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THE STABILITY OF LARGE SCALE
SYSTEMS WITH INFINITE DELAY
| Zuane Y1 (¥ gg)‘*

AbStré.ct

In this péper, the aﬁthoi uses the method of making Liapunov functional to study the
stability of large scale systems with infinite delay. Some simple criteria for stability are
obtained. .

With fast (ievelopment of science and technolbgy, appeared large scale systems
with complex structure in many subjects *~), Nowadays, we are still at the begin-
ning of studying the theory of large scale systems and are short of methods, As the
problems of the stability of large scale systems with delay are difficult and compli-
cated, little achievements bave been made. '

In this paper, we shall study the stability of large scale systems with infinite
delay, éome stability criteria are obtained. We make the course simple and clear and
prevent it from the complex calculation often done in the study of large scale
systems, and offer some other ways to the study of stability of large scale systems
with delay. . .

Consider the following system

86 = Da®)+ 2 4D+ 2 Bu®a(t—2(®) G=1, = ). O

j+t
Assume the isolated subsystems as follows
w-i(t)=Ah(t)wi(t) (7;=171'"7 ”'), (2)
where z;= col(@{, <eeee- , o) (=1, <, 1), Zr; m=mn, o¥=(af, -, o) and A;(), |
§= .

By;(t) (i, j=1, +--, r) are m; X n; real continuous function matrices. The delay w=(¢)
is a nonnegative and continuous function.
The initial condition is
@i(8) =@i(£), —oo<i<ty (§=1, +v, 1), ' ®
where @;(t) (6=1, <, er) are bounded and continuous on (—oo, %].
In this paper, we always assume that'sc?l_ution of system (1) and (8) exists and
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is unique. -
SﬂppOSe " -Aii(t> " <@ (‘i #j’ .\j_ 1, eeeees, 0’), " oi(t) " < bu‘ ('I"j= 1, % ’l'), where:
@;;=>0, b;;=0 are constants. Define |p;|=. _sup. ﬂgv,; @) @=1, -, ). ’

To the igolated subsystems (2), we assume. that Y ;(t s), (t s>t0) (q, voey.
r), salisfy
6Y (S, t) =A (
i t)Y (S, t) ’
‘[ 4
Y (s, s) = I; (identity matrix).
D_eﬁn_ition 1. 1f there ewist consiants az<<O (¢=1, -, r) such that
| 175, )] <exp(au(i—s)) (i=1, =, 1),
then the isolated subsystems are called to have property A. ‘
Definition 2. If there ewist nonpositive funciions ri(t) (6=1, «+, 1) such that

7. Dl <exp([n(0)as ) (i1, -, 1),

then the isolated subsysiems are called to have property B.
Theorem 1. If the system (1) satisfies the following conditions:
(i) the isolated subsystems have property A;
(i) supz(¢)<1;
t>t0 .
(iii) ay+kbs<0 (é6=1, «+-, r) and Re?»(a.,+kbu)m<0 where k= (1—-s11p~r(17))‘1

then the zero solution of (1) is asymptotwally stable.
Proof From condition (iii), it follows that (aij+%b;;).x, is a stable Metzler
matrix. According to [5], there exist constants >0 (¢=1, .-+, 1) such that

Sa(athb) <0 (=1, -, 1), ®
Applying variation of parameters to system (1) gives

au(t) = Yilto, Duto) +| ¥iGs, t)[z 433 m,<s>+zBu<s>w,<s w()) |ds, et

From condition (i), we have
@I <17 Go, 01l 1+ [ exp(autt—) | 314601 2i)]
+ 2 By(s) |- las(s— () ] ds
<ol exp (au(t—10)) + | oxp (@utt=o)] Halae]

+ 3 bylay(s—(5)) | Jds o
~ Let | )
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Ilqv.ll, | o<ty
Pi(6) =1 lodlexpauti— )+ oxp autt— s>>[;i;a,fuwj<s> |+ Zbulas(s—(5)) | Jds
P
) t>to

Then |o;(¢) | <P;(t), —oo<tL +oo (§=1, +, ). Moreover
Py(t) = auPi(8) + wall%(t)ll+26ullw;(t —7($)]

J=H

<a; P; (t) + 2 @i J(t) +2 bw-Pj(t W(t))

j*li

= j—% a;;P;i(t) +5§1 bi:iPa'(f'—'b’(t))-

Let ‘
vo=3{u[P@+1]_ (B5.0)as]).
Then | ‘
7@ =3 [Py+5 30020 A—2®)Pie-+1)) ]}

<2 [F @rro P+ Faa-ba—ion)Pe-»)]}

<3z oy +10) [P0 .

