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Abstracf

Over a fleld of characteristics=2, 3, all irreducible positive and negative graded modules
of simple Lie algebras L(n) and L(n, m) of Cartan type W, § and H are determined.
Fuither, all irreducible positive and negatjve filtered modules of L(n, m) are determined.
For L(n); every irreducible negative filtered module is a negative graded modulé, but there
exist irreducible positive filtered modules which are not graded.

§ 0. Introduction

Lot F be an algebraically closed field, Char F+2, 3, L a (finite-dimensional or
infinite-dimensional) simple graded Lie algebra of Qartan type W, or H. We first
determine all irreduoible positive and negative graded modules of I. Let M (Vo) be
the unique irreducible positive graded L-module with the irreducible Lo-module
Vo as its base space, Then (Vo) =V, unless Vo=Vo(A), the highest weight
module with a fundamental weight A; as its highest weight, for some 4. When V¥,
=Vo(A;), write 70=70(7w). Then 7 (As) is identied with the I-module consisting
of all differential forms of i~th degree. Using exterior differential operation we can
determine M (Vo(A:)) which is the minimal submodule of 7y(A;). When L is finite
dimensional, we caleulate the dimensions of M.(Vo(A;)). By duality, all irreducible
negative graded modules of L are also determined.

We further define and discuss the positive and negative filbered modules of I.
For finite-dimengional L=L(n, m), all irreducible positive and negative filtered
modules are determined. For infinite-dimensional L= I (n) ,' the irreduecible negative
filtered modules are also determined: they are just the irreducible negatbive graded
modules, On the eonti'ary, there exist irreducible positive filbered modules which
are not graded. To debtermine all irreducible positive filtered modules of L (n)

remains an open questhion,
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§1. Irreducibility of Vo and V;

We adopﬁ all the notations used in [4] and [B]. If po is a representation of Le
in Vo, let po and po denote the representations of L in ¥, and Vo respeotively. Leb
Z denote the one-dimensional trivial module, T'|y (or simply 7') derote the trace
represéntation of gl(n) (and its subalgebras) in the space V:T (A4)=(Tr4d) 1y,
A€gl(n). As in [4], if D=aD;€ L, lob D =§ Di(a) @B, EARLo. Lot

. MV)=TVo)umm @€.1)
if Vo is Lo—irreducible, (To distinguish finite-dimensional and infinite-dimensional
cases if necessary, M (Vo) :will be denoted by M (Vo, n, m) and M (Vo, n) respec-
tively). M (Vo) is the unique irreducible positive graded module with ¥, as its
-base space. ' |

We first assume L=L(n, m).

- Lemma 1.1 Let po be a representation of Lo in the irreducible module Vo. If Vo
48 not a highest webght module, then there ewisis a 700t vactor X of Lo such that po(X)
and po(X) have unique characteristic value a+0 in Vo and Vo respectively.

Proof Vo is not graded. By [5, Lemma 1.4], we may assume po(n*) is nob
nilpotent, where n* is the subspace of L, spanned by the positive Toot vectors. Let.
P Dbe the set of positive root vectors of Lo. Then po(P) is a weakly closed set. If all
poY), Y GP,V are nilpotent, then po(n*) is‘nﬂpotentm, a contradiction. Hence we
have X € P such that po(X) is not nilpotent. Now, po(X)?— po(X™’) commutes with
po(L) and X =0 in L,. We have po(X) =a’-1y,, a’#0, and a=a'*/? is the unique
characteristio value of po(X). Similarly, po(X)?=8(X)®@1y,+1au®po(X) and
3(X)?=0 since  is a restricted representatibh. Hence po(X)?=1xQ®a’+1y,=a’-17,.

Proposition 1.1. Let Vo be an trredueible Lo—module. If Vo &s not a highest
weight module, then Vo(n, m) s érreducible. ,

Proof Let X be as in Lemma 1.1. We have? V(M (Vo))=N(m)—2 (for
L=H (n, m), of. [5, Lemma 2.6]). Hence there is a non-zero v= S PR

lal=2Gm)—2
€M (V) such that po(X)v=av. Denote , _
, o=, | 1.2)
(1) L=8(n, m). Then X =x,D; (lentified with H;), ¢#j. Let s=min {a;|va

%0},

1) s=uam, that is, we have v4#0, a=m—8;—&;, &, 14, for some a. If k4, 1+,
lot Y =wwwDj; if k=4, 1+4, leb Y =aww;D;—aPmD;; if h=1l= 4, lot Y =0@®Dy
—20®D;. Then Y €8 (n, m). Direct computation shows po(¥)v=aas™Rve#0.

2) s=m—1, i, e,, there is ve#0, a=w—8—6y h#0. If k=j, lot Y =ww{®D,
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— @z, D;, then po(Y)v=a0®Q@ue+0. If k#j, let ¥ =22 Py, D;, theh po(Y)v=aa™
®v¢+w(”>®po (B;;)ve which is nob equal fo zero sinee otherwise we would have
p0(H;) vg= — avg. contrary to Lemma 1. 1. '

8) s=m;—2, i. e., there is v,#0, a=w—2s;. Let ¥ =32®D,;. Then po(Y)'u
- aa;<”)®v¢+2w<"’>®§0 (B ve+0 since —a/2 is not a characteristic value of po(Hy).

