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ON CONVERGENCE OF PAL-TYPE
INTERPOLATION POLYNOMIALS

" Xie Tlngfan (15}[,% &)

Abstract

Let {x}}721 be the zeros of the (n—1) —th Legendre’ polynomlal Dn1() and {mk}a,1 be
the zeros of the polynomial w(x)=(1—%?)p; 1(®). By the theory of the Pal interpolation,
for a function f € Cf_y, 1, there exists a unique polynomial @.(f, #) of degree 2n—1
satisfying conditions Qn,(f, @) =Ff (@), Qu(f, @) =F'(a%), where k=1, 2, «+, n and zi=
~1.The'main result of this paper is that if f ¢ Of-1,1, then IR

@)= Qulf, =0T @u(f, =)™, —1<w<l.
Hencs, if f € 01, 1]; then @, (f, #) converges to the function f(@)uniformly on the interval
[-1,13. ' o

§1. Introduction

Le‘s
—1 m,.<a:,._1< L pg<lwy=1

be the zeros of the polynomial ; _
Wo(2) = —n(n—1) [ Pos(8)db= (1— w”)pn_l(m), (1.1)

where p,_1(#) is the (n—1)—th Legendre polynomial with the usual normalization
pn—1(1) =1. The zeros of the derivative W3, (#) = —n(n—1)p._1(s) are denoted by i
(k=1, 2, +-+, n—1). It is easy to see that o
Ly g oo La LB <y =1, .2y
. Let f(2) be r-times continuously differentiable on [—1, 1], that is fEO[_l,u
and r>1. By the general theory of Pal interpolation (see [1]) there ex1sts a unlque
polynomial Q,(f, @) of degree 2n—1 satisfying the following conditions:
Quf, ) =f @) and QL o) =F(a),
where k=1, 2, ---, n and a}=—1. Hence, the polynomial can be called Pal-type
interpolation based on the nodes (1.2). , :
Recéntly, S. A. N, Eneduanya™ pointed out the polynomlal Q.,( 7 a;) ca.n be
represented in the form
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Q(f, 3 = 3} (0 Au(e) + 317 @) Bu(@) +C,@)f (—1),  (1.3)
where 4;(x), By(¢) and U,(x) are polynomials of degree 2n—1. Let '

- Wa(o) (0N W (@) ‘
W) =i o—ay ™ O e G—ay -4

Then » y
Ak(w)=l%(w)—§,uﬁif))j ) t_“) b1 (lo 2,8, - m—1), (1.5)
Bu(a) = B (=12, -, n—1), (1.6)
 dy(o) i)~ 2 [ BDTEDpaBl gy
on(w)=%z(§%y |
a
o A'( j_ n(n— 1)( +1)>Z2( Y4 W(w) J {'n(n 1) 0(5)
o(® —( ——5— (@ @ W=D
—2(1- i@—ll G+ Y ) s () |0 o
where :

a=21(—1)— “(’””1) 1.(—1).

On the convergence of Q.(f, a;) as n—>co, Eneduanya.m proved If fFECI1n andi
r=>1, then for arbitrary s € [—1, 1] and n=>2r+38,

F@)=Qu(f, =0 u(f?, =) 1an. €.

The purpose of this article is to introduce a new method which gives an essent-
ial improvement of above estimate (1.7). The main result is the following theorem..
Theorem. If f€O[ 1, and r>1, then

IW (o) | ® = )ptr
7@ =, =0 @ 4 (70, L)
holds uniformly in # € [—1, 1], n=>2r+3. '
Since W,(x) =0(1)~/n, the theorem implies the following corollary.

Corollary. If fE€Okyy, then Q.(f, @) converges to f(s) uniformly in the
snlerval [—1, 1]. '

