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AUTOMORPHISMS OF SL @, K) OVER
SKEW FEELDS

Wu XIAOLONG (ﬁw‘ jb)* :

Abstract

In this paper, the author proves the following resu:lt
Let K be a skew field and -4 be an automorphism of SL(2, K). Then there exists A€
~GL(2; K), an automorphism o or an anh—automorphlsm 7 of K, such that 4 1s of the
form ' ‘ :
AX =AXA1 for all X € SL(2, K)
“ R
AX = A(X")714-1 for all X € SL(2, K),
where X" X7 are the matl ices obtained by applying o, von X respec t1ve1y and X' is the
: tlanspose of X.

Let K be a skew field, Z be its center, K* be ils group of units and O be the
commutator subgroup of K*, Let SL(2, K) be the subgréup of GL(2, K) consisting
of matrices of determinant 1 (mod O). It is well known that SL(2, K) is >equa1 to
E5(K); the subgroup of GL(2, K) generated by elementary matrices. ‘

_Let 4 be an automorphism of SL(2, K). Then 4 is called standard if there
ex1st a matrix A €GL @ K ) and an automorphlsm o or an antl—automorphlsm T
of K, such that

AX =AX°At for all X €SL(2, K)
or
AX =A(X7)t4A"1 for all X €SL(2, K),
where if we write X = (z;;), then X (resp. X*) is the matrix (ow;) (resp. (v2i)),
and X is the transpose of X,

It is known that all automorphisms of SL(2, K) are standard if one of the
following conditions holds:

(i) the characteristic of K is positive;

(i) K is commutative; [2]

(iii) —1 is in O

(iv) K contains /=1, (see [3]);
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(v) K oontains \/—3 (see [4]). T

~ The purpose of the present paper is to prove ’uhe follwmg ’ﬁheorem

Theorem. Let K be any skew field. Then all autqmoo'ph@sms of SL(2, K) are
standard. | | -

Before giving the proof of ’ohe theorem, we prove Several lemmas needed later,
In the sequel, we will write - *

10 .01 (1 1/2
A= (o 1) S‘( 1 0) W‘(o 1)'
Lemma 1. Let K be a shew field of characteristic 0, A be an automorplw,sm of

SL @, K)’ and z bé tk-e seb {( 0 >ESL(2, K)}. If AX=2, then//l_‘v}s standa/rd.

Pfroof Since A3 =23, A leaves invariant the centralizer of X and hence leaves
invariant the commutator subgroup of the centralizer of 2. The cenftralizer of 3
consists of all matrices whose entries are in the center Z of K. Since SL(2, Z) is
the commutator subgroup of both SL(2, Z) and QL(2, Z) and since the centralizer
of 3 lies between SL(2, Z) and GL(2, Z), the commutator subgroup of the cen-
tralizer of 3 is SL(2, Z). Therefore 4 induces an automsorphim of SL(2, Z). By a

“known result, 4|SL(2, Z) is standard. So after a conjugation we may assume that
A|SL(, Z) is of the form AX =X7 or AX = (tX7)~*. In partioular,

a(y -0 1) 4(: 1) 1)
(3D A

Conjugating by S in the latter case, we may assume that ;
. 11 11 1
A4 = and 4 0 = 1o .
0 1 0 1 ‘ 11 11
, 1 = Uy Vg o
Hence AS=S and 4 (O 1) ig of the form (0 ) for some u,, v, in K. Sinoce
Uy
1 o2\t 102\ /1 1\/1 &\ /1 1\/1 o\ [1 &2\
() ==s (3 )s(5 26 )50 )0 1) 5( ) s

we can form corresponding equations f6v @, ey Yo, Vot Yot and v,: and get

or

(Ugms) "0 =07 Uy, V2= (Vo5 1) %,
ugp=1 for all # in K*. Since

1 @ 1 (1+m/2) 1 1\/1 (@/2)2\ .
(-O-l) (0 1 )(o 1> (0 1 > ’

‘we get u,=1 for all # in K*. So 4 (O z>=< Ov~ af), where o is a bijeetion ‘of K



438 CHIN. ANN. OF MATH. 0 Vol9Ser. B

satisfying o (#%) = (62)?, o(@™) = (ow) 2 . By equations

-G 6 )
o 1)o(a2)os 1) s (s )5 ™)