<-8 ngt), | , ©)
where ' |

B=— max[z ACHE D 1) :]

1<j<rig=l

It follows, by an integration of (6), that

V<V ()-8 (JPio) ds
that is | - |
t /7 h :
v +8 | (B Pi®) ds<V (i), SN )

Notice that DR |

ORI JOESS S IOETD IO
V=3 [Pa+3 [ (35uP0)is [} < @rbrbote)) Sla,

where

to—T(te)

a= mm(a,), G= max(o:,), b= max (b45)

1<i<r

Then
a S| <V O<V () <@+rbr(t) Slod.

Hence, the zero solution of (1) is stable.
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Since ¥V (%) >V(t)>a2 P.(¢), 2 P,-,(t) is bounded From .
(Fro) < g[a;,mmw (= )],

it follows that (ﬁl P;(t)) is also bounded. Thus 2 P;(%) is uniformly continuous on
$=. =1 . -
[0, +o0). S -
+00 r B
From (7), we get to know that L (21 P, (s)):ds is convergent. Then
0 \i=

31 Py()—0:(t->+00)
and |
ZII i (¢) | >0 (}>+o0).
Thus, the zero solution of (1) is asymptotmally stable and the proof is completed.
If we let norm be |z| = \/EW , we can get the following results.
Corollary 1. If the system (1) satisfies the following conditions:
(i) ReA[Ayu(t)+A%($)]<2a;<0, (q, 1 oo, 1), Ety, ay are constants;
(ii) sup 7(t) <1; ‘
(iii) as+kbu<0 (6=1,+, r) and Reh (ai~+Fdy)rxr<O where k= (1—st§£ é(t))-l,

then the zero solution of (1) is asympiotically stable.
According to [6], under condition (i), we have ‘
1YiGs, D) <exp(au(t—s)) ~ (i=1, ;7).
Therefore the corollary holds.
Corollary 2. Oonsider the system

{ ax(t) = 2 (D ai(®) + B buBzt—7(®),

m;(t) = ¢g(t), bl °°<t<to,
where p;(t) (=1, -, n) are bounded and continuous on (—oo, to]. ay, byy(%, j=1, -,

®

n) are constants. If the system satisfies the following conditions:
(i) a<0 (=1, -+, m);
(ii) sup 7(t) <1; |
(iii) ReA(D) <0, where

( d11+k|b11| |d12|+70|b12| [(ﬁ,,l'l“klblnl

......................................................... ) b= (1—sup7(5))
|w,.1|+k|b,,1| Ia,.2|+k|b,.2| 'd,m“l"klbm.l

then zero solution o f (8) is asymptotwauy stable.
Theorem 2. If the system (1) satisfies the following conditions:
(i) the isolated subsystems have property B;
(ii) sup 7(#)<1;
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(i) |4u@ | g 6, j=1, =, 1) are bounded; |By()] (3, j=1, =+, 1)
are noninereasing functions, and ' o :
@+ 2 4y @) [ +5 ZBa (@) | <= B<0, 1310 (=1, -+ 1),
e = ’ _
where k= (1—sup #(£))~%, B is a constant;
: . t>te . o .

then the zero solution of (1) is asymmptotically stable. ‘
Proof By variation of parameters, we have

e I <lpdlexp (]| a8 )+ exp (| rira6)
x[ 2 144@ 12,0 1+ ZIBo@ I+ 2y s—(6)) ] Jds, £t

Let
r“‘l’i", —coi<ty,
p. gy 2152 ([ r0% Ve[ oxp (]! riara0)
" g [ 2 144@1 - l2@ 1+ 21 By®)] | (s == ()] ]ds, t=>to.
Le.b J+4

V& -Z[PO+5[__ (SIB@IP) )as]:
Then, in a way smilar 10 the proof of Theorem 1, this theorem can be proved.
Using methods similar to the above, we can study the following nonlinear
large scale system with infinite dela.y .
&, (1) = Au(®) 2 (8) +£ilt, 2(2), 2G—7(#))] (e=1, -+, 1), ®)
where 7(t)=0 and fi(#, 0, 0)=0. The isolated subsystems are still (2).
Suppose that

1f:lt 2(®), 2(t—z@)II<Z aiill; (1) | +j=216¢,-||w,(t—7(t)) I
-where @;;=>0, ;=0 (4, j=1, «+, r) are constants.
Theorem 3. If the system (9) satisfies the following conditions:
(i) the isolated subsystems have property A,
(ii) sup 7 () <1;
t>to
(iii) aP+kbu<O0 (=1, -+, ) and ReA(ay’ +kb;;) L0,
where ,
aP= { ‘fu'*'aw 4:'—_‘.7}
@ijy v #.77

then the zoro solution of (9) is asymptotically stable.

k= (1—311;)7'(#))‘1;

In this paper, we have considered the systems with infinite delay, bub if the
delay are bounded, all the theorems of above still holds.
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