Now in all eases we have M (V) N (70 memy 7 0. Since (70)_ Nomy 1S Lo—irredueible '
([5, Lemma 2.41), M (V) D (Vo) wm;. Hence M (Vo) =V by [5, Lemma 2.1].

(I1) L=W (n, m). The proof is similar to (I). '

(III) L=H(n, m), n=2r. Let

1, <,
o (6) ={ S (1.9)
—1, r<4§<m, '
T=i+o@@)r, =1, -, m R )
Then H (n, m) is spanned by
B(f):=30c@® D:f)Dy (1.5)

where f €% (n, m), deg f <>| w|. The root vectors of Lo=sp(n) are multiples of
B(awy), 6#], j 1, j=1, - 20, and B(@®), ¢=1, -, 2r (identified with o () Hz
+cr(_7) Ej;and o () E; respectively, cf. (6, p. 121).
Q) X= Bvw) =0 @)wD;i+ o () Dy, 4+, 7. Let s= min{w, a;|va#0}. Slnoe
the sﬂ;ua’rrlons of 4 and j are symmetrical, we may assume s=a; for some a.
1) s=m; i. e, fza%O o= — 85— &y, F, laéfz,, §. Let ¥ = B(wkwlcv.mj) Direct compu-
tation shows po(¥)v= ww(”)@qa
2) s=m;—1, i. e., 14%0, a=mw—8&;— &, 70#!1; If k=4, let Y = 2B(:v(2)a; 2Y; if]caéj,
lot ¥ =2B (af 2’a;,a;k) Then po(Y) v=as™Qva-t- 5 R)po (X) vg#0. '
3) s=m;—2, i. e., g#0, a=w—2g;. Let ¥ =3B (¢{*v;). Then go(¥Y)v=as" Qs
+20®p0(X) 1 #0. :
(2) X=B@®)=0%) w,D; Let s=min {o; | v4% 0}. »
1) s=um;, i. e., there is. v4#0, a=w—e&—4&, &, 1+4. Leb Y=B(mkwlm§2>). Then
poX)w= am“’”@fza#o :
 2) s=m;—1, i. e., there is 14%0, a=w—&— &, kaéq, Let Y =2B (@{®x;). Then
pT)v=ar" Qe+ @po(X)va#0.
8) s=m,—2, i. e., there i va#0, a=mw—2s,. Let ¥ = SB(w ®) . Then 5o(¥)
= 4t ™R+ 28R po (X)) vg#0. :
In all cases we have M (Vo) N (V) N(m)aéO and M (V,) = f70
Lot §(Lo) be the standard Carbtan subalgebra of Ly=g¢l(n), sl(n) or sp (n) and
A, 4=1, «--, n, the linear functions on H(gl(n)) = (Eu, «++, H,up such that :
Ai (Eu) 8. ‘ (1'6)
The restrletlon of 4; on every I)(Lo) will also be denoted by 4. Let
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| ho=0, Ay= j"glA,., i=1, e m 1.7
Then A(6=1, +==, n for Lo=gl(n); 6=1, -, n—1 for Lo=si(n); 4=1, +-, r for Ly
=sp(n)) are the fundamental weights of L. Every weight of sl(») or sp(n) is a
linear combination of fundamental weights™. We have :
Ai=N—Nimq, 6=1, >, 1, : k (1;7)’
Proposition 1.2. Let Vo be a highest weight frﬁodule of Lo with highest weight
A0, T f A is nob @ fundamenial weight, then Vo(n, m) és érreducible.
Proof Let v, be a highest weight vector of V.
(I) L=8(n, m). Let : : ‘
e hi=EBy—Biy1,i41, =1, -+, n—1, (1.8)
‘We have ) o ‘ B
M(hy) =8y, 6, j=1, =+, n—1. (1.9)
The positive roots of sl(n) are A,—Aj;, $<j; the corresponding ‘positive root vectors
are Hy, 4<j. Let '
Ay(f) = (D) Dy~ (D:f)Dir I 691(%, m), &, j=1, =+, .. (t.10)
Then A,(f) € L, ’

n—1
Let the highest weight A= > ¢;Ay, ¢z EF.
k=1

Q) If ¢;#0, 1 for some 4, let A=A4,,3,;(@™). Then -
U = 50 (_A_) (1@:1;7') e ciw(“—s‘—s‘+l)®q);u+k2. m(W-84u—8x)®Po (Ek' i) vy,

- m(w_s‘_s")@Po (B, 141) v2#0.

' T>a+1
Let B=A,,4,;(@P23). Then po(B)u=2" (c;—e¢;) v,%0.
(2) Suppose all A,=0 or 1, If there are more than one ey=1, lot the foremost
- two be ¢; and ¢;, §<j. Lot A=A4;;.1(a™), B=A;;.1(@®2{21) and h=h+-+h;.
Direct computation shows po(B) po(4) (1®w,) = (A(h)2—A(R)) 2 ™R v, %0 since A(h) -
=2, ’ ' .
Thus M (To) N (Vo) my#0 and M (Vo) = V.

