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THE GLOBAL SOLUTION OF lNITIAL— :
'BOUNDARY VALUE PROBLEM OF

HIGHER-ORDER MULTIDIMENSIONAL

- EQUATION OF CHANGING TYPE

‘Sm\'r Hesaena (zf']‘%fn A)*

Abstract

In practical ploblems thele appears the higher—order eguations of ehangmg type But,
there is only a few of papers, ‘which studied the problems for this kind of equations. i

" In this paper a kind of the hlgher—mdel mult1d1men51onal equa.tlons of changmg type is
considered:: ’ B

Lu_k(t)u“+ (—1)”“1 l% D2( (%) Dou) —b(x, t)u,=f(z' 1), ‘
" Where M>1, o=@y, ++, 7,) € QCR" t€ [0, T, %(+)>0 when ¢=0, %(£)>0 when ¢ (0,
‘ ), k(t) =0 when t=t, and k(%) <0 when # € (f, T]. :
The existence and umqueness of ‘the global 1egula,1 solution of the mltlal—boundaly
value problem
DPu=0, 0<|v|<M—1on 2@% [0, T,
{u(w, 0)=0,zcQ

for this equation are proved. Moreover, the result is generalized to 4 semi-linear aquation.

- In practical problems there appear the hlgher—order equatlons of changmg type.
For example, they appear in the problems of the ﬂow of viscoelastic fluids (see [1]
and the references in it). But, there is only a few of papers, whlch studied the
boundary value problems for the higher-order equa,inons of changmg type ( [2—4]) '
In [5] we studied the existencé and uniqueness of ‘the global classical solution and -
0> solution for the initial-houndary value problem of a class of higher-order
equdtlons of changing type in twoé variables. In this paper we study the higher-order
multidimensional equation of changing type and generallze it Yo a seml—llnea.r )
equation. . 7 o '
In eylindrical domain Qr={ (v, #) |s € Q, 0<¢<T} ‘we consider the équaﬁioﬁ
Lu=k@us+ (=¥ 3 Di(cas(@) D) b (w, HHu—F (o, 75), @

el 1Bl=

Where M=>1, a;—(wi, . a;,.)EQCR" tE[O T] D"‘ 8'“'/6:0"“ '8.17,, ,,oa (ai,- o 0,
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|a] =oy++oe+a,, 0:=>0. Wo study the following initial-boundary value problem
{D"u=0, 0<|r|<M-1ono2x[0, T], @
u(w, 0)=0,s€Q, ' ' -

Assume'that the coefficients and funoctions in equation (1) satisfy the following

oconditions: v ' ’

(i) B(#)>0 when $=0, (#)>0 when i€ (0, %), k() =0 when

t=to, k() <O when 1€ (4, T1. kCOL([0, T]).

(ii) (m %:M Cas (@) D3u, Diu) >0 | D3u|. @, 0>0,

4 1D¥uli= 3 | D23 0as (2) = asa (o) €0% (). " ®
@) 5>0, b~ L(¥|>8>0, V(a, 1) €, |
DELOY@) X [0, TD), f €L (La@) xWI([0, TT)).

We define o v - :
: t o

[ulte = 0) @) = [ wde, llizoo=[n W[ @war. @
The types of equation @ in. different domains, Q:, and @\ Q;,, are different. For

example, in the case M =1, (1) is of elliptic type in the @, and is of hyperbolie

type in the Q;\Q,, t=t, is its degenerate line. In general case (M>1), (1) is of

hypoelliptio type'® in domain @:,, and_ is of ultra-hyperbolio typet™ in domain Qr\Q;,.
Assume that on the degenerate line ¢=%, the following normal connected

conditions are satisfied: S

’ Hm (% () w, u) = lim (—k(@)w, w),

t—->to—0
i —_ M, M =13 - i o
t—];It?-J—O (’G (t) D; » Da ut) t]jﬂo( k (t> Dy ’, pz- ut) ) (5)
lim — (k8 v, ) = lim (—k (D, ws).
i=t—0 ’ t~>t0+0 :