11 1 1+t o
xS(O 1)6’(0_ 1 >=—I

we geb o (a+ y)—o-a;—{- oy and o (ayz) = (ow) (o-y) (crm) Henoe ¢ ig a semiautomor-
phism. So by a well known theorem, ¢ is either an automor-phism or an anti-
automorphism, In the former case, we have AX = X° for all X in 8L (2, K ). In
the latter case, we have AX =g (tX7)-18-1 for all X in SL(2, K ) So 4 is
-standard. The lemma is proven,

Lemma 2.  Let K be.a skew field such that «/ 1€K, 4.e. o*=—1 has no
solutgon in K. Let X €L(2, K) be such that X2= —T.- Then X is conju—gate to S in

and

GL(2, K) by a matriw of the form (; I)

Pq;oo'f ‘Write X=(w d)’ Since X?= —T and ¢+ —1, we have %0, g=—c'de
c A

a b —e™  —s g\ . —d
and b=—c‘1(1+d‘~")‘\. So (c d,>= ( Oc : 01 )S( O‘c 1 ) and the lemma,
holds. v '

Lemma 8, Let K be a skow field such that N ~1¢ K. Assume that X €QL(2,
K) is conyugate to a matmw of the Sform (O | i > 4n G‘L:(Z, K ). Then there ewists a
matrizc B ¢n GL(2, K) such that BSB-'—§ and BX B s of the form (; ;)
Proof Assume MX M- is of the form (; ;) Le,tf

({3 ez o= Jeona ]

Then any matrix M in QL (2, K) can be written as AB with A€ER, BET For by
Lemma 2 we have MSM~1= A§A-1 for some A€ R, and hence B=A"1M commutes
with S, so is in T'. Now we have BSB-=48 and ‘
BXB = A M X M~ Am 4 ( X *) A=<,* *)
0 1 0o 1

The lemma, iy proven,

Lemma 4. Let K be a shew field of characteristic O such that V=1¢K, V=3
¢K, —1¢0. Let A be an automorphism of SL(2, K). If(AW)"—1I s not 4muertible
Jor some posétive integer n, then A is standard,
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" Pr oof It is obvious that A(—I)=—1I, so by Lemma 2 we may assume that
AS=8. Sin ce (AW)"—1I is not invertible, (AW)* is conjugate to a matrix of the

form ( ; ;) and hence so is (AW)v”’. Since W is eonjugate to W in SL(2, K), AW
is conjugate to (AW)™, so is also obnjugate fo a matrii of the form (; I > By
Lemma 3 we can conjugate AW to a matrix (g i), a, bE K, without change of
9. Since Sw2)2=1I, ~/:§EEK, —-1¢0, We'oaﬁ check that a=1,b=1/2. So 4 fixes
-8 énd W. Hence /1' leaves invariant the centralizer {(g Z) eSL2, K )} of <8,

W>. So Ais standard by Lemma 1. This completes the proof. -
Proof of the theorem By the known results, we may make the following
assumptbions:
(i) the characteristic of K is 0
(ii) K is not commutative; L o
(iii) —1isnobin O; '
(iv) ~/ =1 is not in K;
(v) ~y=3isnotin K.
It is easy to check that
2= -1, (SW2)3=I CW“SW;S’)"‘
Let 4 be an automorphlsm of 8L (2,"K). Write §;=48, Wi——AW We have
o Sf=—1I
and (SyWH3=I, (WiT:WiS1)*=1. (SiW1)*=1I means
(S;LW%—I) (8:W38:W3i+8:Wi+I)=0.
- If 8;Wi—1 is not invertible, then we can conjugate SiW? to a matrix of the form

10 1 0\ ‘ ‘
(u >in GL2, K). (u ) =T and ~/ —3¢ K means v=1, 3u=0, So S;Wi=1
v ) . L e

which is absurd. Hence :S’1W2 I is invertible and we geb

. (SuW3)2+8W34-1=0. : @

Similarly we have
(W48 W 185) 2+ W4SaW 1S3+ I =0, o ®

After a conjugation by an element in GL(2, K) if necessai'y, We may assume

S8:=8 by Lemma 2. Write W1=<w. ’m>.

y 2
Case 1. y=0. In this case we have by (2)
{ Pw’=1, , : . (¢S
—22 (fww+mz) +22=0, &)

8o z commutes with w? and w commutes with 22 by (4).and
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;o : wa;+m‘=‘1ﬂ' C o ®)

by (5) Furthermore, (8 means .. . C ‘ Coe P
{( (w2 o +w) (fw2+z")fw+ ('w2+z2)'wsz (rw2+z2)'w o, - )
2w (W +2%) w+ 2twztw — ztw+ 1= 0. (8