(II) L=W (n, m). Suppose A= é cxhy. If '70 is reducible, by the discussion of
k=1
(I), we may assume the restriction of A on §(sl(n)) is a fundamental weight A, 1<<
4<n—1, that is A=a E‘J A+ (a—1) En} A6 € F. We proceed o show ¢=1. Suppose
: Jj=1 =i+l

a+1, When ¢+#0, let A=+"D;, B=X{D; and Eo (B)po(4) (1®w,) = (a—a®) o™
®w,#0; when =0, let A=2"D, B=aD, and po(B)po(4) (1Rw,) = ((@—1).—
(@—1)2) 3P Rw,#0. It follows that M (Vo) =V, i.e., Vo is irreducible, a contra-

dietion.

”r r - L3
({II) L=H(n, m). Let A= 3 cph; = 21 s34y, where s, = ;21 Cs.
) i k=1 k= | =
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The positive roots of sp(2r) are A;—A; 1<é<j<r, Ai+4d; 1<i, j<u, and
2./1,, 1<i<r. If p is a roob, leb h, denote the oorreéponding coroot and e, the
oorrespondmg standad root vector. For example, th,"'Eu Hy, e24,=Ej;;, eto. (for

details of. [6]) Se’o A B (w“")) Then. po(4) (1®m) = 2 w(“‘sf‘“3’®h<hzwd) v, +

2 &F=" DR po (6—(a,4a9) V2t 2 &R po (64,-4,) Va.

“’#Il ) 1<i<i<r

1) Ifs,#0, 1 for some 4, let B= B(w(z)w§2’) We have B =a®*0@hyy, -+ Re_a4,
—2®PRe,,, and Ho (B)p po(4) ARV ;) = (A (h2a )’ )\.(hu,))w(“’@lvﬁéo gince 7\.(71,24,)
-s;.

2) Suppose all s,=0 or 1, but §=0, s;=1, for some 1<i<j<r. Let B= v
. B (awww;). We have po(B) po(4) ARV ,) = o@@ (A (hs,-s 2 —M(hapa)) 0270 since
A(}M,-A,) —7“(734,+Aj> =—20, o

Thus, unless A= ilflk=?\,¢, we have ﬂ Vo) =Vo.
o=

We now consider the infinite-dimensional cases;

Proposition 1.8. Let Char F=p>3, L(n) =W (n), S(n) or H(n) and Vo be
an drreducible Lo—module. If Vo is not a highest weight module with a Jundamental
webght M; as its highest weight, then Vo(n) és érreducible.

Proof For any m, ; v

(Vom))a= (Vo ln, m)) sc % (L(n, m)) ARV o) =% (L(n)) ARV o),
and Vo (n) is irreducible by [B, Theorem 2.5].

Proposition 1.4. - Suppose Char F =0, L(n), Vo are as in Pmposq,tfz,on 1.8 and
dim Vo<oo. Then Vo(n) és érreduciblh.

Proof If L=8(n) or H(n), then V, is an integral module ([5, Note 2.2]).
‘Choose a sufficiently large prime p such that Vg is Lg-irreducible, where K is an
algebraically olosed field of characteristio p. If Vo(n) is reducible, then by a mod p
process we should conclude that ¥o(n)x is L(n)x—reducible, which is contrary to
Proposition 1.8. When L=W (n), as in Proposition 1.2 (II), 'we may assume ¥V, '

is a highest weight module with highest weight A=a ﬁ]/i,-—i— (a—1) ﬁ A;, As an
j=1 §=iF1 .

S €)—module, ¥4 has a unique proper submodule M (see Theorem 2.4 of the next
Seetion), If a+#1, an easy computation shows % (W (n))M RM.

Let Vo (M) denote the highest weight module with hlghest welght M, poi the
corresponding representation and Vo(A)* (pk) the dual module (represen’oa.hon) of
Vo) (pm) ‘We have

pei=poui—T. | (1.11)
Especially if Le=sl(n) or sp(n), 00 po,n—i. Moreover, when Lo=sp(n), pose=po. By
dualiby (of. [5, Corollary 3.4]); we have the following proposition. .
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Proposition 1.5. Let Char F+2, 8, L=L(n, m) or L(n) és of an"tan type W,
8-or H and po an irreducible ﬁmte-dwmens%onal frepfresentamon of Lo “Then- po fz,s
‘Girreducible unless po=poy, 9. €., po—pog 'bf L s of type N} or. H, po— poi— T wf L o8 of
type W, for some 4. - : P

