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A NOTE ON A COVERING LEMMA OF
A CORDOBA AND R FEFFERMAN*

- Long Ruilin ( ;555,%1}5‘%)* Shen Zho'nngei ,(‘%7# H)* .

Abstréet

This note simplifies Cordoba—Fefferman’s proof on the weak boundedness of strong
maximal operator M, (with respect to dw) on L(1-+log*®»DL). Some two-weighted
boundedness results on L(1+log**L) of M, are investigated.

Let M, denote the strong maximal operator in R". A. Cordoba and R,
Fefferman™ gave a geometlm ‘proof of Jessen—Ma,rcmklewmz—Zygmund theorem
which states .

1.y >0 | <ojm l{Tl(1+10g_+<»-1>'J;_l)ozgg, V£, Va>0, 1)

The advantage of this proof is that it can be used in many cases in which the
simple iteration method is no longer useful. The key of the proof is a covering
lemma. In this note we shall simplify the proof of their covering lemma by
extrapolation. A similar idea also appeared in A. Carbery-S. Y. Ohang—J
Garnett’s paper™, .

‘We shall treat more genera,l case in which the Lebesgue measure dw is replaced
by du, where du is an absolutely continuous measures discussed by R. Feffermant ?,
i e. du=w(s)ds satisfies S

w(2, ©,) € AL (R"?) uniformly in a. e. @, . - @)
| (B)a|w<O|R|,, VR, SN
where R is a rectangle with sides parallel to the axes. (R); denotes the rectangle
with the same center and #,(¢<<n) side lengths but 8 times ,'side lengtﬁ of B, and
A® ig the rectangle version of classical A4, condition: we say u € AL if Ya€ (0, 1),
38€ (0, 1), . t.

| B E

< /8=> <o, VR, V measurable set HCR. @
[Bl. " IR[ L e
"‘Observe that (4) is equivalent to the following:
| B] | B,

Van(O 1), 3B€ (0, 1) s. t. -IET<1 a=>IR <1-pB, VR, VECR,
Particularly; take a=1/2, u€ AL implies that I8 (0, 1) s. 4.
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| B 1 B,

Bl ~2 IR,
This implies w satisfies the doubling condition. We also remark that for 1<p<<oo,
condition A are equ:va.lent to A4, condition in each variable separately and
uniformly in the other variables, Since we shall use this fact on A®, we prove it in
~ the cage p=oco. Suppose that w € 4., (uniformly) in each variable. Then there exists
p< oo such thab waA (umformly) in each variable. So M, is bounded on L (w).
This implies w € A, Therefore w € AY. Conversely, let wE AY. We want to prove
that as a function of arbitrary j variables (say last j variables), w€ AP (R’)
uniformly. in. a. e.:points in' R"’; In fact, the Reverse Holder Inequality for
rectangles also holds as in classical case, so there exists p< oo such that w€ A . Let
J be arbitrary rectangle in R’ whose center and side lengths are both rational. Leb
o' = (@, -+, w,._,,;) be a Lebesgue dlfferentlable point of all functlons

<pB, VR, VECR. | @’

: I w® dwn—a+1 da;,,, VsuchJ g__‘]_ _(p 1) 1

and I be a cube in R contammg «’. Then let’nmg I—a' in the following
inequality ' '

: 1 W=D

; " TT=TT J‘IXJ ‘ <m.’;x.7 o dz)’ <O’ o
we get S ' '
| —'-L—j V'w A®p_jyar -G < 1 J iv“”‘“' dw A - <0

|JI 'n=j+1 n lJl n=jgl®’ n .

Obviously, the above inequality holds for all rectangles in a. e. @/, i. 6. wE AP (RY)
in a. e, #’. Consequently

v € AP (RY) uniformly in a. e. @', ,

In section 1 we simplify the proof of Cordoba—Fefferman’s covering lemma in
general case of du. As a consequence we get (1) for du, a result which B. Jawerth
and A. Torchinsky™ have obtained by a different approach. In section 2 we discuss
some weighted norm inequalities for M,. But the results are unsatisfactory.

