel-Cantelli Lemma, the desired conclusion follows.

Lemma 6. Suppose that F and G have density functions f and g respectively
such that sup = f(@)<M, sup ° g(@)<M for some constant M. Then

—co<p<T*+e/2 -*-oo<w<Tf+s/2 . ‘ »
sup l Un(fv: +rh‘n/ 2) —Un(@—hn/ 2) l —0(max( STogn, BV,))  a. s
—oo<p<T*+e—Nn, " » ;

provided 3 hyte "< oo,
Proof By the definition of U,
U (o +n/2) —U,(o—h./2)]

rwa dH(s) +lB},(m+h,,/2)—B},(m—h,,/2) ‘
onys (I—H (s))? T—H (w+ha/2)

< sup = |B®)|

@—Np/2<s<T+hn/2
T=H@—h/2) 1—H(@+h/2)

+ s (BGI[ Q-HE)PHE).

+ | Bt (@—ha/2)

. @=Tp2<s<@+hnl/2
Since
H(w+h,/2) — H*(0—1./2)
< H (0+h,/2) — H (o—ha/2)
= (1~ F(o—h,/2)) (G(o+h,/2) —G(o—N/2))
+ (L= G (@+ha/2)) (F (@-+h,/2) —F (@—ha/2))
<2Mhy,

it is clear f-hat‘ .
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T )
<0, | Bi(@) |+ | H (+h,/2) — H (2~ h,/2) |
,Bl(a;+h,,/2) —Bl(a—h,/2)]|

—en<z-<T‘

+04 sup
—oo<.'va7'*+s ~hn/.
1 —_—
+0_sp_ B S | H(ath/2)— (o= h/2) |
 <2MC3h, sup | B3(@) | +0, sup lBl(a;+h,,/2) =B (z—h,/2)|
—co<p<T*+te — <yt~
+2MO;h, su'g“w‘L | Bi(2) |

=C, sup |Bl(a;+h,,/2) —Bi(2—h,/2)| +h,0(NTogn) a. s.

—co<y< T*4

by the proof of Lemma, 5. Therefore it is enough to show
S, ,,u | B @t/ 2) = Bi(o—ha/2) | = OGR/7,).
—co<p<T*}eg—

It is clear by (8), for n large enough, that
]Bl(a;+h /2) =B, (z—h,/2) | >~/ 20 hi/2y w)

P( sup
) —°<><.'¢<T"+s —hnl
<P( sup sup |B(¢'+s)—B(s") | >~/2H . hy'2V,) N
0<t’'<1-2Mh, 0<s'<2Mh,,
=P( sup sup. |B(#+s) —B(s) | > () ¥21,).

0<t'<1-h}; 0<s'<

So
o B%(t+h,./2)"B'1‘(t_h"/ 2 ) <SV2M BV, a.s.

su
—.eo<t<T'-61:)e—hn/2

Since 2 h;'e™"/%< oo, it completes the proof.
Combining Lemma 5, Lemma 6 and (9). we obtain
Fo ) — F(o+h, /2) F(w h,/2) ,

n

—°°<0<T*-1—€—-h 2/2
N Togn V. —1/8 8/27 1
=0 (max ( NI/ \/~ n2(log n)3/2h; ) (10)

Theorem. Suppose that F and G have density functions f and g respectively
sup g(w)<M Jor some constant M. Furthermore

such that - - su;g“+ fley<m, 1p
| f (o) | <M for some constant My, Theu

assume that " (@) evists and  sup
. . —o<p<T*+e

sup,, /3@~ f(@)| =0 ((2E2Y") 4,

—co<p<T*

Proof Assuming 2 h;le™"/A< o0, by (6) and

”

|

sup
-0 <P T"+s —hnl/2

<

| fo(@) —f(@) | +Oh2) a.s.

—co <a;<7‘*+s—h nl2

we have

sup | fn(w)— —f(@) | = max(‘/lonﬂi \/Vn;;,“ ’ n—lliglzg}::) 8/2’ k?»))

—co<p<T*
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for large n. Let k,=n""/>(logn) 1/5 Y,=~/6logn. Then I h;'e™"*?< oo and

—-1/3 3/2 E s . :
lgn _Ue  n " COEM j)= o/ Gnote(logn)™",

This proves the theorem.

s
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