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- THE GLOBAL SMOOTH SOLUTIONS OF SECOND
ORDER QUASILINEAR HYPERBOLIC EQUATIONS
WITH DISSIPATIVE BOUNDARY CONDITIONS

Qin Tiehu (&% &) *

Abstract

The paper deals with the following boundary problem of the second order quasilinear
hyperbolic equation with a dissipative boundary condition on a part of the boundary:
Uy — ‘,%1 ai,(Du)um’=0, in (0, 2) XQ,
ulro=07

21 @15 (DUYN g, +0(DUY Uy | 7, =0,

4y J=.
ult=°=‘p(x>7 utlt-():d’(x)y in ‘Q;
where 0Q=1I"gU I'1, b(Du) >by>0. Under some assumptions on the equation and domain,
the author proves that there exists a global smooth solution for above problem with small
~data.

§ 1. Introduction

It is well known that the smooth solutions of boundary value problems for
quasilinear hyperbolic equations exist only locally in fime in general, that is, their
smooth solutiohs may blow up in a finite time, even if the initial data are smooth.
However, an additional dissipative ferm which implies a damping effect on the
equation can guarantee the existence for global smooth solution on #>0 of the
boundary value problem at least for small data(for sxample, see[1, 2]). Oreenberg -
and Li Ta—tsien™ discussed the nonlinear vibration problem of a string, insteed of
adding a dissipative term fo the equation, they gave a dissipative boundary condition
on one end of the string, which implies the damping effect. They proved that thig
dissipative boundary condition can guarantee the existence for the globé,l smooth
solution of the boundary value problem for small initial data, t0o0.

In this paper, we discuss the initial-boundary value problems of second order
quasilinear hyperbolic equations for several dimensions with a nonlinear dissipative
boundary condition on a part of the boundary. Under some hypotheses on the
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coefficients of the equation and the domain for the boundary value problem, we
prove the existence of global smooth solution and the decay of the solution in time
for small data, v ‘ .

In § 2, we shall state our main results. Several preliminary lemmas will be
given in § 8. In § 4, we shall study the initial boundary value probleins for linear
second order hyperbolic eilﬁations with the dissipative. boundary .conditions. The
results in § 4 are necessary for d.lSGUSSlOD on the nonlinear problems. As the first
step of discussing the nonlinear problems we shall study the local solutions of the
nonlinear boundary value problems in § 5. The final section is devoted o the proof
of the main results.

The author wishes t0 express hearty thanks to professor Li- Tatgien for hig
suggestions and stlmulatmg conversations.

§2. The Main Results

‘We discuss the following. initial—bounda,i'y problem:

Zwﬁ(Du)um% O in (O OO)XQ ' ) (2.1)

4] =0, @)

3 ay (D)t +b (D) e | 7, =0, @3
- ulo=p(a).

U] o =1 (), @4

where Du= (v, u, s, ***, %s,), I'oU'1=8Q is the boundary of the domain Q, nm=
(24, -+, m,) is the outer normal to 9Q. o :

Now, we state the hypothese on the coefficients of the equation (2 1), the
boundary condition (2.8) and the domain Q. We assume that

Al) ai;(A) =a;:(A), ay;(A) are sufficiently smooth on their variables and satisfy

; Zau(/l)ftga>“2|§|2 VEER™,

for sultably small | 4], Where A= (Ao, A1, ***, Ayz) and @ is a positive constant,

Ay Via;(0)=0.

By) b(d) is sufficiently smooth and

b(4)= bo >0,

for suitably small | 4], where bo is a constant.

By) V.b(0) =0.

Oy) The domain Q is bounded with sufficiently smooth boundary 8Q which
eongsists of tow parts Iy and I"y which do not intersect.

Ca) Q satisfies the star-shaped condition in the following senge: there is a point
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o (without loss of generality,_ we may take it ag origin) in R" such that ‘

. w’”lp,<0 ; | : | . @.5)
won|p>y>0, - (2.8)
where v is a constant. o . o

The main results in this pa,per are the following theorem

Main theorem. Assume tlmt Ai) —02) hold, s>2 [ 5 ]+3 the mq,twl data(2.4)

and the boundary conditions (2.2) (2.8) satésfy the compatibility conolq,tq,ons up 0
order 8. Then there ewists >0 such that the initial-boundary walue problem (2.1)—
(2.4) admits a unique. global smooth sobution u€ O ([0, o0); Hyy1 ;(Q)) (4=0, 1, «+,
s+ 1) and | D***u(8) o decays to Zero emponentially (in time) as t—>-+oo, provided
lelssr+ i l<s. e s

Here, H, denotes the usual Sobolev’s space -with the norm' ||+|,. And below,
when there is no chance of confusion, H, and | «|, denote the Sobolevs spaice and
its norm on &, respectively. e \

One of typical examples for the main theorem 1s the followmg problem of
vibration of a fastened membrare with a boundary friction:

n U, b
L1 =0, 0, X0
e ,j_law; VIt Va |2> m< °°) o
ulp,=0," T
1. ou

\/———1——-————_}_ | Vu|2_ 6 +aut|1"x ’

ult—-o“‘¢<m)y utlt’—' ={(a),

where a>0 is a constant. It is easy to see that the main theorem‘ applies ‘to above
problem 1f we take b(Du) W
§3. ‘Prelimina,rie's