§1. The Weak Type Estimate of the Strong Maximal
Operator with Respect to a Measure

Let {R,} be a sequence of recta,ngles in R, {Ry} is said to satisfy property P,
if
lenUR4,<IRkI/2 ‘ ®)
{R;} is said to satisfy property P, if ity side lengthg in the @, direction are
decreasing and

ROYENIS<IBIE @
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Observe that if {Rk} satisfies property Pz, then when we slice {Rk} by an arbitrary
hyperplane pérpendicular to the @, axis, we obtain a sequence of m—1 dimension
. rectangles which depend on parameter @, and satisfy property P; for all a,.

As we shall discuss the property of M, on Zygmﬁnd spaces L(l ;i—"log"'%L), 0<a
L oo, we need the following fact about some convex function @ (w) and its Young's
complementary function T(v) formulated in a lemma, the proof of Whlch is
: elementary and can be om_lt’ﬁed

Lemma 1. Let 0<a<oo, g(u)= 1+1og" u, By = j p(8) df, T (v) be the

Young s complementwy fumtwn of @. Then

5 (1—|—log )<@(u) <u(l+log+“'u), Vu>0
?If(q;)<c,,5q;1'“(exp(clq))“—-1), ‘U<8, O ENTE PR (7)

W (v) <ca,s(exp(ew)®—1), >3,
Remark. When a<(1, we have the following unified estimate

’!I/'(fv)<0(exp(civ)“ 1) ‘v’fu>0 o o (D!

Let u be a measure satisfying " (2) and (3). Define o .
M, (a) = | RI3 [, 1F9) 89D, VS, Vo€ o - ®
Mouf @) féngggwll%l;f £, @)l @), Vf, Va€R,  ©

where
dp’ =w(a’, v,)da, o' = (w4, - a:,,_i)
Lemma 2, Let {Rk} be a sequence of ‘rectangles in R® satq,sfyfmg pmpefrty P,.

Assume that M, is of weak type ('_p, p) on (R""i d,u,' ) with weak type (p, p) coeﬁ‘icwnt

" O0((p—1) “’) 1<p<?, umforr'mly in @. e.n. Then there exists a constant O mdependent of
{Ry} such that

([, 1Zzml? du)”" <O(#)™*| R, 1<p<2. (10)

Proof Let {B;} be a sequence of rectangles in R* satisfying property P,

After slicing {Ry} at @, we obtain a sequence of reota,ngles in R** which deﬁehd
on @, and satisfy property P, for all @, i. e, -

| S5 ﬂU S |< |S<””’ | /2, ‘v’a;,,
Since u' € 43 (R"*) uniformly in a. e. @,, by (4)’ we have -
|8 N ‘L<J7‘:S’§’””’ | w<B|8F™ | we
‘We want to prove | _ _ _
(] ool Zr@) 1 G @)™ <oey=igsen ()

uniformly in @, Once it is proved, we take the p’~th power on both sides of (11) and
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mtegrate in z, then we get (10). o :
. Proving (11) is nothing but proving that if ,u,EA(*’(R‘) and M,,, is of weak

_'bype (p, p) on (R ) with coefficient O((p—1)~"), 1<p<2, then for arbitrary
sequence of rectangles {R;} satisfying property P;, we have

: iy
(|, 1Z2m@ |7 au )™ <oy =|UR>. oA
This can be proved by direct estimate or by -linearization of operator. We make
use of the latter. Agsume that {R,} satisﬁes property P; and u € AP, Then
| B =B~ BI>L|R, IEklu><1 —B) | Rulun

Define linear operator 7' by

Tf(a)=3|Rul3* [, f d,wxm(m)
Notice that its adJomt is given by

T*(y) = Elelu [ gaum).
'Observing - : :
|Tf (o) <M, .f (w), T2 () > (1~ B) 322, (v),
and letting ¢=ypr, we have

