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FRAME MAPPINGS AND POINT SEPARATION
AXIOMS OF TOPOLOGICAL SPACES**

HE MING (/h' u}]) *
Abstract
-In this paper; the author uses frame mappin,gé to-describe ‘the Ty Ty ahd Ty.axioms,"

Aa.;\d also gets a characterization of Sober spaco;:

Following Wa,llman s idea of sﬁudymg topologmal spaoes and propertles \Wﬂih

- lattice theoretio point of yiew, 0. Ehresmann, and- his student J Bénabou first took

complete Heytling algebra as generalized topological space.to study. -After that,. O
H. Dowkér, D. Papert, J. R, Isbell and many others hegan a great.deal .of studigs
on complete Heyting algebra, and set.up:a.new. _branch of_mathematlcs—frame
theory (or its dual category, locale:theory)™. With the help of category, frame
theory makes algebra topologized, and also turns topology in a more algebralo vaY.:
Its theory has close relations withrsome. aohive branches of mordern mathematics
such ag category, sheaf and. topos stheories, And its- apphoatmn can be found in the
areas of continuous lattices developed from computer themy, of lattice—topolegy.
with the background  of'ifuzzy - ﬁna;théxﬁaﬁﬁicsfa] “and of - generahzde fopological
. miolecularlattices™. The refore it mot only draws wide interests abroad, bit-is also
energetlcally encouraged by Prof Liu Ymg—mmg and Wang Guo—Jun inour
country, - e D o ki :

In this paper, we use“frame methods o deal: with ‘the point separation axioms

of topological sp'aoes that is, we deseribe.the: Ty, Ty and Ty axioms with frame . ‘

mappings. ‘And when describing ‘the ‘Soberity, we give ‘ou’b an equlvaflent -oondition
when a frame mappihg-ean be “lifted” 0 a:conbinuous mappmg R

Weicall 4 a frame if 4 is a complete lattice satisfying the infinite distributive’
law: for any a, &;€ 4, t€T, aA\/ a;=\/ aAa;. Frm is the category of frames-with:
= . teT temr )
morphisms of arbitrarily join-and ﬁnitely meet—preserving mappings between
frames  (which are called frame mappings). If a frame mappmg .'LS also arbltranlyﬁ
meet~preservmg, we call it a oompleta mappmg S ‘
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leen two topologlcal spaces (X * 0%, (X, 0O) and'a ontintous mappmg f
X*—>X, then ’ohe sets * and & of open subsebs of X* and X are frames and the
mapping f~: O—>0* is a frame mapping. We call f-1: #->0* the frame mappmg
of f1 X*—>X, Now we natrurally, want to know when the ma,ppmg f X *—-)X can
be decided by its frame mpping f~*: #'>0*, ERTE S

- Theorem 1. A topological space (X, ﬁ) ‘s @ Ty space ¢ff for cmy topologwal

:space (X*, o) and mappings f, X*-—)X = g X *—)X 48 eguqxvalent to f“-— g
O—>0*, —_— R i

Pfroof If (X ﬁ) isa To spaoce, and mappings f, g: X=X such thaﬂ; f 1-—9*1

;rﬁeﬁ* and if there exists: o € X* such that f (z) a&g(m), then -since ‘X 'is To, -We
have Ueﬁ U containing only one of f(s) and g(@). Suppose f (o) €U Then
2€f(U) =g~ (U). Thus g(a) is also eontamed in U This i§ a contradiction %o
‘the ‘property of U. : . "

- . Now Ji‘ (X, O) is not a To space, then there exist different s and y in' X' sueh

* that for any Ueﬁ #€U if and only if y€U. Lot X*={co}, O*={d, X*}, and lob
[+ X*>X, ool—m, 91 X*>X, ooy, Olearly f~1= g‘1 ﬁ’—-)ﬂ * but f * g ThlS shows
that the hypothesis dose not hold. f

The proofs of the. following two theorems are left to.$he reader

Theorem 2. A fopological space (X, 0) 4s Ty iff there eaists a topolog%cal space

AX* 0% suoh ‘that for any mappmgs [, 90 X*'>X, f=g is eqm/valant fo fle g
O—0*, 4 :