‘We consider the following linearized problem

EG;J(D’U)M‘,‘% 0 1n (O T) X.Q e " i (3_1)

‘ ulp,,——O ' » N TR (3'2>
‘%aﬁ(m)n,-uz,+b‘(_m)ut|p,=o, R X
u|t=0=¢(m)7 | .
utlt:o;—"’b(w). (3'4)

For the preblerﬁ (8.1)—(3.4), we introduce the following energy integré,l:
QP @) & {5 +0 | Diul*+ % @+2) 3 a,(Do) Diwe,Div,
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- +4+2D5u; ﬁ @, Dty + (n—1) Diu+D; ut} dw,

where A is a constant, which is determined later,

SR
Deu K@wi) (6:1;,,) }°<a1+ "

Diy— {_) ( aw1>“‘ ( aw,.) }0<ao+a1+. -+, <F.

(3.5)

Especially when v=u, we simply write @ (u(£)) =Q®(u(%)). This energy integral,
which ig gimilar o that introduced by W. A. Strauss™ and G. Chen™ in studying
the decays of solutions for wave equation, plays an important role in the following

discussion. ‘ ,
.We give some lemmas which are used in the folowing sections.

-Lemma 8.1. Suppose that a;(A) and b(A) are sufficiently smooth on their

varaibles, s=2 [121’-]4-3, A1,
S sup | Do (5) f3<®
o<i<T
Then _
1) 31101 (@y(Do)) ~ay(Do) Die,|
<o(n) (B D1 7w, |+ 1D (@) | DiDo] ),
2) Z | D; (“u(D’”)uc«@,) “iJ(D’”)Dtummjl

<o) (1 D5 | + 1550 Jo22D0),

8) | D (b(Dw)us) —b(Dw) Diuy| <e(m) (| Di~ ue| + | D***u(t) ||°|.D*va|)
Moreover, if a;(4), b(4) satisfy A,), B,) respectively and

Sup (E4A) | Do (5) |3<n?,
then

) EIDt (%r(DW}ua,) %(D‘U)Dtuajl
<o(n)n(t+1) (R DM, |+ 1 D*Hu(8) | lDtval)

2') ‘%}1 | D3 (ay (D)t 5,) — 1;(Dv) Ditg

(3.6)

@

3.8)

(8.6)

<e(n(+1)2((E+1)72 3} | Dithse,| + 1D u@ o] DiDo] ), (3.7
8) D (b(Do)w)~ —5(D0)Dr| <Oayn(e-+) 45| D + 19 ol D5 Do)

(3.8)’

where ¢(n), which are independeﬁt of T and A, are positive increasing fumctions and
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c(n) =0(1) as >0,
By using the Sobolev” s 1mbedd1ng theorem, 1t is not dlfﬁcult to prove the above
lemma. We omit it.

Lemma 8.2. Let s>2[%]+3.' Assume th(zt'aﬁ’.('/i)'satfis‘fy the hypothesis Aij and
v € H,,1(Q) satisfies e L i
o "’U"s-x-1<17 : (39)
If u is a solution of the following ellq,ptfwal bmmdafry value problem

2 (Drv) e, = f @), in o | (3.10)

uln=0, LW
Zau(Dv)nm,ln g(w), T (8112)

then ' ‘
lull2<e() (1f lo-+ 1 gl1+ lullo). (3.18)
Lemma 8.8. Let s>2 [%] +8. Assume‘tvhdt kai,;‘(./l_:) ‘satia ffy th'e.;kypot]’wsq;s Ai) and
that v € 0’([0 T1; Hep14(2)) (6=0, -+, s+1) satisfies . - ’ T 3
- Sup. IIDs“v(t) I|o<n JulE (3 14)

If weOi([0, T; 3,,_1_,(.(2)) (=0, - ,s+1) is @ solution of tlw bowwlary fvalue
problem (3. 1)—(3.4), then
1D u(t) <O () {1 D5+ o+ | Di Dyl o} . (3.15)
The proofs of Lemmas 3.2 and 3.8 are omitted. ’

Lemma 8.4. Let s>2[ 3 ]+3 and ,8>1 be an a’l‘b’bt?"a’l‘y constant Assume tlmt

a;(A) satzsfy the hypothesis Ay) and that u€0Y( [O T1; 3+1_,(!2)) (fz, O s—l—l) ’I,S
a solution of boundary value problem (8.1)—(8. 4) Then there emists no>0 and 7»0>0-
such that

ot 1D <P (o) |
<_/i (t+x)j'{ | Dy | 2+ ﬁ Qij(Dq))Dﬁuw,Diu‘,j}dw, | . (3.16)'

provided | Dv|<no. and A=A, where o is @ positive constant. : :
Proof From the definition of @ (u(%)), the right side of 1nequa,11ty (3 16) is
eagy to justify... ' oo : , 5
Taking the boundary condition (3.2) into accoun'b and using the generahzed
Poincares inequality and Lemma 8.8, we obtain the left'side of inequality (3.16)
immediately, . - '
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'§4. Linear Boundary Value Problem
In this section, we.digcuss the following linear boﬁnda,;fy value problem:

Tulsuts— 33y (@, 8w, + 2} b0, Dte+o(@, Hu=F (o, 1), in (0, T) X9,

L (4.1)

_ u]p.=0, e : . ! . (4.2)
3 a4(@, Hnte+b(a, D] r,=0, (4.8)
u|i0=0 (@), utlt—o—l/’(fv), (4.4)

where the coefficients of equation (4.1) and b(w ¢) are sufficiently smooth, a; (@, 1)
=a;(w, t) and , :
5%;‘%’(‘”7 t)§i§j>d2|§lz, V(w! t) € (07 T) X Qr fGR", (45)
 b(w, $)=bo>0. (4.6)
‘We have the following theorem. =

Theorem 4.1. Suppose that goEHi, Yy EH, and fEL”((O ) ><.Q) Then the
boundary value problem (4.1)—(4.4) admits a unique strong solution u&C*([0, T'];
H; (Q)) (4=0, 1) in the following sence: there ewisis a sequence {u™} of smooth -
functwns whwk satisfy the boundary conditions (4.2) (4. 3) such that

%™ — || a0, Hx2y—>0, 4 ‘ ‘ 4.7
| Lu® — £ llL:((O.T)){D)"’O, ‘ , (4.8)
4% (0) —@lla+ |4 (0) — o0, - (4.9)

as f—>oo.

- Proof By reducing the problem (4.1)—(4.4) Yo a boundary value problem
for a firsh order symmetric system and then using the related results for firgt order
symmetrlc hyperboho systems (cf for exa.mple [6]), it ig not difficult to obtain
the theorem.

The boundary Q2 of Q is characteristic of the first order system which ig
reduced from equation (4.1), but 92 is not charaeteristic of equation (4.1), so we
can obtain the result on regulanty for the solution of bounda,ry value problem
(4. 1)—(4.4) in a similar way.

‘Theorem 4.2. Assume that p € Hyyq, YEH, and fE H((0, T) X Q) satisfy the
compatibility conditions wp $o order s. Then the boundary value problem (4.1)—(4.4)
admits a unique strong solution w€O'([0, T; He1-4(Q)) (=0, -, s+1) n the
following sense: there ewists a sequence {u™} of smooth funciions which satisfy the
boundary conditions (4.2) (4.8) such that

| U™ — s+10, myx2y—>0, ¢ (4.10)
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| L "f "s«o,r)xn)—’o Lot (4.11)
Ju®(0)— ¢Hua+4hﬂ“(0) ¢ﬂr*0 e (412)

as f—>oo. . -
In above two theorems, the hypothesns 02) on the boundary 20 of Q is not
' necessary. Moreover, if the hypothesus 0,) is sa.tlsﬁed then we ‘have further the

following theorem. - : : IR T
Theorem 4.3. Assume that the kypotheses 01) amd 02) are sati, ﬁed cmd that PE
H;, lpEHo and f € L*((0, T) Q). Then the sirong solution u€ O'([0, T]; H, (Q))
(i= O 1) of boundary value prroblem (4 1) (4 4) qu,ts boundwry fualues Uty Ug, O T1
in the following sense: there ewisis a sequence fu®} of s'mooth functwns ‘which satq,sfy
the boundary conditions (4.2) (4.8) such that

Juf® "ut"L«(o,z')xn)'i‘Zlef)*u¢‘||L=((6,T>xrl>—'>0 Lt (4.18)

holds as h—>oo besides (4.7), (4.8) and (4.9) in Theorrem 4.1,
Moreover, if instead of condition (2.5) we suppose that L e
TN |1, <—70<0, ’ ' (4.14)
then the solution v of protlem (4 1) (4 4) adm/its boundwry value u,, on I'g in the.sense
mentioned above. : , : o
Proof Let {u®} be a sequence for the strong solutmn of. problem (4.1)—
(4 4) in Theorem 4.1, From ' '

j (ué,’,“) 2 a,,uw,mj-l—z b uf,’”) + cu‘”’){ (t+7\,) u("’+2 2 w,uw’f’ + (n 1) u(’” }

-{, Lu""”{(t—l—?\,)u(")+2 3y + (= Dyu® }d:zz,. I (4.15)
we can obtain ;

r Q(u"‘)(t)) Io+Is+1Is

j (Lu(") 2 baugy — cu"“’){ GHN)u”+2 2 wudy -+ (n—l)u”"l daw,

(4.16)
where i : .
Qo) = {3 (t+?\.)|u§’”|2+ (t+?\,) Za,,ua”u"“)
‘ +2ut2w,u(’“)+(n l)u("’u(k’}dw ‘ (4.17)
To=2[ 3 aumoadpu 48— [, @m Saepupas, (019