'§2. Decomposition of Vo OR

V=V, (A) Vo(rn,, m) and Vo (n) will be denoted by 70(?\%, n, m) and 70(}\,,,
) respectively (sometlmes sunply ff'o (A;) for both). Slmﬂarly, M(Vo, n, ) and
J (Vo,n) will be denoted by H (A, n, m) and M (A, m) respeotlvely (or simply . M (\)
for both). It is- Well—known that Vo(A) is 1somorph10 to the module oonsnstmg of
all ¢—vectors, i, e., Vo(h:) =X AV o(As) where V' (7\,1) is the module of the natural
represenation of L, and A denotes the %—th exterior ploducﬂst‘iJ Let {ei, oee e,.} e
‘the natural basis of Vo(A1), i. e., it satisfies E',gek—a,ke, Let Q' (n) and @ (m, m) be
the 'L(n) and L(n, m) -modules of differential forms of rz,—th degree w1th coeffioients
in A(n) and A(n, me) reéspectively™ ™, The lmoa,r map R (e,,/\ “Aey) > @ )dw
A+++ Nda;, is a module isomorphism of ¥o(A;, n) or ¥o(A, n, m) onto Q'(n) or Q(n,
m) . In the following we Shall 1den1nfy 70 (7\.“ n) (70 Ay ny m)) with Q'(n) (Q'(m,
m)). :
Let I={1, -- Y n}, N CI and the elements of § be f1,1<7,2< <t erte

—dw A+ - Ndw;,, ‘ (2 1)

‘ w(ava)_w(ml) ,U(m,,) ' ‘ (2 2)

Deﬁne as usual the exterior dlﬁ'erentla,l operatlon oZ Vo (?\,,, n) -V (7\%1, n) by

v cZi (fws) = (df) Nowsg, fE%I(n) Oard ;S’ 4, . (2 3)
where. ‘ S '

it ,, df ="§(1?¢f) das. | - @.8)

It is well-known thab .. - o

' ker d;= d,_lm (Mi_s, m).- L 2.4y

Leb d (m) denote the restriction of d; on Vo (A, n, m).

Proposition 2.1. Let L= (n, m). Then (1) di_sVo(\iy, n, M) is a propéf
submodule, with length N (m) —1, of Vo(hy, n, m); (2) M (h, n, m) =d;_iV, (M_i, n,
m), i=1, -, n; (3) kerd,(n) /di_sV o(hics, m, m). 65 a trivial module.

Proof (1) Write U= di_.iVo Mty m, m). Since. di_y (V' (Mi_y))o=0, we have
1(U) <N (me). On the other hand, U ygmy-1={<d_1(@@wg)|CardS=¢—1>+0. Hencsd
1({U) =N (m) —1.(2) U=V (\i_s, n, m) /kerd,_(m) whose top space is isomorphic to
RV o(M—1) and henoce is Lg-irreducible. The length of M () is atleast N (m) —1
([B, Lemma 2.2]) and so M (%) DU wem-z=<dis (@™wg)>. Applying po(D), 6=1,

/



410 - - - OCHIN. ANN. OF MATH. ~~ - . Vol. 9 Ser. B

-+ m, repeatedly, we obtain all &y (2 @wg) €M (&), i. o., M (M) =U. (3) We have
70 (M., m) LJker d,(m) DU and I (kerd;(m)) =N (m) =1=1(U). It is easily seen
that Uo=d; 47 (x,_i)i_vo(xi)o— (ker d;(m) )o. Hence: l(kercli(m) /U) <N (m) —1,
and ker di(m) /U is trivial by [5, Lemma 2.2].

Lemma 2.1, ker &;(m) =d;_ 1V o(Ni_y, n, m) ®<w(°’°)a>s[0ard8 .

Proof “>” is obvious. Now we prove “c”, Let uEkerd;(m). By (2.4), we
may assume (i) u=d; 10wy, Card T=¢—1. Moreover, ‘we may assume (ii) #®&
U (m, m) and u cannot be expressed as digw, wEVo (Mo, m, m) . By Proposition 2.1
3, po(D)u d,,_l(w(“ "ﬂ)coT) €d,_ 170(?%_1, n, m), i e., w(""sd’G%I(n m). Hence we
may also assume (iii) A b3, a;= mr;,—l—l for some ;) A closer observa.tlon shows'
U= w(”')ws( td; 1(50(””8 )0)8\[1]) JES). '

"~ Let o . L .
' dlmdm(x,, n, m)=a. R 2.5y

By Lemma 2. 1 dlm ker d;(m) = a,_i-l— o;. We have the exach sequence ‘
- ' 0—>kerd (m) —>T70(?\.i, n, m) —d 70 (7\.,, n, m)—>0, 2.6>

‘and hence w,,+a,,_1+0”——p"”'0§”, =0, 1, --., n (here we set a_1=0, see [5, Lemma.
8. 2]) It follows hat gy— (p™— 1)(2 (— 1)10"),