Lemma 1. Under condiiions (8) and (5), any solution of problem (1) (2)
saiisfies the uniform estimates: g o
' (1) (=E®w; w) (3) <const., Vizt,
(i) (D¥u, D¥u) (1) <seonst., Vi=t,,
(i) [, w] () <const, Vi€ [0, 77,
@) (w(a, 0), (s, 0)) <const.,
where the constants depend on by and [ f, f] only.
Proof Making integration [Lu, —w] (%), Vi=>t, we have

.(6)

=7 0 ) O+ Gu ©+[(b+1 ¥)u ]ty

(S @ DD ()=~ [f, u] @), Vish, @

lal, 18l=M

By assumption (8) (1) /() <O when #>4,, % (0) >0, henoe the first two terms in (7).
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are nonnegative. In consideration of the estimate
|Lf, w] ® | <slw, ul (®)+0()Lf, F1(), Vi=to,
where 'e=% bo, by aSsumptioﬁ ® i (iii) it follows that the third term in (7) is

nonnegative, and moreover, it overcomes the right-hand side. The nonnege,tivi’oy
of the fourth term in (7) ié'guaranteed by the assumption (8) (ii). Then, follows
(6). It is needed to explain that from (7) follows direotly [w;, u:] (£) <<const. Vt>to
In consideration of ' : '
[v, v] () <[, v] (}2), VE1<ta, A ®)
we get (6) (iii). Notice that, in the procedure of the integration for ¢ from 0 o T,
~ we have to consider the cennected conditions ®) on the degenerate line ¢=7t,.
Lemma 2. Thereis a unéform estimate o
[D¥y, DY) () <eonst. Vi€ [0 i, e (9
where the constans depends on bo, o, b, k and ¥ only. '
Pfroof Making mtegratlon [ L, —u] (t) Vi=to we have
=B @ w) (8) + BEwr, 1) (0) — (b (@) we, w] (8) + K, w] (@)
| LB 0w @D D))+ Lo, ) ()= = [, 1), Vit (10
Since o
[ (=& @, %) () | < (—F @, w) @) + (—5 @D, w) @), Vista,
| (k) s, w) (0) | < (b () s, ) (0) + (B, ) (0) = (b (H) s, we) (0)

@ ) () <2, ) ) +2 [ (w, w)d<2T[w, w] @); VED, T], (1D

hence, in consideration of ~(3> (i), (6) and (8), from (10) follows (9).

Lemma 3. There hold the following uniform estimates:
(i) (=k(%) D¥u;, D¥u;) (¢) <oconsb., Vi=to,
| (i) (D3, D3Mu) () <const. , Vis=to,

J (i) [D¥u,, D¥u;] (8) <consh., V:i€[0,T], (12)
| Gv) (D¥us, D¥u,, ) (0) <consb., W b
(v) [D3*u, D3*u] (¢) <const., Vi E [o, T]

Proof First, make the 1ntegrab10n

[, (~)% S} Di(aas (2) Dit)] () =2-( - b ® ml’_lz%‘ a.,g(w) Dzut, Daw) ()

lal, 1BI=M B
+1 G0 3, 0w @) Do DHYO) + 5 - 3V Delaes@)D), | 3T D @) D)
+ [<b+—1— k’) '! 18] = Maaﬁ @) D"‘ut, Dﬁut] ® + al, %] M 1y +§ lula“B (w) 075D7b Dgut’ Dgut] ®
181< RN SIRAY
—(-DES, S Dieas@ D@, Vet o (19)

al, 8=
The first two terms in (13) are nonnegatlve because of k() <0.when t>to and £ (0)

>0. The mtegral D2, D] (8) "(0<| 3| <M), ‘obtained from the fifth telm may
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be estlmated by the interpolation formula: - o :
' [Dzws, Doue] (8) <e[Dfuy, Difus] () +0 (&) [wr, 4] (t), 0<J¢ 51 <M.
Smee such integrals are of finite numbers only, the fifth term may be estimated as

follows : '
| 03 3, Gesen DDl D] (3)]

Ial 181=M I’YI+ oi=la
181<a

<10 [DYfuy, .DMut] () +0 (es) [us, w) (), Vi= f/o ‘ (14)
The rlght—hand side in (13) is bounded by o
NEDRS, S D@D 1O 1< (|3 Di@esDi)®]

+|ft, 3  D“(daeD u),](t)l .
<es( 2 D;(a,gD"u), .% D“(a,eDgu))(t) +0() (f, f) (t)