L=, ‘{b<t+x>—wén}|uék> j2as—], bu” 31w as
w o =L N

-[, @ n)zw,ju;;m%) as— -1 bpawas, | @19)
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I2=—.—;'—j lu(”)lzda;——-—] 2 w;,u(")u(’“) (Za:+ j (+2) 2 6@, u$Pu? dw

aq‘ ) a(% 366;
- G+ 5 u‘ )u"” da;— mu“" 0 — STy L g,
j G+ )2 o ; o {2 G S

—(n— 3%} @3,,0) ‘ . L |
: (n )ag}aiu ul da; G D o ~ (4.20)
Takmg the boundary condition (4 2), the hypotheses (2 B) and (4.5) into

account, we obtam Wlthout difficulty

j (@-n) Ewunmleu(k>|2dS<0 @y
Moreover 1f the hypothes:s (4. 14) holds, then L | B _ :
Li<—700” J‘ IVu(’"]”dS L (4.22)

- Using the hypétheses (2.6), (2:5) and the generalized Poincare’s inequality,
from (4.19) we have for certain constant 0

11\—%714 |vu<k>|2ds—j {bo(t+}\,)-w n—a}lu'ﬂlﬂds+a[ ]Vu(.’”>|2dm.

’ (4.28)
»OhooSe A -such, that . :

A>2b1(x-n+0), Vo€ Iy, (4.24)
Then from.(4.28) we have o ‘

L<—oe | vuw)pds—_ bo(ﬁﬂ)j | |2d840( [Vu®|2do. (4.25)
From (4.20), for certain positive constant Oy (depending on T') we obtain
I2<OTJ.Q(‘IM(")|”+ |+ [ Vu® e, (4.26)
and | .
L(Lu(") —é} bl — u""){ G+A)u®+2 Zw,,u(’“)+ (ni—_l)u(")}dm y
<Ox [ (|u® ]2+ |ug |24 |Vu® |4 | Tu| Bz, (4.27)
Integrating (4.16) from 0 to #, from (4.21),(4.25), (4.26) and (4.27) we obtain
Q(u™ () +74a? j J V| aSiar-+ 5 1 mj j | Vu®2 a8

+%boj («;+x)j |4 [2dSdr

<Qu®(0)) +0; j j (|u<k>|2+|u<k>|2+|w<'=>|2+|Lu<k>;2)dwr (4.28)

Take A such that Q(u™®(3))=0 and (4.24) holds. Then from (4.28) and the
definition of strong solutions, for certain constant Oy, we have

12 t . e . .
L jﬂ |Vu®| 2de7+[0 j o (w124 | Vu® D dSde< O V€ [0, T].  (4.29)

o ‘Aocording to Banhach-Saks’ theorem, there exists a subsequence {u*} of {u®}
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guch that the derivative sequences {w{™} and {wf,’,”’} of the arithmetic mean sequence
{ ,w(m)_ _:_[_ (u("‘) PPN ,|_ u(km))}
m

» conVerge to certain u; and u,, in I2((0, T) ><I’1) respeotlvely, It 1s no’ﬁ dlﬂioult o
show that {w™} is still a sequence which defines the strong solution. '

From the inequality (4.28), it is easy to see that the boundary values % and
%z, aTe uniquely determined. sty

In a similar way, we can.prove the following theorem. :

Theorem 4. 4. Assume that the hypotheses O1) and 02) are satisfiéd, and that
pEH,, YEH, and fEH((0, T) X Q) satfz,sfy the compatibility conditions up o
order s. Then the sirong solution '

w€ 0 ([0, T']; Hs+1—i(Q)) ('b 0, 1 S+1) :
of the boundwry value problem (4.1)—(4.4) admits bounda/ry values Dty and Ditg,
on Iy in the following sense: there emists a sequence {u™} of smooth functions which
satisfy the bounday conditions (4.2), (4.8) such that |

D u® — Dy o, mxros e
ZHDtugﬁ)—Dtus. | zacco, myx >0~ . (4.80)
holds as k—>oo, besides (4.10)—(4.12) in Theorem 4 2 '

§5. The Existence of Local Solutlon for the Nonlmear |
Boundary Value Problem

In this section, under the assumption that the initial 'data @ and i are
sufficiently small on the boundary o2 of Q, we prove the existence of local solution
ior the nonlinear boundary value problem (2.1)—(2 4) ’ 4 SR

* Agsume that there oxists a functlon ue O”( [0, T]; Hoya—i(Q2))(6=0, 1, ¢+, s+2)
such that , .

1D (0) —DHu(0)|<s, - (8.1)
where & is a small positive constant which will be determined by @, ¢ ‘and equation
2.1).

‘We introduce the following norms
| 17 YA Sup | D+ () "2"“}1‘(“ D (8) | Zerny + 72_1“ Diug, (8) | %ﬂ(r;)) di
Let Br(3) be the set of all functions
(@, §) €00, T1; Hya-(@)) =0, 1, =+, s+1)
which satisfy .
IlD““” (0) Jo= D" (0) Ilo,‘
o —wllssz,7<d. B 5.2)
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Here & js-afsmail ‘positive constant which will be determined later.
Now, we first consider the linearized problem (3.1)—(3. 4).
Lemma. 5.1. Assume that hypotheses 4y, Bi) 01) and Oy)are satisfied, and ¢ €

H, .4 (Q) 1 EH @ (s>2 +3> satis fy the compatwbwlwy conditions up to order s.