- Theorem 3. 4 space (X, ﬁ) 4s T'o 6ff the folloumg cond'bt'wn lzolds a 'mappq,ng

f: X—>X gs rpdentwcal 6ff the mappmg f’1 O—0 is identical. oy :

ﬂ Corollary 1 Ifboth (X, O)and (X*, O*) are Ty spaces, tken f: X ——>X * 4s the
komeomwphw inverse mapping of g: X *—>X Wf o *=>0 is the 'bsomorrphw inwerse
“mapping of g~t: O—O*. , v

Now we know when a mapplng is deocided by 11;s frame mapping, But we
mnaturally ask when a frame mappmg between two frames of open subsets can give |
-oub a continuous mapping, '

Theorem 4. A to,polog@cal space x, 0 ) 45 a Sober space 4 for-any space (X7,
O ) and frame mapping k:. O—>0*, the're exisis a umgue contimuous mappfmy [o X4~

’Xsuchthatf t=f: ﬁ—»ﬁ* Co e nl A

Proof Suppose that (X o ) is a Sober Space for any frame mapping 70 ﬁ—»

“O*and for any o € X*, lot G, =C{G‘Eﬁ wEEIc(G)} OIeally G, is the larges} opén
subset such that v % (Q,). It is easy o show that @, is a prime -open- supset, Since
X is Sober, there exists a, unique Ya such that G, -X \{y,} Let f (@) =y, for each
#€ X* Then we get a mappmg I X*—)X Now for any U'Gﬁ if #¢k(U), then
UG, thus f(2) =y.¢E U, benoe a¢tf~*(U). Now if o f~(U), then f(a) =y, &T.
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-So UCX \{y‘,} G Since wGEk(G,), we_ have wGEk(U) Therefore f~1= 79 O—>0*.
By this we alse know that f: X*->X ig continuous, Since a Sober sPaee is T, the
uniqueness is given by Theorem 1. Ca :

- Now suppose (X, O), satisfies the hypothes:s Wo know it is T, by Theorem 1.
To show (X, &) is Sober we need only to show the. mapping j: X—Pr(0), s> X\
{7} is surjective, where Pr (&) is the set of all pri me open’ subsets ¥ of X, i. e.
VOV Vs implies V' OV or VoI 5 for all Vi, V€. Now it is easy to show hr
O—P (Pr(0)), Ur{V €Pr(0): V»U} is a frame mapping. Thus the image /()
is.a topology on.the set Pr(&). By the hypothesis we. have f: (Pr(0), n(0))—(X,
N4 ) such: that f~t=h: O=>h (O ) 'Since for: any w Eh(ﬁ) there ex1sts Te O such tha’ﬁa
h(U) W, we:have .

g = A BN~ EX: @) AT
- =h({r€X; X\{o}pUY) =nU) =W. '

Thus -(jof) = h(&) k(@) is identical. Since (Pr(0), h(0)) is a T, spaoe by
,,xlTheorem 3 we know jof: Pr(0)—>Pr(0) i also identical, Therefore jis surJeoinve
: Gorollary 2 If (X*,: @) is Sober and (X ﬁ) T, then f X*>X os @
homeomoq’phosm oﬁ” ™ O—>0* is an isomorphism. ;

This can be proved ‘by the theorem above-and.Oorollafy'l. ,

- Wefind that for any open mapping f: X*->X, ifs frame mapping f-%: O—>0"
s eomplete i.e. for an 'y U:€ 0, tET f (Int,, ﬂ U,) =Int,. ﬂ f(U,). Then when
is the inverse true? ' R

- Theorem 5, “A topologwcal spwoe (X ﬁ) is a T1 space oﬁ” the followong cmdotfl;on
holds for any space (X*, O%) and f: X *>X, f is open off £~1: O—O" is complete.
" Proof If (X, ©) is a Ty space and f™: O—->0* complete, then for any subseb
Aof X, by Ty axiom 4= -N{U € 0: UDA} Thus ‘
f'1 (Into A) =f(Int,N{U: UD A}
‘ " =Inte {f‘i(U) Uo A}
R 2 U =Intef (N {T: VDA}'
E = Inty.£3(4). :
Hence f: X*—>X is an open mappmg -
- Now if (X, ©) is not a Ty space, ‘then there exlsts a pomt a* GX suoh tha.t
{#"} is not a closed subset. Let X*=X\{z*} and 0* is the topology of ‘the subspaoe
<X* of X. Then the inclusion mapplng . X *—>X is continuous but not open, Wh.lle'
for a.ny U.€0,tcT, we have - T
: ‘ Int,,,« ﬁ v (Uy)= Into' ﬂ (Ut n X )