‘@=(p™—=1)0;, $=0, 1, ' ' (2 Ty
To summarize, we have the following theorem. .
Theorem 21. Lot Ohar F— =p>3, L W (n, m) Then (1) Vo (n, m) bs
mduc@ble of and only of Vo=Vo(A), =0, 1, -, n; (2) M (Mo, n, m) =Z, B (A, n, m)
= ,_170(?\,,_1, n, M), 6=1, -, n; (3) dlm M (ho, n, m) = 1 dim M (?\,,, n, M) =a;_y,
6=1, --., m; (4 The eomposwlon factors of '70 (7»,, n, m) are M (Asy m, m), M (Mo,
m) and Z (0% —3y times), =0, 1, :
Next, we shall consider the case L=S (n, m). Since L is a subalgebra of W (m,
m), the minimal submdoule M:= I (\; n, _‘m)'g‘U: =d;_1Vo(Miy, m, m). Direct ‘
computation shows (#)1= (% (L) (1QVo(A))1=Ts. Hence I (U/M)< N (m) —2 sines
L(U) =N (m) —1. It follows that U/M is trivial. The top space U x4 is isomorphic
to the top space of 7o(Ai_s, n, .m) which is Le-irreducible. If M+T, () <I(Ty
and the top space of U/M is isomorphio 0 U1, When 4>1, Ungmy—1 i nob

trivial and we have a contradiction, If =1 M= > . Uj (of 5, Proposﬂnom
o .1<N( )— -2

2.2]). We have the followiﬁg' theorem, -
Theorem 2 2. Let Char F= p>3 L= S(n, m) and T = ol,_im Oy 0, m)-
Then :

(1) Vo(n, m) s reducible q,fanol only 6f V0=Vo(?»), =0, 1, s, n—1; _
(2) T n m) - z M(?»l, n m) = ":z): TOw)y F(y n, m)=UQ), =
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oy m—1;° S RS
(8) dlmM(}\.o, n, m)=1 dlmM(h, n, m) —a— aﬁ, G=1, +o; m—1; fwhere @ s
defined by (2.7); : - ‘ :
(4) the composiiion factors of Vo, m, m) are M (7\.,,, n, m) M (7v¢+17 n, m) and
Z (03 =80+ 84y times), =0, 1, +--, n—1, PR : :
Now we' consider the case. L=H (n, m) Where = 2r ‘and Lo=sp(n) Deﬁne
dinear transforma,tlon 61 of Vio(Aa):

| 63 (dawy) = o-(y)da;,, =1, S o (z;s)‘ :
and extend it o a linear transformation 6, of V7, (?\.) o
‘ 0 (@wp N\ »+ Ndw;,) =0y (dwp) A~ Ay (dm,‘ (. 9)

‘Then ¢; is an Lo-module isomorphism of ¥, (A;) -onto Vg A)*. (We identify V7, (}\,)
with Vo(A)* and {wg} with its dual basis, YIES = { yi, e, §i}, st 8={G4; -, F}. By
£2.9), we have SRR " .
Oy =+ ws. L ce (2 10)
Lot §*=T1\8. Then wyAwsn=n(S)w; .where n(®) =+1. We obtam a' non-
degenerate pairing of Vo(A;) and ¥o(A,_;) by letting . et
+ (@5, ©5) =85, m(8), Card §' =4, Oard T'=n—s. : (6 .11)

And we obtain an Ly-module isomorphism P of Vo(A)* onto Vo (Aus), Where
o “Pi(ws) =n(S) wgn. - (2.12)
Set Z =10;. Then {; is an Le-module isomorphism of ¥, (A,i) ont0 Vo(hu_s) . We have
Lilwg) =tom, 2.13)

' <Where the sign. is uniquely determined by (2. 10) and (2.12), Extend C, 1o a hnea,r
map of ¥o(A;) onto ¥, (?u,.-,) : ‘

. o) =f Gon), FeA@. T '»--'(2.14>
Then {; is an L~module isomorphism. Let ' SRR ‘ o
S di=cn-i+1dn;€Zi-’ e ‘ (215)
Then d;: Vo (A, n)—T, (M1, m) is an L-module isomorphism, We have ' o
o " ‘ ai(f wg) =%'i- Dif) oy, : ’ (216)
where the signg.are also\uniqu’ely determined, Obviously : n ‘ ; |
- | Cokerd=daVoQun m. . @an)
We have a series of I—modules: S i R RIS LA
di1diV o (M, m, ) Cd,_y T (x,_i, n, m)cVo(?\,z, n, m) ~(2.18)
Proposﬂ;mn 2.2. diy 1 Vo (N, m, m) s drreducible, =1, -, r. LU
Proof Denote U=d,.:d,7o(\i, m, m). We have [(U) =N (m) 2 and
U=dVo(My n, m) /ker dipy N &7 500 0, m). (2.19)

The top space of U is isomorphic to the top space of d;¥o(A, n, m) which-is Lo
drreduoible. If'U contains a.proper submodule U’, ‘we may assume U’='”&/(L)
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(1®Vo (?\,;)) Smce U’ —Uo, 1(U)<N(m)—2 and U’ is trivial (note that U is an
H (n, m)-module and apply [5, Lemma 2.6]), which is impossible,

Similar, we can prove di_ldﬁo(?\,,, n, m) to be irreducible. Henoe 1@V o(As,
n, m) =d;_1d;V o (?\.1,, n, m) . In fact, we have, a fortiors, the fo]lowmg lemma,

Lemma 2.2. didw=di_sdw, vET (s, m). »