Then, for any v € Bp(8), the lear boundwry value problem 3.1)—(. 4) admits a
unique solutwn

‘ u €O ([0, T H,_,,1_,;(Q)) (5=0, 1.‘---, s+1).
Moreover, 4f - o

S, 1D (2) o<, T (5.9)
then there ewists a comt_cmt My such that when A=y, the following estimate holds:
bl (<OID™u(0) =D (0) [34+0 () (5+4) [ 1D (x) — D™ () [3 o
Q)8 sup | Dy (z) — D’“u(w) l|o+0(n)t(1+ sup. 1D () 19, (5 4)
where O ts @ constant. |

Proof The existence is obtaided immediaféiyi from Theorem 4.2, According to
-the definition of strong soluion, it is sufficient to prove the estimate (5.4) only for

UEO”([O T] HS+2 i(.Q))(q, O LLLR s+2)
Let fw(w t) u(a; t) —u(w, t). Then w satlsﬁes the follovvmg

2 “m (-D'U> Waw; = "utt+ 2 @ij (-D"-’) Vs ‘ (5.5)
w|p,=0, ‘ (5.6)
2 @i (Dw) n,w,,,+6(.va) w | p,——O S (8.D

' From . 5), we can obta,m _ v
j j (Dz'fwttj:—— D E @5 (va_) _fwwj>{ (#4A) Diw;+2 é BeDiwg, + (n—1) D‘;'w} dx dv
0JQ 4,j=1 ) k=1 '
% - _— -
<[ Sucowi)
x{(¢+x)'-pgw;+2 gmwgmﬁ(ﬁ—nbgw}dm. S (5.8)

As in the proof of Theorem 4.8, from (5.8) we have
¥

QP (w(®) ~QP W(0) = Lo+ Ts+ Ty T, (.9
where S | - )

 Lo=2f [ 3 au(Do)na Dt Diw,, as de

o ¥ f,le=1.
12 n
=i ], @ 3 0,(Do) Diw, Diw,,
<o, .. (5.10)
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12 ‘ - . .
L=\ [ | [G+)8(Dv) —@-n] | Diw|* aSiw
| —mr (2-10) 2 04y (Dv) Diws,» Diwy, A8
+(n—1) r L Sy (DuynDiw,- Diwo S0
+2ﬁ 3\ 6 (Do) nDiw,-axDiaw, A5
9JIi

+ j: .‘.1‘ (7 + 7\') wﬁzl{Di (wi:i (D'IJ) ’wa;,) — @5 (D’U) D‘:;'wzj}ln,‘_bg w; aSdz

[ [ G p@o) Diw,— D: (b (Do)w) 1d8dx,

¢ 5

'1.2=_ S |Dg'wt|2dfl7d’lf

: L} é a;;(Dw) thwm Dt'wa,, do dv

Ry
]
=

Qi,j=1

13
_2'{ j . i wig(D’U) -Dt’wa;, kat'wa:,, dw dv
0JQi,j,k=1 a

T

+H 3 52 wii(Dv)-Diww,-Diwmdwd’r _

L} é ai;(Dv) Diwe,+ Dyw de dv

—j ’Q('M—?») % —ai— ai;(Dv) + thww « Diw; do d'v

i jg(r+7\.) n 73_ w,j(Dv)th‘,, thﬁ, d d'v,‘

1
Z
t n
Is= j j {Dzutt'—Dt “w (Dw) 'uwm}

X{(7+7»)Dswt+2 3, Djw, + (n—1) D }da; dr.

At first, we discuss I;. Using the boundary condition (5 D,
trace theorem, we can estimate that

(n—1) L [.. Ef“" (Dv)nDiw,, Diw dSdw

.=—(n—1)f j b(Dv) Diwy- DiwdSds

+(n—1)j j 31 {ay (Do) Die,— D (ay(Do)ue) yruDin dS s

1 1,§=1

{7 n
v —_j jﬂi 2 { ? (@i (D) 'wa:.a;j) @ij (D'U) thw;w;}kat'wwk da dv

k=
t n
+ @0 [ 34Dt @(D0)wee,) ~5(D0) Diwves} Dt dods

(5.11)

(5.12)

- (6.13)
Lemma 3.1 and the
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+ (n—1) j: j . {6(Do) Dy~ D5 (Dv)wy) } Dsaw aSde
<(n—1) biﬁ L {| D3|+ | Dyw |7} dSdw

7 n
rom [ [ {]Dg-lfwtl + 33 Di e, | + D40 (3) | D Do I'}I.Difw |dSdw
<(n—1)b, j: jp | Dy |? 48w +0 () j: 1 D" (%) |2 d
+0 ()8 sup | DHw (D) 3. T (5.14)
Similarly, for any small positive constant », we can thain _

2 [ 3 ay(Do)nDiwe o Dius, ds dr

I iyj,k=

(7 12 n_ - .
<011;"1L Lu | Diw; |2 ds dw+O (n) VJO L‘ y=21 | Diw,, l 2de!7
+O»7| D0 (@) [3s+0 ()6 sup | D) 5, (5.15)
<T<
here and everywhere below O; denotes constant.