J o wau= ij(w)g(m)du<p 1902700 17 o

<0 O(SL1) 1olsoalfly=0G) | UBL 2751,

which implies the desired (11)’. Thls completes the proof of Lemma, 2.
- Remark (10) also holds for p>2, since it holds for p'=2, 1, so does for 1<p"
\2 i. e. for p>2. : :

Lemma 3. The assumptwns are given as in Lemma 2. Then there ewist constands
co and, ¢ such that

. X020 ) 1) du<O | TR (12)

Proof Let Co be determmed later and g=(co2yr,) ™. It follows from Lemma,
2 tha’ﬁ

J URy (gg_]__...._%> dM:J U Ry, J: %1 .7g| G < 2 ((r+1) —101/(r+1)01/(r+1)0)!|UR"I"
<O UR,,I,, if ¢4 is smallenough
And since ¢*/"*1<02yy,, if j<9" we have proved (12). The proof of the lemma is
finished. , ; .
A careful examination on the proof of R. Fefferman™ make us be able to

- obtain the following shghtly precise result. _ : |
; Lemma 4. 'Let jv be @ measure samsfymg (2) and (8). Then Ms, u 98 of weak
- type (p, p) on (R.dp) with coefficient O(p—1)*" 1<p<2.
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Pfroof The proof is by induction on n. For m=1, u satisfies the doublmg
condltlon the result ig well-known. Suppose that n>1 and the lemma holds for n—
1. Let w be a measure satisfying (2) and (8), then so does pu'= fw(w w,) da’ (for
index n—1) unlformly in a. e. @, By induction, M,,, is of weak type (p, p) with
coefficient O((p—1)2"™"). Let {R} be arbitrary sequence of rectangles in R
sa.tlsfymg property Pz By Lemma 2, we have -

([ 15wl a)” .<0<p'>"-1|UR»|”é"1<'p<2 S as

It ig routine that (13) implies M,,, is of waek type (p, p) with coefﬁment o (p )”‘1 ﬂ
For the sake of comple’ﬁeness we glve itg proof.

Let ?\.>0 and {ﬁk} be a cover of {Ms,uf >N} such that |E |7t J |f|cl,w>7\. With

no loss of genera,hty, we may assume that {Ek} is a ﬁmte sequence and T s1de
engths of ﬁks are decreasing. Now let Ri——ﬁi and 'suppose tnat we have chosen Rz,
oy Ry-1. Then Rk is taken . to be the first reotangle 1n the sequence {E,} after Rk_1
W11sh the. followmg property
‘ IE n, U (R)al<|§ |/2

" Thus we obtam a sequence of reotangles {Rk} satlsfymg property Pa. So we. have
(18). Observe that we also have {UE; ],,<O’|UR;¢| u In fact, owing to the choice of
{R;.,} we have

.w

. . ,‘Efan’(Rk)dI>|'§il/2 V.?;
where U’ denotes the union of sets (Ry)s with R, being. ahead of. B; in. {E} Let
N and S @9 denote the sllces of 1-?_,; and (Ry)q at @, respectlvely Then
e R | g(w,o NUSEY | > |85 | /2
Sinoe € AP (R1) unifoi'mly in a.'e. @, it follows that
|80 NUSEP 0|85 |,
which implies M, ,,,(xa,sw..)l oiem >0. By 1nduo1;10n Ms, w18 of weak type (2.2).

