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ON COLLECTIONWISE SUBNORMAL SPACES
C ZmoJus (% for

Abstract

Collectionwise subnormality is characterized by some covering properties. It follows
that collectionwise subnormality is preserved under closed mappings.

In paper [1], J. O. Smith gave some characteristic properties of collectionwise
normal spaces by covering properties. Naturally, we shall ask whether collection—
wise subnormal spaces can be characterized by covering properties. In this paper,
we give an affirmative answer. From this result we prove that collectionwise
subnormality is preserved under closed mappings,

We denote the union of family % by #*.

A space X is called weak f-refinable if every open cover of X has a refinement

oo

nL_Jl 9, satisfying (1) %, is an open collection for each n, (2) each #€X, has finite
positive order with respect to some ¥,, (3) the open cover {Zu}n-y is point finite.
The open cover ,Q 9, is called weak f-cover. |
A weak 9—;oover ,,ng" is called boundly weak BO-cover™ if there exists an
integer IV such that
g {0€X: 0<ord(s, ,)<N}=X.
Lemma 1. (Long Bing™) For a space X, every boundly weak B-cover has a

re finement F = Olgr n Such that Fo={0}, for each n=>1, F, is a discrete closed

n—1
Jamily in X'\ L:,(l)?f and Z is a cover of X.

A space X is collectionwise subnormal (J. Chaber [4] ) if for each disorete
closed family % of X, there exists a countable closed cover & of X such that for
each BE&, F 1p has a pairwise disjoint open in B expansion.

J. Chaber proved in [4] that the above definition is equivalent to the
statement that for each disorete closed family .# of X, there exists a countable
family {",}7-1 of open expansions of & such that for each # € X , there exists an n
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with ord(z, 7, ,,) <1. In the following, we regard this characteristic property as the
definition of collectionwise subnormal spaces.

Lemma 2, Let X be a collectionwise subnormal space. I f f ={F,: r€ F} is @
discrete closed family which refines open cover ¥, then there exists a o—disorete closed
family F ' and Gs—set A such that

1 F're ﬁnes v,

2 *CACF ™,

“Proof Since & refines 7”, we see that for each r€ I' there exists a V,E¥
such that F,CV,. By the property of collectionwise subnormal spaces, there existy
a countable family {7/}, of open expansion of # such that for each s€X there
is an n with ord(=, ¥7,) <1. Clearly, we may assume that each ¢, refines A, Vo=
Vo r€l}.

Let S,=X\7% Then 8, and & * are disjoint closed subsets. Note that X is
subnormal (i. e., each disjoint closed subset pair has a disjoint Q;—expansion).

Hence, we have Gs—sets [ | @, and ﬁ1 W ., where each @, or W, is open in X, such
. =1 i= g

that F*c[) Qu SuC[ )Wy and (N @)n(Q) W)= Lot

m={WmﬂV- Ver UV, rel},
o = {X\ U {gm\ {g}} g€ g,.;}, and

I= Uﬁ’,.;.

n,6=1
Olearly, %, is an open cover of X . It follows that each F !, is a disorete closed
family and Z” is a o—discrete closed family.

Let A= ﬂ Q.;. Then A4 is a G; —set and F *C A. We show that A% ’*. For
each wGA by the property of {¥# }7.1, there exists an n. such that ord (z, ’V,,,)
<1. Smce wdfﬂ W ..., there exisls an ¢, such that a;GEW,,m, Since %, is a cover and

SEW iy @ must be in some V,,.,., but ord (#, ¥")<1. Hence, there is one and only
one member V,,; of ¥, such that €V .. Therefore, ©€ X\ U{Z i\ {Vnro} } <
7 nieF ", This ompletes the proof.
~ The main result in this paper is the following theorem.. '
Theorem 1. For every space X, the following conditions are equivalent;
(1) X is collectionwise subnormal. :
(2) Every boundly weak f—cover o f X has a a—dwscrrete closed refinement.
3 E'vefry boundly weak O—cover of X has a c—locally finite closed refinement.
() Efveq'y boundly weak 9—cowr of X has a o—closure pq’eseq'fv'mg closed refine-

ment.
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(5) Ewery boundly weak G—cover of X has a o—cushioned refinement.

Proof It is clear that (2)=>(3) =>(4)=>(5) We show that (1)=(2) and (5)
=D.