7 n } )
=[] @1 3D (04(D) 04) a1 (D) Diwo, yn Dt aSr

<0@» |,[,, @1 D1u|? a8ds+0 w2 || (r 1) |D00(a) [ do
+0(n)»™8° sup (v+1) [ D" () |3. . (3.16)

For the last term of the rignt side in (5.11), we can obtain an éstimate gimilar
to (6.16). Then from(5.11), -(5.14), (5.15) and (5.16) ete., it is easy to see that

L<=[ [, [G=0@)») @+1) —0w™] | Diu|* dSax

—j: [ @ —o) ) 33| Diw, | *dS s

+0(»~ 1) D) I3 dr o

+0()»~26° sup (z-+4) [ D+ () |2, - (6.17)
Noticing

J: J’Q(Diq—m —D; ;,,ﬁ:lw“ (Dv) U,a, ’ 4o da
SOt sup [ D2u () [§+17)
and using Lemma 3.1, we can estimate that
L+ L<OG) | r+0)2 D (2) [3 e |
+O(mi(L+ sup [D*a@) D, (5.18)

Taking o

1

~ v=50@ min{b, 7}, - G
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, M= (0™ +1)b5% - . (5.20)
from (5.9), (5.10), (5.17) and'(5.18), we have
QY (’w(ff))+ j {“tht“mr.)"")’i 2 ||D§w¢«||m<m}
QP (w(0)) +0 (mt(L+ sup ] D2 () |3

+0<n>»-1] @ D@ e o
+O()y28 sup 3+ M) 1 D0 @), V€D, m. (5.21)

Notmmg Temma 3.4 and (5.19), we see tnat the estlma.te (5.4) follows immediately
from (5.21). .

Lemma 5.2 Under the hypotheses in Lemma 5.1, assume that there ewfosts ue
0’([0 T, Hs+2_,(.Q)) (6=0, »+e, s+2) such that (5. 1) holds and take

s+ co "
6= mm{nD 4(0) o, «/"—“"—so (M—\—T)} (5.22)
‘awhere O and Ay are the constants in (5.4) and (B.20) respectively. Then there ewists &

 constant 8,>0 and @ positive T'1(3, &) such that when <81, T*<T41(3, A), for any v &

By (8) the linearlized boundary value problem (8.1)—(8.4) admiis & unidque solution
4 € B (8).

' Proof Taking: ' o : .

9=58]D"*u(0) |o, (5.28)

sumrain {10 4O o, g} QR

where O(n) is the constant in (5.4), we temporarily assume that (5.8) holds From
- (B.4) it is easily seen that

s —wl|2e,:<20( D**u (0) —D**u(0) |3
+20 () 6+ || 1DHu(z) ~ D) I3 dv
+20(n) (1 + sup, b D2 (w) |3) . ' - (5.25)
Using Gronwall’s inequality, from (5.25) we have 4 A
o —ull2en,e<2{0) D***u(0) — D" *u(0) I3
FOG)T*(L+ smp | D) [DPa, V€ [0, T']. (5.26)
Teake Ty (5, A) sosmall that

“and

|lD*“1u(t) llo<2I|D“‘1u(0) lo, VEE [0 T:I.]’ | (5.27)
20 (n)T1(1+ sup |.D** 2 (£) 1)< 4 ’ (6.28)
exp (0 (m) @M+ TT) <2. - (5.29)

From (5 22), (6.24) 'and (5.27), it is eagy to see that %€ B« (8) means
1D (#) lo<<n. '
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From (5.22), (5.28), (5.29) and ‘(5.26), we can obtain
‘ M —ull,re <82,

provided T*<T, (8 A). The Lemma, ig proved

Lemma 5. 8. : Under the hypotheses an Lemma 5 2, let fvl, fv;,EBT* (8. If uy and
Uy are the solutions for the boundary value problem (3.1)—(8. 4) with v=2; and v=1v,
vespectively, then there ewist 8y, Ag and @ pos'btfwe Tz (8 ) such tlmt when 383, A=Aa
and T*<T2 (6, A), holds thaf, _

' ‘ mui—’142"|1,1'*<_qm’01—’Uzmi.z'-, - (5-30)

where q is a constant and 0<g<1. . S . ' L L
Pa"oof First set 8,<<8;, T2<T1 and so

NP0 (8) o, D40 (8) o<, (6=1, 2), Vie[o, T*] T*<Tz, (6.81)
where 33, Ty and:» are in, Lemma 52, :

erte W= 1%y — g, Then w satisfies the followmg
2 ww(D’Ui)’wm, ‘ 2 (@;(Duy) — @ (D'Uz)) U)oy . (5.32)
P 'wlp, : Sl - (6.83)
é dia‘ (1)@1) njWa,+ b (Do) w | py . o '

= 2 [wu (-D'UZ> —Q; (-D’vi) ] n; (uz) @ + [b (D’Uz) b (D’l)i)] (uz) t, : . (5 . 34)

wlt—o—'wtlt—(}"‘o o (5.85)
From (5.82)—(5.85) we can obtain :
| QY (w(®)) —Q (w(0)) =To+ Iy +Iy+Is, (5.86)
as we did in the proof of Lemma 5. 1, where _ : L ’
To<0. ; (5.87)
Noticing € 0 ([0, T']; H [ (.Q)), from Sobolev’s. 1mbedd1ng theorem we have
. , sup] (%2) g | <028 (5.38)

