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‘Abstract
Let M be an n-dimensional ecompact minimal submanifold in the unit sphere It is
shown that the diameter and volume of M sat1sfy
o d>—+0(n) d"+V
An application is that 1f M is an n—dimensional compact u-redumble homogeneous manifold,
the first eigenvalue Ay of M sa.tlsﬁes :

2
w> T (240w ) -

In the above two cases, C(n)' s are the same,con_stantsodependmg only on n.

§ 1 Introductlon

In 1980, Li, P. ™ established a lower bound for the first elgenvalue of the
Laplacian on an n-dimensional compact irreducible homogeneous manifold, that is
Ay=>nw?/4d?, where A4 is the first eigenvalue, d is the diameter. In this paper, we
are going to establish a better lower bound for the first eigenvalue. First of all, we
will deal with the problem of the minimally immersed submanifolds in the unit

sphere S™ of dimension m.

~ §2. Minimal Submanifolds in S®

Let M be an n—dimensional compact manifold which is minimally immersed in
a unit sphere §™ of m~dimension (m=>n), i.e. X = (@t oo, a™*): MSmCE™ g a

minimal immersion. Then we have

Hamr-1, | @
Ao = —qak®, (€))

Let (X1, X5) be the distance function on 8™, where X3, X,€8™. Let r(p, ¢)
=d(X (p), X(g)), where p, ¢ € M. Then we have the following lemma,
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Lemma Let Vo(a) be the volume of a geodesic ball ‘with radius a in 8" for
w<av, and for any fized pEM V (@) the volume of the set’ {g€M, fr(p, q) <a}, len
V(a)>V..(w) (a<m). ’ :
.. Proof See the Corollary 2- of 21.
Theorem 1. Let M be an n—dq,me/nswnal oompact mam«fold which s mzmmally

zmmear'sed into a unit sphere 8™ (m>n). Then
\ .

| >3 +0<“) «z"+V ’

'wlwre 0(n) isa pos'btwe constant defpendmg only on n, d= dwmetefr of M, V =qolume
of M. ’

P/roof As is deﬁned a.bove we obvmusly have

«/2<w”<p>—w”<q>>2 Len {0t L et

: ”'(Py 9) 25111 —5— ) D, geM. |
Thus by (1) R e ey

P %--9: gw’f@)wwfswﬂ%ﬁ. N e
Using (2) and integrating (3) for 'geM‘ we obtain -~ '

Tt is clear that for any p, ¢€ M, fr(p, q) <d, the dlameter of M ‘since M is J_mmersed

kmto the unit sphere S’" In the followmg, we always assume that d<<2w/3, then

r(p, ¢) <d<2w/8 for any p, ¢€ M. From (4), it follows that for O<s<1

_Z_____I sz ’r(_'py Q) dq

gin? ”'(Pv 9) dq+J v gin? ”'(P: q) dg

j g EM,r(p,q)<ed} {g € Myr(0,0) >8d)

<sin® S~ 8d Vol{ge M, r(p, g)<aol}+ss4m2 Vol{.qEM r(p, @)>sd},

¥

}—<sm2 d Vol{gEM a"(p, g)<sd} sm[(l—!—s) ]sm[(i——s)-f?]. NG

2

By use of ‘lemma 4and an obvious result ‘that d>m/2, the’ fouév‘ving holds:

Volig€ M, r(p, <edr>Vu(ed>Va(Fe), ©)
L d d
sin _[§1+s) ]>m1n{sm 5 smd} sin 5 A - )
. d . w v

- am[a-oglpam[u-9f] - ®
Since 12’-<d<—§—or, it is eagy to get (7). Now from the above inequalities (6), (7),

(8) and: (5), we obtain-

L <o (_)—17—@—”"8—> sin] (1=0)ZJsin &.
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0<s <1

Let 4,= sup V, (— & ) siﬁ[(i——s)%], which is a positive constant d(apehding

only on n. We have

1 2 A 8 _ _
§<s’n (“) ’f’m 2 O
It is easy to derive from ) ’ ‘ R
d>§+7- | (10)

Where B, is a positive constant dependmg only on n. Let O(n) = ( 5 ) B,. Then

i=>Z 5 +0() o (since i<g .'nr) _ - (11)

V
It is obvious that (11) holds with no condition on d, if we substitute min{O (m), %—}

for O(n). Now we complete the proof of this Theorem.

§ 3. The First Eigehvaluéé of Homégéﬁepus Manifolds

In this section we shall disouss the first elgenva.lues of irreducible homogeneous
manifolds. Now see the followmg Theorem 2.

Theorem 2. Lot (M 9) be an n—dimensional compact zrrred/ucq,ble homogemous '
manifold, A the ﬁq"st eq,genfvalue 0 f M, Vithe e'bgenspace of As. len '

@) If dimVi=n+1,
2 .
7\,1>n (%) »

> d2< +0m) d”+V)2

where & and V are the dwmeter and fuolume of M respectively, O (n) is a posztfwe

(i) In general

constant depending only on n.
Proof Let fi, «++, fms1 be the orthonorma,l basus of V. By [3], there exigts a -
cons’ﬁant c>0 such that '

ot =of, (I<h<m+1),
: X =(a*): M>E™H v
is an isometric immersiion further more X is an isometric immersion of M into

8™ (r), where 8™(r) is a sphere of radius r and ‘here r— ‘/ . When m<mn, thig

immersion is minimal™, - o
Now we construct a new metric_ on M, that is g =-,):an g. Let X -—ﬁl X. Then

X: (M, g)>8m=8m(1) cEmt
is an isometrio immersion and further more is minimal when m>n. Let d, 7 be the

%
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diameter and volume of (M, g) respectively, then
i=La,7- L.
(i) If n=m, i.e. dim Vy=n+1, X is onto, since X is an isometfric immersion
of (M, §) to 8™ Let X, X3 be a pair of points on 8™ with &(X1, Xa)=w. Then
there exist two points p, ¢ on (M, g) such that X(p) =X4, and X (¢)=X,. Let 7
‘be a minimal geodesic on (M, g) fromp t0g. X () is a geodesic on 8™ from X, t0
X ,. Therefore it follows that g
=L@y =L(X ()

i.e.

= d%x/l'l—"d>w,
n .

S
3=

2
nw~. -
A= PR

(u) If m>n, using Theorem 1, we have

.1 =J£ @ I _momy —E
d frd p d/2+0(n) T 2+0(n) w7
AR (Z @Y
(50w GEy) -
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