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THE HOMOTOPY TYPES OF THE DELETED
PRODUCTS OF SOME VECTOR BUNDLES
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Abstraot

In thls paper it is shown that if W is an m—vector bundle over an n—mamfold M with
:some conditions, then the W"——AW #~deleted produet of W, and M* u AM % QU*—1Xmtnr=1

are homotopy equ1valent

In [1] we have seen that the homotopy groups of the ]a—deleted products of
‘some manifolds may be expressed by the direct sum of the homotopy groups of M and

M*—z, where M is the manifold in question and 7 is a point of M*1=MxX.-xX M.
k-1
‘ In thls paper we o will further pomt out that the homotopy types of the k—deleted

produots of some vector bundles, as ma.mfolds, have ana.logous property

§ 1.' Major Theorém and Its j‘App"li’oa_tions“ f

Let k(>1) be an integer and AM is the dlagondal subspace of the ‘product space

M e YK e X M of a mamfold M. Let m be an’ mteger M (m, k)= AM X;S’(”—lxmn)—
U M, where 4 AM va—->M i(u, v) =4, uGAM v is a ﬁxed po1n1-. in S(k—1)<m+»>—1

The major result of thls paper is the following theorem. .
Theorem L. Let W be an m—fvector bundle over & somply connected compact doﬁe'r—

n-l—l

enmable rn.—mwmfold M, W have @ deﬁefrentwble stfructwre Let > +1, m=n

>2 If the normal bundle of AW in W*. és irivial, then M (m, k) i3 a deformatwn
retract of the b—dileted product W, of W.

The theorem has the followmg corollaries.

Corollary 1. Let W be an m—vector bundle over 8 fw'z,th a differentiable structure,
.k> 'n—l—1
of W(k)

Proof Itis sufficient to prove that the normal bundle » of AW in W* is trivial.

+1, m>n>2 n=38, b, 6, K (mod 8). Then :S"'(m, k) wsadeformatwon retract
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Because AW and 8" are homotopy equivalent, it follows from Bott periodicity
theorem that the olas91fy1ng map of »:AW—>BO is null homotopic, namoly, v is
trivial. S e v . .

Gorollary 2. Let W be an m—foeotor bundle over @ simply connected compact
differentiable i—manifold M, W have a differentiable structure, and its tangent bundle
v be stable trivial, namely, there is a tmwal r—vector bundle &" such that v@s" is trivial, -
n+1

k> +1, m>n=>2, Then M(m, k) is a deformation retracs of We,.
Pmof The normal bundle » of AW in W* ig isomorpbie to 7@---@r. Because
k=1 )
Tist 1, ’ trle usthd okl +n) of ¥ ig
v@Pe" is trivia v(—Bs @---@e" is trivia ecause the dimension ( )(m n)

k—1
greater than the dimension (m-n) of W, v is trivial. Thus the corollary ig frue.

Remark. Theorem 1 and ity corollaries are still true if the closed disk bundle
‘takes the place of vector bundle in them because.of the Proposition 1.1 in [1].

Now we give an application of Corollary 2. Let & be the 4-vector bundle over
St eorrespondmg to the element Sp+o in wy(S0.) =Z@Z, where p and o are
explanned by [2] N the colosed disk bundle of H. Because N is homeomorphm to
87, we can construct a manifold X =N Ly_J D8, where g:0N->9D is a homeomorphism,

Theorem 2. Let the manifold X have a differentiable siructure and the tangent
bundle of X is stable trivial, 5>2. Then X8, and 8%(4, k) are homotopy equivalent.
Proof From the structure of X we have E
(Ic)=NkU (DS)k O'IN""‘X (Ds) u-- UO’”':[NX (DS)Ia- o (1)
where O} N*~ix (D®)¢ expresses the union of O sets N*—x (D")s, Beeause the ‘inner
points of (D#)*—A4X can be retracted to its bonndary, (D®)*—AX and §%-9x DS
are hemotopy equivalent. If we retract every subset zx (D®)} in the term with
factor D® in (1).%o one point, (D8)¥— AX will be deformed to S%-9, It follows from
the below proof of the major theorem that this ;3’8”‘9 is glued to a “cut” in A4S5*x 989
in 84(4, k) by a hOmeomorphJsm Thus X* % and N%, are homotopy-equivalent. By
Corollary 2, N, and S%(4, k) are homotopy eqmvalenﬁ, the theorem follows,

§2 The Proof of MaJor Theorem

We think of W” as a hm—vector bundle & over M* and consider the bundle § |45, v
Deletmg the diagonal in every fibre of § | AM we obtain a(h—1)m— l—sphere bundle,

Since r> n+1

-+1, it has a.cross—section ¢. If we think of ¢ as a eross-section of

&AM, we have c(4M)Wi,. We can extend ¢ to a cross—section on M* and denote
it by ¢ yet. By [1] W, is simply connected, then there isan embedding f,: M*>W ¢,
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which is homotopic to ¢ (see [8], Theorem 7.5).

Since the normal bundle » of AW in W¥ ig trivial, we ean denote the total space
of the closed disk bundle » of v by AWXD""‘”‘"’*"’ Let aE@D("‘1>("'+”) We define
fi AM x 0I—->W*, as follows

- fI(AM x0) =hy| AM,
f (@, 1) is a homeomorphism fo 4M X a.
Since %, is homotopic to a cross—section, it is eagy 1o see that f can be extended to
F: AM x I->W¥, if we choose a suitable radius of the fibers of ». We can suppose that

¥ is an embedding because &> n+1 +1> ,2’:_—:3 (see [8], Theorem 4.15). When we

glue the inclusion: AM X 6D""1>(”'+">—>the total space of » and hy by F, the embeding
map h: M (m, k)—>W, is obtained. Let A(M(m, k)) =A, i: A>W}, is the inclusion.
Now we need the following lemma.

Lemma, There isa map s:W¥*/A—>W*/W i, such that the following diagram
commuites and 3, is an isomorphism for all q.

H (W, Who) ~Z> B (WH/W,

H (W, 4) 25 B (W/4),

where §, is induced by 1: W*—>W", pk and p} are induced by the identification maps p’
and ",

- Proof First observe A=h(M*U AM XS(’““("”*”“l) When we retract every
point in W¥*/A which belongs to the F—int(4M x D*-Dm+m)  where F is the fiber
of ¢, to the zero cross section of & along ¥, the space ebtained and W*/A are
homotopically equivalent. Second, since i |M* can be homotopic to a cross seccion
when we identify A to a point the cone en the zero cross section is obtained. Thus
we can retract M*-AM to A. Finally, there is an obvious homotopy equivalent map
from int (4AM x D®-1m+n) onto W¥—W, =AW . Taking s to the composition of
three maps above we have p'olavsop”.

Look at the homomorphism of the exact seqizences

ee> H gt (W)= H g (W, W) —>H (W) = H (W) —>H (W, Xty)—>e

WAl R
o> Hoys(WH)—>Hoys (WP, 4) —H,(4) —>H,W¥)—~>H (W 4)
It follows from the lemma that j, is an isomorphism. 1, is an isomorphism. The

B-lemma tell us that ¢, is an isomorphism. Since 4 and Wy, are all simply
connected, ¢ is a homotopically equivalence.
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