Usmg G. 38), We can estlma,te the following
| <[ (Go=005) o--3) ~0 )61t asian
” (m ~Omy»— —0()d) zwﬂ aSdx
+O(7))5 j (I (va~21) il Zocry+ 2 I (’l’z—’l)i)cklliwr.))d'ﬁ'_ v

+0()3 [, (|Dwis+ 1D(os =0 [p)as, | (5.39)
for any positive number v. Moreover we can obtain

| ._Iz+13<ov<7_7)jo,<¢+x>u.p@u(w)ugdw.{_, . (5.40)
Tako orretr



No.3- .. Qin, T. H. THE GLOBAL SMOOTH SOLUTIONS OF QHE .- 265

o e, @D
 Ra=(AH20(m)r OB, (5.42)
62--— O (n) *min {1, 2bo, Vsa?, 2a}, , (5.43)
Az—max{?\,i, e 1}, o {49

a=min{dy, 33}, _ o ' (5.45)
where a ig the constant in Lemma, 3.4. o :
From (5 86), (5.87), (5.89) and (5 40), we can obta,m the following estimarte

D) 3| (1ol 3}l b, )i
<)o (1@s=0 1o+ 31 a0l )
<7 o( Vg~ ’”1)_’ L*(z‘l)'-“k:1 I ”2f”;)wfllna<rl) o |
t t ’
+ 3 [ 1D s =02 1385+0G) [, 1) [ D () 3 . (5.46)
By use of Gronwall’s inequality, (5.41) yields immediafely

o0 G g — s Gan

ool s 5 (1T

The lemma foilows from (5.47) immediately.
- Theorem 5.1. Assume that the hypotheses Ay), _Bl),b Gy and Cp) are satisfied,

and that p€ Heya (), $ € Hy(Q) ( s=2 [ﬂ + 3>sat7)s fy the compaiib@my condiitions ug

10 order s. Then there exist e>0 and T*>0 such that 4f (5.1) holds fO’I‘ certain u€
O’([O T; Hs,,_z_i(.Q)) (6=0, oo s+2), then nowlqmeafr bourmdaq"g/ value problem (2. 1)
———(2 4) admits @ un@que solution u € O([0, T*]; Hyp i(Q) ((6=0, «oo, s+1).

“Proof Take & as in (5.22), d<min{d;. &}, A>max{l, A} and T"<
min{T4 (3, A), T2(8, A)}. We denote the closure of Byr«(3) under norm ||+|ls,z by
Br.(3), From Lemms 5.2 and5.3, it is easy 10 seé that map- |

@, vou,
which is defined by the boundary value problem (3 1) (3 4), adm]‘ﬁs a unlqua
fixed point u in B (3). ‘

From Banach—Saks’ theorem, it is not difficult to show that for any € [0, T*],

b () EHsH_,(Q) (6=0, 1, s, s+1) and
' D) o<+ DB 0. (5.48)
Moreover, from studymg linear boundary value problem, we can show that u&
O'[0, T; Hey1-:(Q)) (65=0, +o-, s+1).

The proof of the theorem is completed.

Remark. For the boundary value problem with small data, we can take u=0,
For this oase, from Lemmas 5.2, 5.8 and their proofs, it is eagy 0 see that the height
i of the ex1stence domam of smooth solutions for nonlinear boundary value problem
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§2 .1)—(2.4) depends only on| D"fiu 0 "o_-
§6. Global Smooth Solution

.- In this section, we shall prove the existence of global smooth solution for the
nonlinear boundary value problem (2. 1)—(2 4) with small data. From the remark
of Theorem 5.1, we can see that the height of the existence domain of local ‘smooth
solution depents only on. [@[s and ¢, Therefore in order to show the global
existence, it ig sufficient to obtain a umform energy estlmate of the solut:ons in a
sense. ‘ o : ' '

Lemma. 6.1, Assume that the - hypotheses Ay) 02) are satfl;sﬁed Let ue
o'([o, T'1; Hs+1_¢(£))) (6=0, oo, s+1) be the solution for nonlinear: boundary value

problem (2.1)—(2.4), §>2 [ ]+3 Then for any 0<pu<l1, there owist 8 and X which
" are independent of T such that if A=>1, 8< and S

| - sup 1) | D) |I§<$-?, B (6.1)
- then L
@e<ee(ZD). 6

Pfroof Without loss of generahty, we assume that u € 0'([0, T]; Hoyai(Q)) (6=
0, 1, oo, s+2) For small date we can take u=0 in §5. In the same Way, ‘We can
obtain the followmg expression sumllar to (6.9): ‘ T '
Q“”(u(t)) “QO@() =Io+Li+I,, - (6.3)
| T6<<0, | . (6.4
I; and I, are gimilar to (5.11) and 5. 12) respeotlvely. ‘ o "
First we estimate Iy, Similar to (5.12) and (5.15), it is easy to show that