'§2. Preliminaries

In order to prove the theorem, we state some propertws of Legendre polynomlaI
Pa-1(3) as follows. By the Well known estimations _
(1- :1;2)4 Pt1(@) 7 =0(1) and |p.-1(a)|<1, ' (2.1)
and Bernstein’s inequality (see [6]) we have ° '
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(1—:1:")4 n_i(w)—O(l)\/n. Ev L (2.2)
The following relations can be found in®™: . R '
1—a? ~sin? 22 o (,,=2 8, -, n—1),; el - (2.8)
Ipn_:l(w,,)]N(nSm—-) - -2, 3 n-l) ey
Let o;=cos ;(0<O;<m, =1, 2, +-+, n— 1) Then
: 2p—1 PR oo .
on—1 :n:<9*< 1 = B (2‘.5)
and ) _ .
| Ph-s(a}) | ~n? (nsm—”i) TR T (2.6)
Here nota.tlon a,,.,,~b,.,, means that there ex1sts a posmve oonstant M suoh tha.ii
b :
M <“ﬂ9<'MbWP

hold for n=1, 2, a,ndv 2, 8, -, m—1. R
The proof of Theorem is based on the following lemmas
Lemmal. Fork=2, 8, .-, n—1land o€ [—1, 1], the meqwlq,ty

lAk(w) | <5Izk(m) I + : ' 1) (21' Wa’::;s])pln—i(wk) ls o [T ,(2.7)

holds. v
Proof First let o;>a. By (1 5) we ha,ve SR R
2|W. (m)l LAC)) :
 4@I<IhE) e ]_” %au] )
But (see[2]) S \
|h(2) | <1 ' (2.9)
and s o
r BH) g b@) [ _ W@ g
15— :v;, o=y J-1 (t a;,,)z
iniply : R
LR A (1:) 2 i A
j—i t—ay, ‘< |o—a|” : (210)
Hence, from (2.8) (2.9) and (2.10) it follows that’
| () [<BlW(@)[. (2.11)
Now, we assume «>>a,. By using (see") Lo .
‘ I (t) P 1- : RSN
-r—ay . (I “’k)\(?n—i(%)l’ |
e AW g RO g (RD g
J-M_’i—_w—k dt=_[_1ﬁ—?v; di= J’a; t—ay %,
we obtain W) 1 2'
¢ (s ;
J—it — dtl = (T—2) [pra (@) l2 o—ay T
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Hence (2 8) and (2.9) amply . o
| Au(@) | <B|l(2) I + (1 wk) IWI (mk> I [p“_i(wk) Iﬁ
From (1.1) we then have -

: 51 ,0)| -
lAk<a’) I <5[%( )I + —1) (l-'a,k) Ipn-l(wk) N (2 12)

Gombmmg (2 11) and (2. 12) we obtam (2 7) and complete the proof of
Lemma 1. R
Lemma 2. For k=1, 2, «-, n—1, and s€[—1, 1], w#«»,‘:, the following
inequality ' -

| Bu(o) | < |W,,(w2)fpi_~1(w;§)| { |Wa(zp) | |a; oy | m<1

p|[" | pn_1<u>du|} (2415’»):

}wlds.
Proof Aceordmg to the deﬁnltlons (1 4) and (1 6), it is easy to see that for
T >, : ‘

B = ﬂgf_)i(mk){(miwz)r ”"(*)‘Z”j U}&TJ pocs () ).

Hence we have

LACT I T
IB;,((D)I< ‘W(wk)Pnfl(wk)l lm mkl_1<£zf Pn—l(u)d’w

Now Wwe assume w>wk and write

B0y = We(@) {f Pa®) g Iqo.._la:) af. @15

" (2.14)

W,.(wi)z)%_:t(wi) -1 b—a o b—ay
Since @
v _pn—:l. 7 — dfl
L P dé= jp,._i(u)du-l-j G=a) *)2[ Pn-1(w)du
and L
: J".p,,_l(u)du=0,
we have ( ) B L
Pn—i t ‘ l v 3
| S wk dt <l —wklzigp le,._1(u)du .. (2.16)
But (see [5]) N '
.'pn-i(t) — 1 RLe
L i 00 W,.(mz)" (2.17)

Hence (2.15) and (2.16) J_mply

2\Wo(@| [ 1 X
'BM)K|W"(w;)p;.:(w,:>|{IW,,(m*| o—a}, rom [ P"“i(")d“]} @1

Thus from (2.14) and (2.18) it follows that (2.18) holds. Lemma 2 is proved.

§ 3. 'The Proof of Theorem

For the proof of Theorem we shall use a result of Gopengaus™ which can be
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stated ag follows: If f € OH 13, then there exists a polynomlal g(m) of degree at mostb
(2n—1) =47 +5 such that for all w€ [—1, 1],

79(@)~g"(@) ~0Wa(y®, L= =) (VI (om0, 1, o, ). (3133

Obx;iously, Q.(g, #) =g (w). Hence (3 1) 1mp11éé: o
(S, w) —f (@) =Qu(f—9, ) — (f (@) —9(2))
= 2 (f (@) — g(am) —f (@) +9(2)) As(a) + 2 f (w") -9’ (@) Bu(2).