‘ Ll Int@-l'_] Ut n X* X* n I]’l'bo n Ut =41 (Int@ n Ug)
So q,‘l ﬁ——)ﬁ’ is; oomplete This shows, that the sufficiency is true.. . = = &
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Gorollary 3. I f (X ﬁ) 4s T and Sobe/r particularly zf ot s Ts, then forr any
ispace (X*, 0%) add complete mapping k: O-=>0*, % decides an open mappmg f X *——)X
such that f =k O*—>0, where k: 0*—>0 UrInt, {V:K¥)oU}. - RN

Proof This is by Theorom 4, Theorem 5, and [4]. EER

- Now we give out.a desorlptlon o:t‘ T, axiom Wthh also has sumlar conelusmns .
For Ty and Ty axioms, s

- Definition. - 4 frame mappmg k: A>B is sa/ad to be Ty 4f for cmy d%ﬁ"efrent ‘
prime elements p, ¢ €Pr(B), there exist a, b € A such that p3k(a) and gEk(b) while
there is no r in Pr(B) satisfying r¥k(a) and r3E=k(b).

' Proposition. If (X, 0) is a Sober space, for any space (X*, 0*) and mapping
J: XX, 7 O*>0 és a Ty frame mapping ff for any different o, y€ X there
ewist U, V € O* such that v €f~*(U), y&f (V) and f2U) N V) = .

Proof If f~*: O0*—0 is a Ty mapping, then for any different o, y€ X, since
X is Ty, we know X\{w} and X\{y} are different elements in Pr (O). By definition
there exist U, ¥ € 0* such that X\{z}p f2(U), X\{y} (V) and there is no
W €Pr(0) satisfying Wpf_*(U) and W f~*(V), Thus s €£f2(U) and y €f-1(V).
Now if z€f*(U)Nf*(¥), then X\{z} €Pr(0) and X\[F pf1(U), X\{& P
F7(V). This is known %o be impossible. Thus f=1(T) 11~ (V) = &. |

Conversely, if f: X—X* satisfies the hypothesis, now for any different p, ¢€
Pr(0), since X is Sober, there exist , y € X such that p=X\{z} and ¢g=X\{y}.
By hypothesis, there exist U, V' € &* such that o€ f*(U), yE€f (V) and f1(U)
Ny =yg. Thus pPfU), gD f2(V). It is easy to see thera is no IrEPr(ﬁ)
sabisfying rHf2(U) and r DIEWV). 8o fr O* >0 is T

Theorem 6. (X, O) isa T, space off the following condition hol ds: for any
Sober space (X*, O*) and mapping f: X*—>X, f is monomorphism off f~2: O—O* is
. B

. ~Proof Necessity. If f~: O—0* is Ty, f: X*—>X is obviously a monomorphism,
Now if f: X*—>X is a monomorphism, then for any different o, y € X*, f(z) #f(¥).
Since X is T's, we have U, ¥ € 0 such that f(s) €U, f(y) €V and UNV = . Thus
2 €f*U), yef*WV) and f2O) NF2V)=F. By the proposition above, we know
S 00" is a Ty mapping.

Suppose (X, &) is not a T', space, we ha,ve @, ¥ € X such that for any U, V&

| &, £ 5€U, yEV, then there exists a point z(U, V) €UNV. Let X*={s, y}U
{2(U, V): (v, y) EUXV EC x O} with the diserete topology £*. Then (X* O%) is
a Sober space and the inclusion mapping ¢: X*—>X is a continuous monomorphism,
But for any U, V € O such that €47 (U), y€i*(V), we have r=X*\{z(U, V)}
€Pr(0*) satisfying rpU and rpV, This shows that the hypothesis does not hold. '

The auther gives all his thanks o Prof. Liu Yingming for his kind guidance,
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