Proof  Suppose CharF =p>0, Choose m such thab wEV oAy n, m).. Lot S§= {1
2, .-+, 4}. Direct computation shows di1d; (@™ ws) = d;_1d; (@ Peyg) (Yo -check the signs
of both sides is a quite tedious work ) The module ¥o(A;, n, m) is generated by
ey, and the conclusion follows. If Char F =0, suppose.we have dj.1d; (@ or)
#di-adi (@ Py for some o dnd T. The coefficients oceuring in both sides are integers.
Take -a sufficiently ‘la{rgea prime p. By a moaulo p process we would obtain an
inequality of characberistio p, which is contrary o what we have already proved. -

Lémma 2.3. (1) az+170(7\'i+17 ‘n> ﬂdi—ivo@i—b "’b) =ai+1divo(}\'iy n), $=0,.1; =,
r(we sot Vo(A_y, n) =0).

(2) (ker dis) N @V oy 1, m)) d,+2d.,+1vo (xm, n, . m)@(dzw“")a),nl(}ard S =
8, =0, 1, -, r—1, »

_Proof (1) By induction on 4. (2) Analogous o Lemma 2. 1

Let. b;=dimd; 11¢:¥ o (A, m, m); especially be=0. By (2:19), we have..

. b,'+bi+1=,qi—o:,,¢=o, 15 eee, r—1, (2.20)
Tt follows that “ ' T e T
. — (P 1) O~ Ot 61, @.21)

, Theorem 2.3. Let Ohar F=p>3, L=H (rn, m), n= 2/1', and V' o be an trreducible

Lo—module. Then :

(D) Voln, m) is reducible 4f and only 8f Vo=Vo (?»), =0, 1,

() M (ho, n, m) =Z, B (i, m, ) =di_ydi¥ o (Ni, 0, 1), G=1, <oo, 15

 (8) dimM (Ao, n, m) =1, dim M (A, m, M) =b;, =1, -+,

(4) The composition factors of Vo(y n, m) are M (Aiy, ny-mr) (-84 tfz"mes);
M (\iyom, m) (2 times), M (7»“,1, n, m) and Z(O}+03*—208, times), 4=0, 1,
(3 (A_y, n, m) =0).

Theorem 2.4. Lot Char F+2, 3, L= W) or 8(n) and Vo be an Mreducwla
Lgmodule, dim V ¢<oco. Set n'=n 4f L=W (n), n'=n—1 ¢f L=8 (n). Then

1) Vo(n) és reducible of and only 6f Vo=Vo(A), 6=0, 1, +=+, n—1;

(2) M (hoy, m) =Z, M (Ni; ) =iV o(hicg, m), 6=1, +o0, 05

(8) The comgpesitson factors of V.o (ki fn) are M(\, m) and M(?»H.i, n), $=0, 1,
ooy 0t (M (Mny1, m) =0) ¥ -

Proof Tirst let Ohar F>3.

(1) is obvious.

- (2) If 6=0, there is nothmg to prove Let 4>0. By Theorems 2.1 and 2.2, for
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every v €V (Ai_y, m), there is m, m, sufficiently large, such that di_yv €M (X, n, @)
=9 (L, m)) (L@V'o(1)) CA(L () ARV 6 (A)). Henoe 3 (i, n) =des¥ (hiy m).

(3) follows directly from (2.4). Now let Char F =0, Then Usz=<{d: 1 (a@en) |
a€A(n), Card T=4—1z is a labtice of diaVo(hiy, m). If M (N n) =u(L(n))
ARV o(\s)) # i3V 6Ny, m), then w(L(n))z(ARVo(A)z) is a proper sublabbice of
Ugz. Take a sufficiently large prime p such that Vog is Log—irreducible, where K is
an algebraically closed field of characteristic p. By a modulo P prooess “we Would
have Ug= (di_1V o (A1, m)) x Teducible, -a contradiction, -

Sunﬂarly, we have the following theorem, . :

Theorem 2.5. Le¢t Char F+2, 3, L=H (n), n= 2fr, and: Vo be an irreducible:
Lo—=module, dim V ¢<oco, Then :

@) Vo(n) is reducible 6f and only &f Vo—Vo(?\.) $=0, 1,

(2) My m) =318V o(hiy m), =1, oo, 7y M (Mo, ) =2;

(8) The composition factors of Vo(hi, n) are M (Ni_s, n), M (A; n) (2 times) and
M Mgy, m), 5=0, 1, -+, o (B (A_y, n) =0). -

§3. Dezcomposition of V5 (M)

When Vo=V o(A)* write Vo=V5() and write 3 (A)) to denote the irreducible
negative graded module with top space Vo(A)*. (If it is necessary to distinguish
infinite-dimensional and finite-dimensional cases, we shall write VoA, n), M (As, rn)
and V(A n, m), M (A;, m, m) respectively.) ‘

Let ( , ) be the' non-degenerate pairing of 7, (M) and Vo) ([5, (3.2)1).
Define L-module homomorphism d;: (A) >V 5(As) by

(digw, v%) = (v, &0, €TV o(Mir), v*EVo (M), (8.1y
Leb {#ys A+++ Aty;} be the basis of Vo(A)* dual to ths basis {das A+ Adw;,} of Vo(As).
Then ‘ '

& (yPtyn N+ Ny, =,§1 (=) %y f* oty Neee Nbspy Ny Noos Nbyse (820

When L=H (n), we can define d;: V(M) =V 5(higs) analogo{ls to d;. Using d}

(and di when L is of type H), we obtain the décomposition of Vi(hy n, m). Sinoe:
Vs (hi, m, m) =V oMy, m, m) by (1.12) and [5, Lemma 2.4], we need not go

through the details.