], 18i=

+e[ X Da(%eD u), > Dl(angu)] ©) +O\83) Lfe, £:1(), t>to (15)

lal, 8= ,IBI=
Summarizing the a.bove est:mates in cons:tderahon of (8) (iii), from (13) we have )

-—( LIONS ‘a.,gD,,.ut, Dou,) (t)+ (b (t) 3 dusDiu, D t) ©
N +<_1__82) = ,(aaﬂpwu), S D2(aasD)) @)

2 LANTIES S T lal B=a
+ (bo— 1) o [D3'ws, Difu] (8),
<8 [ 2 Dﬁ(q&;Dﬁu} ’, 2 : D (‘ZaeD w)](t) +0(31> [ut: ut] (t)

‘ +0(62) D@ +O(82) [ft:ft] @), Vizto, - (18
Second, we make the mtegratlon [Lu, (- 1)"'1 2 D"‘(aﬁD”u)] &), and we - '

el 18

have : ) :
(—-Ic(t) 2 a,@D;u,, Dgu) @) + (lc (t) : Ef a.,BDa,ut, Déu) (0)

+[70(t> > aasD“ Wiy - ut] (t) + [k' (t) 2 ‘Zae-Dw'Il D 7] (t)

al, |1Bi=M
+ [10””2”‘ -Dw(aaS‘D u)1 a,l/s‘l Du(aaB-D u)](t) +( 1>M[but, I“I,g'::uD:(aaeDgU)](t) »
= (-D*If, S Di(aaDB)] (@), Vit | (a1

laly 1
Lettmg sup ]Ic(t) | =&, Suplaag(m) | = A4, Vi=>1, the first four terms in (17) may be

estimated separately ag follows:

(k@ | 3 asDiu, D) (@) | <eu =k @) | 3 aasDiw, Dl (1)

‘ | HO(e) (D¥u, Dfu) (), Vit (18)
' k@) mMZm:M%eDﬁu:, Dﬁu) (O) l S8 (]0 (t) 2 aasDZMt, k) (O)
" +O(65) (D¥u, D) (0), 9)

N 3 ewsDiu, Diu) 0| <EA|Dw, D] 1), Vizt, @0
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K@) 3 asDiit Doug] (8) | <[D¥us, D¥us) () .

LoD DE®, VSN @)
The sixth term and the right-hand side in (17) for t>>t, are estimated separately
' | (=1)*[bus, . El]':ﬁDZF(daeDﬁu)] @1

letl, 181

<eol 3V Diu(auD, 3} Di(aasD3)](E)-+0 (o) [y ] (), (2

lel, 1Bl1=

DL, 3 DieasDi) 1B
<erl 3 Di(aesDiw), 3\ Di(aaaDs 01O +0(E LS, 6. ¢

Summarizing the above estimalbes, from (17) we have
(1—se—en)[ > D“ (@asDgu) ), 21: D2 (aasDiu) ] ®

leel, 181=
<84( 7"(75) 2 aasDuy, D ut) @) +es (B (ff) 2 aaBDwut, DPu) (0)
+ <KA+1> (D, D¥u] (8) +0(es, 85, oo so ([(D¥u, DRI
+ [ty %] ) +Lf, 1@+ (D¥u, D¥u) @+ (D¥u, D¥u) )3, Vizto. (24)
Multlplymg (24) by &(>0) and adding the result o' (16), by choosing o

81-——'% bo, sg=%, 67—-1—, 84= 85——1/(489),
o . (25)
"89(KA+1)'=%1700‘, 33='§- 89(1f66—87) %%' 8y, ‘ 1
we have v ' ' . R -
'%‘ (— k (f’) ol aasDius, Dgut) (t) +— (k <t> 2 aaBDgut; Dgut)‘ (O)
+l< e MD“(G.;B.D,,,M), 2 -D (aaBDBu>> <t) +— bOO' [DMuty -DM“t] (t>
+el 3 DiaaDi), 3 DileaD)]E)
<0, o, H{S, H @+ [ft, f +] (&) + [ur, we] () + (DMu, D¥u) (3). _
-+ [D¥u, D¥u] (8) + (D¥u, D¥u) (O}, Vi=to. (26)

The boundedness of the right-hand side in (26) is derived from theassumptions (3)
and the estimates (6) and (9). The terms on the left-hand side in (26) are all
nonnegative. Hence, it implies thab all termsl on the left-hand side in (26) are
bounded for $>1,, and therefore (12) (1), (ii), . .(iv) follow dlrectly Then, by use
of (8) we derive the estimate (12). (iii).