Therefore we have

e, w)—f(w)l<11+12,f P )

Wherek
I,= 24]‘ (o) — 9 (aw) —f (w)+g(w)| IAn(w)l
and
=0 (f"’ = |Bk<w>|

Iu=b 2 |f (@) — g (a. )—f(w)+g(W)| Ilk(w)l

ol 2| Wa(e) | Y
| T1a= n(n——i)l 1022 - wz) (Pn-i(w ) Ia lf(a’k) g(“’k) —f(a’) +g(‘”)|
Then Lemma 1 implies \
11<11,1+I:1,z : (3.8)
Usmg @. 4) (2 4) and (3.1) we obtam '

In= 0(1)2|lu(w)llw wulf(&) y(f)l

—0() e (f<'> 1 1 ""1( W> lW (w)l

n/wliE i
So v , : v
T,1=0(1) ———"W"(ﬁ) Lo (7o, -;%)n-'ﬂ.- B ¢ I

On the other hand using (2.4) and (3 1) we get -

3
n—1 = n SN I
11.2.=0(1) (f(r) 1 ’r::,- 762}2 IW( )l ((sm kw))

=0(0) (f(?) _1_) Vl W,,(_w)| T
Henoe combining (8. 8) and (8.4) we have =
I,=0Q1) |WZ/(m)| (f(r) 1) —ril ‘ (35)

In order o, estlmate Is 3, We dssume first that >0, and denote by o} the zero of
W' («) which is nearest 0 . VVrltmg
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i - Sl .
Iz.1=k§1|Bk(‘”)| '(afnd _Ia,z=k=’2+1|3k(w)|y
we have sy T . .
= o L

L= (ot Lt (B DOWa(r”, L) (3.6)

By (2.24), we get e
o | S 1
LW A @@ Tl 0k

Hence from (2.6) and (2.5) it follows that

121—o<1>|w<w>|z,(1 T Tl w R (OOl

_'pn—i(fvlt)lz‘ Iw—wkl n ltl<1

0 W@ S (,H_j)l'( 5y ‘f,”

I, 1-0__&“’_1 NCR S

I vP»-i(u) dul

and

Similarly we have

(nsim 22)" <sm—— e vE
Iz,z-—O(l)IWn(w)I 2{< ~ocw ) ( ) 4 (70+j)(70—}) n? }

s

Now we are going to est:uma,te B,(w) Fu'st We_assume that w<w1 Obv1onsly,
(1.6) implies C ‘ .
: : (w) J ™ ¢ d *
B(w) e ) 7:+L9 l.?:(f)dt>.
Hence from (1.4) a,nd (2 6) we obtain S

- [Wa(a) | 1 Da-1(3)
| B@) =0 e P (e | [ pecalulan] +| ] 220 )
=0Q1) |Wa() | (’"'_f"'.?’” o — a7 .su? praa@® ).

Therefore, by (2} 5):and (2.2) we hdve .

B,(@) =0(0) [W,(@) | {nE £ (7/%“—),—} ENLACTREPR

For the case >4}, we write . .

W (w) |
| By(@) =) {j b (t)clt I i (t)d#}
t‘henl_\(z.ﬂ) and (1.4) imply )

W@ 1 a aa
B0~y e e 'L FeD =)

Hence from (2.6) and the estimations
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1—aa-=0(1)_nlT and  |pi()|<n?,

it follows that v N

By(@) =0 |W,(@) | (n*+n7(1—)) sup |7, () [ =OCD) [Wa(a) | (w72n70em).
That is AT e
| B@=-ow @] (8.10)

Combining 3.D— —(38.9) and (8.10) we have

S 5,01 -00 DL <oy,
Thus .
1,=0(1) M " (f"’,‘” l)n-rﬂ (0<o<l).
From this and (3 2) (3 5) we can see that'~ o S
Q(f, 2)—f (@) =0<1)—l<—”ll (f"’ 1) 1 (0<e<t).

Similarly we can prove that the above estimate holds a.lso in, mterval - 1 0]. This
completes the proof of Theorem.
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