(n— 1)j j ~ i,jZ:lww(Du)mDium, DiudSdw

where

<oa—1jo L. | Diws | 2a8 dw+ 03 j: j . | Diul*asis
+0(8)5 j; L;‘ (| D3 Dy |2 + | Dtu| ") dSdw
<0(3) (57*+8) J: L | Do "0 X ds+0(3) j: f N élDiu,,l” dSdw
+0(5)8J:JQ|DS“u|2dwdfr | (6.5)
and

er Z wi,(Du)n,,Dsu,,-a;;,Dsu,,‘ ds dv

I 4,§,k=1

<0® @*+9)[ [ | D2 ozscma(a‘)aj:[n 3| Div,|dSdw,  (6.6)
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respectively.
Using Lemma 3. 1 we can obtam

[ 1) 34D (D) —0s (Do) D Im D at

<0(®)5 L‘) jﬂ (1) | Diws|? dew—l—O(S)ajo jﬁ 3| Diw *aSdz.  (6.7)

' Moreover, we have similar estimates for the other terms in 71, So from (6.5), (6.6),
(6.8), ete., we have '

Li< [ [Bo—0®)8) (a+1) ~+1—0(8) (54+3)] | Dilfcr
[} 0~ 0 @O B Dl e +0®3 [ 1D ulidr. . (6.9)
Now, we estimate 5. From Lemma 3.1, it is easily seen that

t : S
jo j L (&F3) 33 D1 g (D) ) — 1 (D) Dittr} Dits o

<0(5)5 j: L;Dsﬂu]zd@zf;. LT | (6.9)

From the assumption A,) and (6.1), 'Wevhave ‘ | | 7
Qa,,(Du) ' 8wi,-(Du) ‘ : ~

(Hx)() peanlRd e .)<Ob‘. (6.10;

By using (6.10), we obtain immediately o
[[.] .+ 22 a.,,(Du) - Diu, - Dbty dasle

i,§=1

<D [ 1D |2dm . R (©.11)

We have the similar estimates for the other terms in I, So from (6 9), (6 11), ete.,
we obtain ; o _ .
7 n 7
I,< —%MD( | Dius]+ S a (Du) U, ) cl'l;'—l—O(S) ajo 1D a2 de.  (6.12)
V)=

From (6.8), (6.4), (6.8) and (6.12), we have
QO @(®) —Q®w(0)) e
<[ [0—0®)®) z-+2) —a-n-0(5) (67 +8)1 | Ditalacro d

~[} 10 -0®)®) 3 [ Dittalcry dw
——-—J J ( | D |2+ Zw,,(Du)u(,,uM)dm dv - -
+0®3 [, 10+l v, o 6.19)
From Lemma 3.8 and the generalized Poincare’s-inequality, it is easily seen that
Ipaps<o@ |, [ ( | Dt |+ 3 a1y (D) v, ) . (6.14)

Moreover, let us suppose that
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d<1 , . (6.15)
and L a )
sgp]a:-n|<d. o - (6.16)

From (6.18)—(6.16), we 'ﬁairé :
Q@) ~Q@O) <~ [B—0(1)8) (7--2) ~0—O W] | Dl d
—[, @@ ~0W®) S Dt crs

| —(—-—-O(l)B)I j ([.Diut]2+ Zw,,(Du)u¢,u¢, do .
: , _ _ (6.17)
- Then take B=(1+w)/2u in Lemma 3.4, _
< -1 (i o1 v
6=_—2— mm{bo, ?,.Nz’ —2-(1——;1,), 21, }, N
and " S i
A=max{do, 2(C+0(1)8)b;'}, |
where n, and Mo are the numbers in Lemma, 3 4. From (6.17) and Lemma 8.4 we
obtam

QW) <@ @) —4 [ (w41 1Q<”’(u(r))dr B CED)
provided 8<<6 and A=A, o
By using Bihari’s inequality, the lemma follows immediately from (6.18).
Proof of the main theorem We set §<<8 and A=A, where § and A are as in
Lemma 6.1. By using Lemma 3.4 and (6.2), we know that if (6.1) holds then
@+A) | D (8) [3<OM (8 +1) =+ D4 (0) |3, (6.19).
where O;>1 is a constant independent of T Let us suppose that A>1. We take
: TO—F(O““—l)?\, R . (6.20)
and ¢ so small that when oo . ) :
lpllerst lpls<e, . (6.21)
nonlinear boundary value problem (2 D— (2 4) admits a solution w0 ([0, To];
e+1_,(.Q)) (%—O ¢, s+1) and '

| D+u(0) |3<Or*A—20%, (6.22)
Then we claim that o ’ (
G+0) | D u () |§<d, VEE[0, T] (6.28)
and ;
1D° (o) 13< | D***u (0) [3. . (6.24)

Indeed, |if (6.28) i false, let # be the supremum of such T that (6.28) holds on
[0, T']. It is evident that £>0. From (6.19) ‘and (6.22), we have

Gotm D li<(y) s (6.m)
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Above inequality contradicts the definition of 4. When once (6.23) holds, we have
the estimate (6.19). From (6.19) and (6.20), the inequality (6.24) follows
immediately.

Now, we discuss the decay of solutions. Take T >O sueh that

A L ‘
o ‘ .26
, 1( T4 U<, (6.26)
where ¢ is a constant and 0<g<1. From (6.19) and (6.26), it is easy to see that
D u(T) [o<g | D***u(0) [o. (6.27)

By using (6.27), it is difficult to show . D***% () |0 decays to zero exponentially as
t—>o0, ' ' '

.
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