(1)=>(2). Let & be a boundly weak §—cover of X. By Lemma 1, there exists a

refinement % = UQIE’,. such that Z,= {0}, for each n>1, %, is a discrete closed
n=0
n—1 .
family in X\ | ] %; and & is a cover. We denote the set of all positive intergers by
=1 N

N. For any 4o, 41 €N, we set Fi;, = {f}, Gy—set A,,=0 and open set Gii,=0. Suppose
that there exist disorete closed families Fiaty (G0, **+, ) EN¥L 1<k<n, and Gy

sets A4,,. ,,‘=ﬁ Giginj (B0, +* @k)EN”"‘l 1<k<n—1, jEN, such thap

@ each %, .i, Tofines ¥,
(ii) for each tuple (g, +--, %) EN**L f<n,

oo k
1=U1 F ,‘;,‘,‘,DA%...,,,DQ,’;\E Giyty
For k=n-+1, we construct diserete closed families F iy, and Qs-sels
A.;,...;n = m G,;,...;,;,;..
i=1
Aj first, we note that for each tuple (4, -, ’1;,,,) with m<n we have U Gyt

D U Z#;. In fact, it ig clearly true for m= 1 If it is also true for m=s<n, then

8+1 8 8
U Gi,...gj = G@,...; 7 U Gi,,,..." +1:J U Gio""; U Aio---ig
J==;l . I=1 =1 i ,

U Gy (. gz;\@ Gt DL_J G US| 7.
This means that UG‘., D U Z5. Since gé’ is a discrete olosed family in X \"—1
=0

, B, ={ .\U Giasiyt Beﬂ} is a diserete elosed famjly in X. By Lemma, 2, ’chere
exists a o—disorete closed family U Fiswin a0d a Qyset A, such that U Frai
refines & and U Ftoy DA DB, Sinco B!*= ,%’*\U Gioesy theso F ., and

A,,..;, satisfy (1) and (ii). By induction, we see that for each tuple (4o, ++-, 4,) there
exists a diserete closed family #;,.,, and a Gy-set A,..,, and they satisfy @) and
(ii). ' |

We set F = U{F;,..,: (Go, **, 4,) EN**L n=1 2, 8...}. Then it is clear that ZF
is a o—discrete olosed family which refines &. Now we prove .Z-is a cover. For any
#€ X, there is an no with € #,,. If € A,,.., with some (ig, -+, 4,) € N*** where

b <no, then, by (i), weA,,...‘chl Tl T, If
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" me—1
a;di U {Ai,..gkl (’io, seey ’l;k) e 1L=% Nj+1},

then there exists a tuple (B0, ***y o) with waQlGi,...g, and hence mefé*\g G‘,,,l..;,.
By (ii), @€ 4,0, O F i ©F *. It follows that Z is a cover.The proof of @
. §=0 .

=> (2) is complete. »
(B)=>(1). Let F ={F,: rcI'} be a discrete closed family. For each r €I, pub
G =X\ JF,and G=X\F* It is clear that ¥={G}U{G,: r €I} is a boundly
r'r . . . L S

weak f—cover of X. By (5), there exists a c—cushioned refinement = O H,. Let

n=1
Jfa: H#—>% be the cushioned mapping (i.e., if S#,Cs#,, then U’ U{f.(h): hE
H'}).
For each r &I, let V,,= X\ U {h €, f.(¢) #G}. Then V,DX\J GuDF,,
r'Er

this means that ¥ = {V . r €I} is an open expansion of .Z- Hence, {#,};, is the
required one. In fact, for each € X, there is an ny such that s €5#,,. Then if r,
' €I and r+#1r', we have ‘
Vo NV or S(X\UAREH,: fro(h) #Gi})
N(X\ULhEH: fru(h) #Gp}) =X\ ;..
It follows that o€V NV uy, this means that erd (x, #7,,)<1. Therefore, X is
collectionwise subnormal. The proof of Theorem 1 iy complete.

Corollary 1. Let X be a collectionwise subnormal space and f be a closed
mapping from X onto Y. Then Y is collectionwise subnormal. , /

Proof Let & be any boundly weak f—cover of Y. Then we can easily see that
(D) ={f(g9): gEF} is also a boundly weak f—cover of X. By Theorem 1 there
exists a o—closure preserving closed refinement.# of f~*(%¢). Then f(F )={f(F):
F €%} is a o—closure preserving closed refinement of 4. By Theorem 1, Y is col—
lectionwise subnormal.

Recall that a space X is strong quasi-paracompact (Liu Ying-ming®™) if
every open cover of X has a refinement % = O Z, such that F,={Q} for each
n=0
n—1 .
n=>1, &, is a discrete closed family in X \ | JZ# 7 and Z is a cover of X. Long
i=0

Bing proved in [3] that a space X is strong quasi—paracompact if every open cover
of X has a boundly weak f-refienment. We hence have the following corollary.
Corollary 2. A space X is subpamcompaét iff it is strong quasi—paracompact
and collectionwise subnormal. |
The author proved in [6] that the class of sirong quasi-paracompact spaces
lies between the class of §—refinable spaces and the class of weak f—refinable spaces.
Therefore Corollary 2 slightly improves a resull of J. Chaber in [4].
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