‘Remark 3.1. Ermolaev™ stated some results about Vo(n, m) for L W(n, m):
and S (n, m) (mostly without proofs). The ideas, methods and notations used in [2]
are quite different from ours. - _

For infinite-dimensional cases L= L (n), we have the following thaorem,

Theorem-3.1. Les Char F+2, 8, L=W (n) or S(n) and Vo be an irreducible
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Lg-module, dim V ¢<<oco. Then

. (D) Vo) is reducible if and only 6f Vo=Vo(A)*, §=0, 1, v, n—1; =

@) M (Mo, n) =Z, M My m) =&V 5 (i, m), G=1, -+, m—1;

(3) the oomposwtwon Sacters of Vi (M, n) are M (}\,H.i, n) and M (A, n) =0, 1,

e, m—1,

- Theorem 8.2. Let Char Faé2 3 L=H (n), n= 2rr and Vo be an d¢rreducible
Lo-module, dim. Vo<co. Then 3

1) Vo (n) s reducible 4f and only &f Vo=V o(A)* =0, 1,

(2) M (ho, n) =Z, M (A; m) =d 1V oMy m), G=1, ey 13

(8) the composition factors of Vo, n) are M (i, n), M (M, fn,) (2 times) and
M (Niys, m), 6=0, 1, -, ¢(M(x_1, n) =0).

- §4. Flltered Modules

Let ,? ® % be a graded Lie algebra

- Definition 41. (1) An L-module V is a negative ﬁltered module fz,f there s @
ﬁlto"atq}on O=V(_1)CV(0)CV(1)C % L‘J V(,)—V, such. that ng(i)CV(i_j). Thre go—

‘module Vo és called the top space of V. o

- (2) An P~ module V is a positive filtered module of there is a ﬁltrc’z%on V=Viy
V02V >, O Vi={0}, such that LV (aCV yisy. The Lo-module V}_D/V@ is
called the base space of V.

Note4.l. If V is ﬁnlte—dlmensmnal the concepts of negatlve and posﬂ;lve
filbered modules are equivalent,

Note 4.2. The graded module assomated with a negative (posﬂnve) ﬁltered
module is a negatlve (positive) graded module.

Let the .#~modules U and V be dual with respeet t0 the non-degenera,te pau'mg
(, ).IfVisa negatlve (positive) filtered module, then by lettmg Um ’=V@ ors
=V, U is a positive (negative) filtered module,

Lemma 4.1." If Vs an wrreducible L—module, then V has a negative filtered
-module constructure of and only if the‘kq}ghesi spacg V° of V s non—ero. Moreover, if
V° contains a minimal non—zero % y-submodule, then we may suppose the top space to be
Loirreducible. .

Proof Neocessity is clear, For sufficiency, take a non-zero %,~submodule V., °
(Zs-irreducible if possible) of V0. Then ¥V =% (L) Vo=% (L) V. Lot

Vo=(Z (%(L)-)Vo.

We obtain a negative filtered module structure with V', as fop space.
Corollary 4.1. If V hasa negative filtered module structure, dim V'(o)<oo
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(especially 4f dim V< 00) , then 4t 4s always posszble to supposg V (o) 0 be L —irreducible.:

Lemma 4.2. Let V be a negative or positive filtered module of £, G the graded
module associated with V. If G és srreducible, then V s srreducible.

- Proof Let V' be a proper submodule of 7. Then 7’ inherits a filtered ‘module
structure from V. It is easily seen that the graded module associated with V' is
isomorphic to a proper submodule of G. : . '

Lemma 4.3. Let L=L(n, m), p be an érreducible representation in the module
V. Then p(D)*™=cly, ¢;EF, and c= (01, “++, Cn) s called the index of p or V.

Proof We have (adD;)*™=0. For any ¢« €L, [p(D;)?™, p(w)] p((adD)"’"‘ o)
=0. The conclusion follows from Schur’s Lemma, >

Consider Vo (n) =% (L) @uwyVo ([5, Theorem 8.1]). Let ¢=(c1, **+, ¢;), :EF,
and I be the ideal of B(n) generated by {y?™—a, =1, -, n}. It can be easily
verified that I, is an admissible L (n, m)-submodule of B (n). Hence I XV, is an
L (n, m)-submodule of V(). Denote Vo(n, m, ) =Vo(n)/IXVo and B,=B(n) /
I.. Then B.=F[ys, -, 9], 9™=6, where g;—y,+I,. The Tricomi operator
representation pf L(n, m) in B (n) induoces a representation in B, and Vo(n, m, c)
é%cxlzo, Vo(n, m, ¢) inherits from Vo(n) a negative filtered module structure..
It is easy 1o see that its top space is isomorphic to ¥, and its associated graded module:
is JSOmOI‘phlc %0 Vo(n, m). Obviously, the action of D™ on Vo (n, m, c) is equal to:
al.