Slnce N3 3¢ K, (¢*w)?+2tw+1#0, So w?+22%0 by (8). Since w?+z? commutes
with both w and 2z, We.can d1V1de (w*+2%)w from. ((7) to get- B .
—(w”+z2)a;+w4z+fwz —1 0. (©))
S0 @ commutes W:d;h w23 and gt x (9) Xxw—(8) gives e -
2 w“zw 1=0. :
Hence 2w =1, Qombining (4) we get zw= (22 'wz) ~2(g5 fwﬁ) 1 i. e, z= 'w'1 Conse-
quently, we know by (9) that # commutes with w. So comblmng (6) and (9) we getb
. 0= — (w?+2%) + (w’s+we*—1) o2 ‘ '
=— (w+w™?) + (wP—14+w"?%) (w+ w™)
=w*(w’—1) (w®—1)."
Hence w'—1=0 and then W —T is not invertible. So 4 is standard by Lemma 4,
Case 2. =0, Conjugating by Sy, the case is reduced to Case 1.
Case 3. wy+#0. By [1] p. 219, Theorem 8.4.2, fhere exigts a skew neld L
extending K and an element ¢ € L such that
ava+za—aw—y=0,
1 a

Case 8.1. a®+1+£0. Write A=( 1
“ —a .

). Theﬁ A is invertible. Write,

Sz—.A.SiA 1= IS';L and Wg—AWlA 1= <O *>.v
. "
Then 83 and W, also satisfy equations (1), (2) and (3). By the same method as in
Case 1, we can show that Wi*—1I is not inverfible. So Wi—I is not mvertlble
either, Hence 4 is standard by Lemma 4, '
Case 3.2. a®+1=0. Write

10 -
A=< ), SzﬁAlgi.A-"=(
- 1 . '

‘&

1 T + %\

Rewrile W2=<:)0 :) Then (5) and (6) mean

[ aw’aw®+auw?+1=0, ‘ ’ 4 (10)
{ (whawa)*+ wowa+1=0, en C(11)-
(10) gives } ‘
aw?=w29=1, wa=aw2-1, A - (12
Apply (12) to (11). We getb .

w®—wia— (W +w?) awowas+wawa+1=0, »
Multiplying $his equation by aw and then by a on the right, we get
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(w®+wt) awa+ - o aw+ (W +w*—w?)e+w+wt=0, 13)

(1—w?) awas— (w+w*) aw+ (w°+ 'w“) a—w'+wd—w?) =0, (14)

(1- fw’) % (13) ('w3+'w"‘) x (14) gives , o
' f;aw+f,a+fg-0

.where
fi—wl°+2w“+w"+'w‘ —20°+1,
fa=—w'®—w'?— 20® — 1P+ a7 — B w0t wd —w?
Fs=w+ 20 — ' — 200° + S+ wt,

Oase 8.2.1. f;=0.

Oase 8.2.1.1. f3+0. In this case ¢ is & rabional funcbion in w. So aw=wa.
This means by (10) and (11) that (aw?®=1, (a®w®)*=1. So @®= (aw®)* (¢’w’) -6
=1, Thus—1=a®=1 which is absurd. So this case will not occur.

Oa,se3 2.1. 2 fa=0. In this case fs=0. So _

o O=atf1— ('w“+1)f3—'w5('w4+1) (w®—1).
Henoce w* —1=0, and then W2¢—I is not 1nvert1ble So W2¢—1I is not invertible,
 Thus 4 is'standard by Lemma 4. : oo o

Oase 3.2.2. f1+0 In this case we have
- aw= "‘f11fs“—f1 fa
So by (12)" :
s "w—1=W’=(—f11fzw—f11fs)w
""f11fs( f11fﬂ f11fs) ".f11.fs'w- ‘ '

(fi— fz G= 'wz(f:afs ’wfi_fs"'f) W
0&993 2:2.1.  fi—w?f3+0. In this case a commutbes with w. Hence we can get; _
a oontradlotlon ag in Cage 8.2.1.1. :
Qase 3.2 2.2. fi—w’f3=0. Then fi—swfg, s—:'cl Wo ha,ve by (15)
e . O=Ffafs=wfifs+fi=fz(fs—sw’ 3+w2f2)
fi+0 means fﬁéO So fs—sw2f3+w2f2—0 ‘Hence: : YRR
Ll 0=wl(fi—swfa) + (sw?+1) (fs—ew?fs+w?fs) =w (w 1) (w 1).
This means that w'®—1=0 and hence that w}—I is not invertible. So WH-1 is
not invertible and hence A is standard by Lemma 4. This completes the proof of
the theorem, R

Henoe
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