Therefore .
‘ |US’§””)|M}<0[US( ")lu'
and ‘ '
o |UBu<c|U(B)a| u<0Z| Byl u<0|URy| e
Consequently ‘ - '

I{Ms'ﬂf>7“}lﬂ<’URj|p<OE[Rk|M<cZJ l{' du

<o(GE)” |URkl1”'?»‘1l|fl|p<e((p’)”‘lllfllp/%)”

This completes the proof of the lemma,. - ‘
Remark. When du=dw», the proof of the lemma is very easy. In faet, -ag the
weak type (p, p) and type (p, p) coefficients of Hardy-Littlewood maximal operator
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are O(1) and O((p—1)"1) respectively, we have
A = [ M < [ QO O ) 03 |, dof
S o | MO O £ o, < ()1

Now we can obtain the Jemma of A. OOI'doba and R. Feﬂ'erman d11'ec131y :

Lemma 5. Let w be @ measure satisfying (2) amd (3) and {ﬁ;} be & sequence of
rectangles len thea"e ewists subsequence {Ry} such that :

| OEL<oURw a8

Som (xp( (0o, = 1)< [ U R (15)

‘ P/roof Assume that {ﬁ } has been ordered so that ifs lengths in the D
duectlon are decreasmg ‘We choose a subgequence {R;} satisfying property P, by
the choice process described in the proof of Lemma, 4. Recall that we have proved
(14). Since 1 =w(a, @,)da’ satisfies the assumption of Lemma 4 uniformly in m,,
M,,, is of weak type (p, p) with uniform coefficient O(p—1)2", So (15) follows
from Lemma 2 and Lemma 8, This completes the proof of the lemma.,.

‘Now we establish (1). '
"Theorem 1. ' Let w be a measure satisfying (2) and (3) ‘Then

|{Ms,,,f>?»}|,,<jm"_le_|_(1+log””f1’° {.)dp,, Vi, VA=0. ()’

& Proof 'Leﬁ A>0 and {&,} be a cover of {M,, . f>N\} suéh that | Bz I lf[d/w>
A. By Lemma 5 we have subsequenoe {R;,} satlsfymg (14) and (15). Let &(u)=
u(1+1og*®Vy) and ¥ (v) be its complementa,ry functlon Then

I{Ms'/tf>?"}| <02|Rklm
and, . R o | j ,
3| Rl zxm% au<| (D) du-+ [w(s3pm)au.
By Lemma 1, we see that o | '
W (e2yr,) <c(exp((c183p,) ") —1).
Notice that if e<1, e"“——1<8(e —1) Therefore if we choose & enough smal],
we obtain

1/(7» 1)
i Bmd o (S [(oxp(CasZan )~ UL, < U

Altogether we then get (1)’. We have finished the proof of the theorem.
Remark. Noting that only the proof of Lemma 4, which becomes trivial when

du=da, is a bit complicated; but the proof of Lemmas 2 and 8 is merely sn:nple
extrapolation, we indeed gsimplify the proof of O—F covering Lemma,
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§2. Weighted Estimate of Strong Ma,XImal
Operator on Zygmund Spaccq

Lot du=w(2)da be a n‘onnega;tlve Borel measure on’ R and U, v be "'v&eig‘hfs
such that U dw is bounded locally. Let M,=M,,, be strong maximal: operator ‘with
Tespect to measure u, and 0<a<oco. We want to. dlSOUSS for which U, V" we have

|{Msf>?\.}|mp ["21" <1+10g+“ olf] )V s, ¥, 10, (16)

[ stdu<chfl(1+10g*“|fl)VdM+IRIU) . o

~ Theorem 2. (a) Suppose (16) holds. Then Els>0 such that foa" aq*bfz,tfmfry
sequence of rectangles {R;} and sequence of dfosyomt ‘sets {E,} whefre E,CR,, for
arbitrary set B and constant 3>0, .we have

NG (Cl bl du<cIURanla¢>e, @)

with constant O only depending on U, V', 8, &, where ‘
= S I B,NE |U ‘ '
 TEV@RL O - a9
(b) Suppose that (18) holds for some &, & and arbitrary sequence of rectangles
satisfying property P, H;=R;— U(R,),,, and B=R", (md Ud;u,GA“) Then (16) kolds

for indes oa+1(0<oa+1<oo) »
Proof (a) we need the followmg elementary inequality
w(1+log**u) <eq,a(p—1)~"u’, u€ [n, o0), 1<p<2
Suppose (16) holds. Then for 1<p<<2, we have