As. for the estimate (12) (v), we use the charaoter of the uniform strong e]llptm
operator™ Mu (=, )—_ 2 D (aag (@) Dju) for o

|« IWW(Q) <O(|‘Mulﬁa(ﬂ)+l |La(9)> Yu (@, )EWM@?), @)

and the estimate (derived from (26) and (8)) [Mu, Mu] () <<const., $€ [0, T’j;
Integrating (27) with respeot to ¢ from 0 to :(#€ [0, I']), in consideration of (11y,
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we derive (12) (v) immsdiately.

Lemma 4. We have the Joltowing ungform est'zﬂnates
(1) (=k@)um ws) () <consh., Vi=t,,
(ii) (D¥w:, D2u;) (5) <const., Vi=t,,
(idi) [ws, us] (F) <const., Vi€ [0, T,
(iv)  (us, w) (0) <const.

Pfroof Dlﬁ'erentlatmg (1) with respeot to & we get

(Lt) s=Rttyos + K upg+ (— 1 %2 > D:,((lag({.U)D ) — butt—-b,ut— f,. 9 .

lal, 18l=

(28)

Makmg mtegratlon[(Lu) b -ut,] (t) we obtam
— 5 ), ) () + 2 O, wa) )+ (o= 2 #) e, ]

+ b, 1] O+ 5 3} aasDity DI ® 2 S aesDi, D) O

leely 18

=—Lfi uz] (@), Vt?to- ' NG
From the aSSumptioh 3 @ k(2) <O when >, and k(0) >0, the first two terms
on the left-hand side in (30) are both nonnegative. Then, from the assumption (8)
(ii) and the estimates (6) (iii) and (12) (iv) we derive (28) immediately.
Theorem 1. Under the assumptions (3) the initial-boundary walue problem (1)
(2) has a unique global regular solution u(w, ) € Z= =Ly ([0, T], W3*(Q)) NWi([0,
71, W (@) NWE([0, T1, Ly(Q)).
Proof By Lemmas 8 and 4 we have estimates
1 D't | 0y <cOmst., |DZ¥ulp,co<const., fuslpyqp<const. - -(31)
Having these estimates we prove the global existence of the regular solution of the
problem (1) (2) by the ordinary Galerkin’s mebthod™ %, Since the equation @ is
linear, the uniqueness of solution is derived from the estimate (12) (iii) immediately:
Assume that there are two solutions Uy and ug. Puttmg W=1y— Uy, then, from (12)
(iif) we geb | D¥w;| 1,0, =0. From this we derive directly’ sup|D” w| =0, Vi€ [0,

T]. Since M>1, we have w_.O
- Now, we generalize the above result o the semilinear equation
.DM k (t) U+ ( 1) ¥-1 2 .D: ((Z.@(%) ’M) —-b (a;, t)u; .

lasl, 18] =
=F (@, t, u, Du, +, D¥-1y), - (32)
Assume that the conditions for the functions k, ass and b are still salsfied, and the
funotion 7, besides (3) (iii), satisfies still more the following two oondltlons

(1) (F, H®<0y i€, T1,.
{(ii) WAL <02{1+' 2 [Dyw:, Diu) (t)}

Obviously, the condltlons (33) are sat:sﬁed when F takes the weak nonlinear formg
sin u, cos Dy, eto. '

(33)
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Theorem 2. Under the assumptions (3) and (33) the émitial boundary value
problem (32) (2) has a global regular solution u(w, t) € Z.

Proof 1In order to prove this theorem we need only to add the estimate of [ft,
F:1, which will be instead of [f+ fi], appearing in (26). Applymg the interpolation
formula from (88) (ii) we have :

[Fs 1] (®) <Oa+&:[D¥w;, D¥ 'ub] (t) +0 (&) [, us] (3). (34)

The second term on the right—hand side of (34) is overcomed by the fourth term
on the left—hand side of (26). The third term is finite according to Lemma, 1.

‘Remark. It is sufficient if the condition (3) (iii) holds only in @;,.
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