~ Denote Vo (n, m, ¢) by Vi(h, n, m, ¢) when Vo=V, (?»,)* We have d; (I.X;
Vo)) CI XV o(hi_1)* by (3.2). Hence di induces a module homomorphism d; .:
Vo, n, m, c) =V (hie1, m, m, ¢). When L=H (n, m)’, define d; ; analogously.

Theorem 4.1. Suppose Char F =p>3, L=W(n, m), 8(n, m) or H(n, m).
Then o ‘ :

(1) for any given érreducible Lo-module Vo and €= (61, **+, ©n), there emists, up
%o isomorphism, an unique drreducible negative filtered L—module M Vo, €) with top
space Vo and index c; the map (Vo, €)>M (Vo, €) is bijective; .

(2 M Vo, €)=Vo(n, m, ) if Vot Vo(As)* for any i;

() when Vo=V5(\), using di. (and di. if L=H (n, m)), M (Vo €) can be
determined anabogous to the negative graded modules.

Proof (2) The irreduecibility of Vo(n, m, c) follows from Lemma 4.2.

(8). The irreducible negative filtered module M Vo (?\, )* ¢€) can be obtained by
a disoussion similar to that of M (Niy m, m),

(1) Existence is clear. Let 7 be an irreducible negative filtered module with:
top space Vo and index c¢. By [5, Lemma 8.1], there is a surjective homomorphism:
@: Vo(n)—V and ker 9T XV,. Hence V" is a uniquely determined homomorphie
image of Vo(n, m, c). Odnversely, for every M (Vo, €) we can show that ity highest:
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spade ig 1somorphlc %0 V. Thus, M (Vo' ¢) is not 1somorphlo to M (Vo, €’ if (Vo, c)
# (Vb, ¢’) and the bijectivity is proved. |

Theorem 4.2; Let Char F+#2, 3, L=W (n), S(n) or H (n) and Vo be an findte—
dimensional irreducible Lo—module. Then there ewists, up to @somoq'phfbsm, @ unique
drreducible negative filtered L—module V' with top space Vo and V' is-isomorphic to the
wegative graded module M (V). ‘

“ Proof V isa honiomorphié image of Vo(n). Investigating the composition

factors of Vo (n), we come to our conclusion,

Now we consider the positive filtered modules of L=L(n, m) and proceed to
congtruct all irreduocible positive filtered L—modules explicitly.

Let ¥y be-an irreducible Ly~module, ¢= (¢4, **+, ¢,) and

. e(c) =exp (écm) = g(écﬂvz‘yb

which is an element of the dual space B* of B. et A (n, M) =<ze(c)|aC A(n,
m)>. We can define the derivation representation of L in % (n, m) to make it an
admissible L-module, It is not difficult to verify that (B.(n, m), I.) =0 in the
matural pairing (, ) of B* and B, Hence the elements of A, (n, m) can be identified
with the linear functions on B,. Comparing dimensions, we have U, (n, m) =B~
Let Vo(n, m, €) =% (n, m)}Vo. Then Vo(n, m, €)=Vi(n, m, c)*. From the .
megatbive filtered module constructure of V5(n, m, €) we obtain the positive filtered
module constructure of ¥¢(n, m, ¢) which has ¥, as base space and ¢ as index. If
Vo#EVoh), Voln, m, ¢) is irreducible. If Vo=V ,(A:), an “exterior differential
operator” d,, (as well as d;,. when L=H (n, m)) can be defined, by which all
irreducible positive filtered modules M (V,, €) are obtained. ]
Let %, (n) =<{a*¢(e) |a €. A(n)> and Vo(n, €) =%, (n) X|Vo. Then Vo(n, €) is a
positive filtered L (n)-module. If V' is Ls—irreducible, an irreducible positive ﬁltered
module M (Vo, ¢) with base space Vo can be derived from ¥o(n, €). If c+ (0, -+, 0),
MWV, ¢) is not graded. Thus, in the infinite~dimensional ocase L= L(n), the’
situations of positive and negative filtered modules are quite different.
The problem of determining all irreducible positive filtered 'L (n)-~modules
remaing open, ‘ : -
Remark 4.1. All the results of the present article are valid without the
agsumption thab F is algebraically closed. In fact, algebraio closedness is used only
in Lemma 1.1 and Propositions 1.1 and 1.2, of which. the essential point is to prove"""’
{U(L) ARV ) N (7o) yomy#0. But this is a fach unaltered if # is extended to its
algebraio closure K. Note that, for an irreducible Lemodule Vo, (Vo) x contains a’
sunbmodule isomorphic to Voe(A)x if and only if Voe=Ve(\) over F In zero
eharacteristic case also apply [5, Corollary 2.5]. ' '
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