I{M3f>h}|Udu<J (i _} '{I (1+]_0g+“ clfl >V d[.b

<6(p—1)="~" j] F|*Vdu, Vf, YA>0. - (20)
From (20) and the method used in seetlon 1, we gee tha’u for arbltrary {R;}, {E,},

.E and g—ETlfl%—g]I—ERl—‘l-’-—ij(m), we have v

([ay 19177 i )7 <o~ 1-4|U, nBlY 1<p<n (@D

And for >0 and & enough small then we have _
: L 2Me+l] 2[adl]H+l - et
J (exp((eg)/ ™) 1)V du=" 31 +
URsn{g>8) =1 [@+11+1 2[a+1]+2
<I1+12+CIU.R n ElUda-
.To estimate I; and I5, we only have o notice that

— |E nElUdu
_Lml ng_p: j E——lmdﬂ<lijnElwu.
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Thus we have proved (a).
(b). Suppose (18) holds’ for some &, 5 and H= R" and {Rj} satlsfymg property
Py and B;=R;— L;(R,)d.. And assume Udy €A®. Let A>0and {B;} be a cover of
<

:._,{Ms f>A} such that ,IEJ; ;,lj,, 1f] dw>A. We choose a subsequence {R;} satisfying
prope1ty Pz 1et E;—-R; U(R )a. Then e

lEl 2IRi| IEJIU>BIR1‘U’ »

l'EfnU(Ri)dl> 9 l‘gfl |RinU(Ri)dll7>Bl'§i|U7 V]r

.‘Whlch implies Ms,Ua”(xU(R,)d) IUR,>B Since Ms,w,, is bounded on L”(Ud/w), we get
"3]UR |U<0[U(R,)dlu<cE|Ej|U Let @(u) =u(1+log*@+y) and ’If(fv) be its Young

complementary funotion. Then with g= =3 WI—I;JTIR—I— ARy Weget ‘
lE IU\ 95 Vd’u, {g<d} : {9>0} . _
B T ——
. 40{g

J |f| (1+10g+(u+1) ol f] )Vd/,b+ 2| By

P e S ‘ , foreenough small,
80 wo obtain (). This vcoﬁi'plevtes the proof bf the theorer.

Now we discuss (17) as in [2]. We ha,ve the followmg a.nalogous result. Its
proof may be borrowed from [2], and omitted. '

Theorem 4. Let w be @ measure as in Theoo"em 2, M;=M,,,. Then the followmg
conditions are equivalent: : :

(a) There ewists comtamt o= OU,V (mdependent of f and R) such that an
holds.
g (b) Fe>0, 3:>0 and OS,U,;» such that for- any positive linear operator T
.samsfy/mg |Tf| <M.f, we have |

| (oxp (e (T TV - 1>Vdu<oe,u,v|mm, (24)
{T*(Uxz>0eV} .
where T* is the ad]omt of T in followfmg sense
Joms an ~[rmg a. |
(e) He>0, 5,>0 cmd 0,,,,7,7 such that for any sequence of rectangles {R,} and
sequence of disjoint sets {H;}, Eﬂ'C.RJ” g=2 —lp%lill—ui“- xj,,, we have

R; w
LM)(exp(syifw—l)Vdu<O_S,U,V|R|W,'¢ @

Finally, we remark that. -w’li_éjn 'WQ c{oﬁéi{derv”(f{ )\\'o'nlyh for those f whose
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supports are contained in B, we may replace the domains of the integrals in (24)

and (25) by {#ER: T*(Uyz)=>8V} and {s€R: ¢g=>3.} respectively. In addition,

when U=V, the doma;ins‘o'f the integraly in (24) and (25) may be taken as whole

" R, owing to the fact that integrals over {z € R: T"(Vxz) <&V} or {s € B: g<<&,} are
O(| R|va,) obviously. : o -
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